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LOGIC OF RELATIVES.

Reramive terms usually receive some slight treatment in works upon logic, but the
only considerable investigation into the formal laws which govern them is contained
in a valuable paper by Mr. De Morgan in the tenth volume of the Cambridge Philo-
sophical Transactions. He there uses a convenient algebraic notation, which is formed
by adding to the well-known spiculie of that writer the signs used in the following

examples.

X .. LY signifies that X is some one of the objects of thought which stand to Y
in the relation L, or i1s one of the L's of Y. '

X . LMY signifies that X is not an L of an M of Y.

X .. (LM)Y signifies that X is either an L or an M of Y.

LM an L of every M. LM an L of none but M.

Li—]Y something to which Y is L. 1 (small L) non-L.

This system still leaves something ¢o be desired. Moreover, Boole's logieal algebra
has such singular beauty, so far as it goes, that it is interesting to inquire whether
it cannot be extended over the whole realm of formal logic, instead of being re-
stricted to that simplest and least useful part of the subject, the logic of ahsolite
terms, which, when he wrote, was the only formal logic known. The object of this
paper is to show that an affirmative answer can he given to this question. I think
there can be no doubt that a caleulus, or art of drawing inferences, based wpon the
notation T am to describe, would be perfectly possible and even practically useful
in some difficult cases, and particularly in the investigation of logic. I regret that
I am not in a situation to be able to perform this labor, but the account here given
of the notation itself will afford the ground of a judgment concerning its probable
utility. | .

In extending the use of old symbols to new subjects, we must of course be
guided by certain principles of analogy, which, when formulated, become new and

1

{&l@} TEXAS .'I'ECII UNIVERSITY .
Digitized by | Institute for Studies
{2 in Pragmaticism-




2 MEMOIRS OF THE AMERICAN ACADEMY.

wider definitions of these symbols. As we are to employ the usual algebraic signs

as far as possible, 1t is proper to begin by laying down definitious of the various
algebraic relations and operations. The following will, perhaps, not be objected to.

GeNeraL DEeFNiTIONs oF THE ALGEBRAIC Siens.
Inclusion in or being as small as 18 a {ransitive relation. The consequence holds
that* ‘
If o=y,
and < 2z,
then z~-< 2.

Equality is the conjunction of being as small as and its converse. To say that
2=y is to say that t <y and y <=

Being less than is being as small as with the exclusion of its converse. To say
that « <y 1s to say that € < g, and that 1t is not true that y < =.

Being greater than is the converse of being less than. To say that x >y 18 to
say that y <7z

AppITION i3 an associative operation. That is to say,+
Chy)Fz=2-t+2)-
Addition is a wmmutatwe operation. That s,
x+y~y+w

Invertible addition is addition the corresponding inverse of which is determinative.
The last two formule hold good for it, and also the consequence that

If sty =z,
and z4vy=z2,
then ‘ y=1y.

* J mse the sign —< in place of «Z, My reasons for not liking the latter sign are that it canzot be written rapidly
enough, and that it seems to reprea:ﬂt the relation it expresses as being compounded of two others which in reality
sre complications of this. It is universally admitted that a higher conception i logically more simple than a lower
one under it. Whence it follows from the relatiomy of extevsion and comprehension, that in any state of information
8 broader concept is more simple than & narrower one included under it. Now all equality is inclusion in, but the
converse is not true; hence inclusion in is a wider concept thanm equality, and therefore lagically a simpler one.
Ou the same principle, inclusion is lso simpler than being less than. The sign < seemis to involve a definition by
enumeration ; and such a definition offends against the laws of definition.

§ 1 write & comma Lelow the sign of addition, except when {as is the case in ordinary algebra) the corresponding
inverse operation (subtraction) is determinative.
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LESCRIPTION OF 4 ROTATION FOR THE LOGIC OF RELATIVES. ' 3

MucmipLicarion is an operation which is doubly distributive with reference fo addition.

That is
, z(y 45 2) = =y |; =%,

(x4 y)z =22z | yz.

Multiplication is almost invariably an associative operation.

(#y)e = w(y2).
Multiplication is not generally commutative. If we write commutative multipli-

cation with a comma, we have
| x,y = y’,x .

Invertible muldtiplication is multiplication whose corresponding inverse operation
(division) is determinative. We may indicate this by a dot; and then the conse-
quence holds that

Ii Ty =2z,
and .y ==z,
then y=yv.

Punetional multiplication is the application of an operation to a function. It may
be writien like ordinary multiplication; but then there will generally be certain
points where the associative principle does not hold. Thus, if we write (sin abe)def,
there is one guch point. If we write {log (bascabc) def)ghi, there are two such
peints. The number of such points depends on the nature ofthe symbol of oper-
ation, and is necessarily finite. If there were many such points, in any case, it
would be necessary to adopt a different mode of writing such functions from that
now usually employed. We might, for example, give to “log” such a meaning that
what followed it up to a certain point indicated by a + should deaote ths base of
the system, what followed that to the peint indicated by a § should be the function
operated on, and what followed that should be beyond the influence of the sign
“log” Thus log abetdefd ghi would be (log abe)ghi, the base being def. In
this paper I shall adopt a notation very similar to this, which will be more conven-
iently described further on.

The operation of Invorvrion obeys the formula*

(23 = 2y |

# In the notation of quaternions, Hamilton bas assamed
(zv)r = 29,  instead of  (o¥v)r = 209,
althongh it appeara to make but little difference which bs takes. Perbaps we should assume two involutions, eo that
{x¥)r = zly=), s(vz) = t=vkx .
But in this paper only the former of these is required,
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4 . MEMOIRS OF THE AMERICAN ACADEMY.

Involution, also, follows the indexical principle.
oYt = a¥,2%.

Involution, also, satisfies the binomial theorem.

(2§ y)r = - Zpo—PyP £ 97,
where Z, denotes that p is to have every value less than 2, and is to be taken out

of z in all possible ways, and that the sum of all the terms so obtained of tbe form

x=—P,yP is to be taken. .
SubtracTION 18 the operation inverse to addition. We may write indeterminative
subtraction with a comma below the usual sign. Then we shall have that

(z—y)Hy=-=,

(z—y)ty==2,

Et+y)—y==.
Divisron is the operation inverse to multiplication. Since multiplication is not
generally commutative it is necessary to have two signs for division. I shall take

(z:y)y==,
¥y -
ﬂ:;—y.

Division inverse to that multiplication which is indicated by a comma may be
indicated by a semicolon. So that

(@iy)y =2

EvorLuTion and TAKING THE LOGARITHM are the operations inverse to involution.

(ﬁzﬂy’
xl"Qz.’I:y.

These conditions are to be regarded as imperative. But in addition to them
there are certain other characters which it is highly desirable that relations and op-
erations should possess, if the ordinary signs of algebra are to be applied to them.
These I will here endeavor to enumerate.

1. It is an additional motive for using a mathematical sign to signify a certain
operation or relation that the general conception of this operation or relation should
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES, 5

resemble that of the operation or relation usunally signified by the same sign. In
particular, it will be well that the relation expressed by —< should involve the
conception of one member being in the other; addition, that of taking together;
multiplication, that of one factor's being taken relatively to the other {as we write
3 X 2 for a triplet of pairs, and D ¢ for the derivative of ¢); and involution, that of
the base being taken for every unit of the exponent.

2. In the second place, it is desirable that, in certain general circumstances, de-
terminate numbers should be capable of being substituted for the letters operated
upon, and that when so substituted the equations should hold good when inter-
preted in accordance with the ordinary definitions of the signs, so that arithmetical
algebra should be included under the notation employed as a special case of it.
For this end, there ought to be a number known or unknown, which is appropri-
ately substituted in certain cases, for each one of, at least, some class of letters.

3. In the third place, it is almost essential to the applicability of the signs for
addition and multiplication, that a zero and a wunify should be possible. By a zero
I mean a term such that

0=z,
whatever the signification of z; and by a un‘ity a term for which the corresponding

general formula
x7 ==z

holds good. On the other hand, there ought to be no term a such that or ==,

independently of the value of z.
4. It will also be a strong motive for the adoption of an algebraic notation, if

other formule which hold good in arithmetic, such as

22,9 = (2,yF,

iz=1z,
z1=z, :
.’60:0,

continue to hold good; if, for instance, the conception of a differential is possible,
and Taylor's Theorem holds, and G or (1 4 a}% plays an important part in the sys-
tem, if there should be a term having the properties of & (3.14189), or properties
similar to those of space should otherwise be brought out by the notation, or if there
should be an absurd expression having the properties and uses of J or the square
root of the negative.
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6 MEMOIRS OF THE AMERICAR ACADEMY,

APPLICATION OF THE ALGEBRAIC Sigys 0 Logic.

While holding ourselves free to use the signs of algebra in any sense conformable
to the above absolute conditions, we shall find it convenient to restrict ourselves to
one ‘particular interpretation except where anotker is indicated. I proceed to de-
scribe the special notation which is adopted in this paper.

Use of the Letlers.

The letters of the alphabet will denote logical signs. Now logicai terms are of
three grand classes. The first embraces those whose logical form involves only the
conception of quality, and which therefore represent a thing simply as “a —." Thesz
discriminate objects in the most rudiinentary way, which does nout involve any con-
sciousness of discrimination. They regard an object as it is in itsell as such (quale);
for example, as horse, tree, or man. These are absolute terms. The second class em-
braces terms whose logical form involyes the conception of relation, and which require
the addition of another term to complete the denotation. These discriminate ohjects
with & distinct consciousness of discrimination. They regard an object as over against
another, that is as relative ; as father of, lover of, or servant of. These are simple relo-
tive terms. The third class embraces terms whose logical form involves the conception
of bringing things into relation, and which require the addition of more than one
term to complete the denotation. They discriminate not only with consciousness of
discrimination, but with consciousness of its origin. They regard an object as medium
or third between two others, that is as conjugative ; as giver of — to —, or buyer of —
for — from —. These may be termed conjugative terms. The conjugative terw in-
volves the conception of THiRD, the relative that of second or oTHER, the absolute term
simply considers ax object. No fourth class of terms exists involvirg the ccnception
of fourth, because when that of third is introduced, since it involves the coneception of
bringing objects into relation, all higher numbers are given at once, inasmuch as the
conception of bringing objects into relation is independent of the number of mem-
bers of the relationship. =~ Whether this reason for the fact that there is no fourth
class of terms fundamentally different from the third is satisfactory or not, the fact
itself is made perfectly evident by the study of the logic of relatives. I shall denote
absolute terms by the Roman alphabet, a, b, ¢, d, etc.; relative terms by italics, q, b,
¢, d, etc.; and conjugative terms by a kind of type called Madisoniun, a, &, ¢, 4, ete.

I shall commonly denote individuals by capitals, and generals by small letters.
General symbols for numbers will be printed in black-letter, thus, 1, b, ¢, B, ete.
The Greek letters will denote operations,
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DESCRIPTION OF A XOTATION FOR THE LOGIC OF RELATIVES. . 7

To avoid repetitions, I give here a catalogue of the letters I shall use in examples
in this paper, with the signifieations I attach to them.

a. animal. p. President of the United States Senate.
b. black. r. rich person.

f. Frenchman. u. violinist.

h. horse. v. Yice-President of the United States.
m. man. W. Woman.

a. enemy. A. husband. 0. owner.

5. benefactor. 1. lover. 8. servant,

¢. conqueror. m. mother. w. wife

€. emperor. a. -not.

g. giver to —of —. & betrayer to — of =,
we. winner over of — to — from —. #. transferrer from — to —,

Numbers corresponding to Letters.

I propose to use the term “universe” to denote that class of individuals adout
which alone the whole discourse iz understood to run. The universe, therefore, in
this sense, as in Mr. De Morgan's, is different on different occasions In this sense,
moreover, discourse may run upon something which is not a subjective part ot the
universe ; for instance, upon the qualities or collections of the individuals it contains.

I propoze to assign to all logical terms, numbers; to an absolute term, the num-
ber of individuals it denotes; to a relative term, the average number of things so
related to one individual. Thus in a universe of perfect men {(men), the number of
“tooth of ” would be 32. The number of a relative with two correlates would be the
average number of things so related to a pair of individuals; and so on for relatives
of higher numbers of correlates. I propose to denote the number of a logical term
by enclosing the term in square brackets, thus, [¢].

The Signs of Inclusion, Equality, etc.

I shall follow Boole in taking the sign of equality to signify identity. Thus, if

v denotes the Vice-President of the United States, and p the President of the Senate
of the United" States,

v=gp )
means that every Vice-President of the United States is President of the Senate, and
every President of the United States Senate is Vice-President. The sign “less than”
is to be so taken that

f< m
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8 MEMOIRS OF THE AMERICAN ACADEMY.

means every Frenchman is a man, but there are men besides Frenchmen. Drobisch
has used this sign in the same sense* It will follow from these significations of ==
and < that the sign — (or <, “as small as”) will mean “is” Thus,

f—<m
means “every Frenchman is a man,” without saying whether there are any other
.men or not. So, '

m —<_ 1

will mean that every mother of anything is a lover of the same thing; aithorgh
this interpretation in some degree anticipates a convention to be made further on.
These significations of — and < plainly conform to the indispensable couditiona.
Upon the transitive character of these relations the syllogism depends, for by virtue

of it, from

f —< m
and m-—-<a,
we can infer that f—<a;

that is, from every Frenchman being a man and every man being an animal, that
every Frenchman is an animal. But not only do the significations of = and < here
adopted fulfil all absolute requirements, but they have the supererogatory virtue of
being very nearly the same as the common significations. Equality is, in fact, nothing
but the identity of two numbers; numbers that are equal are those which are predi-
cable of the same collections, just as terms that are identical are those which aie
predicable of the same classes. So, to write 8 < 7 is to say that & is part of 7, just
as to write f << m is to say that Frenchmen are part of men. Indeed, if f <7 m,
then the number of Frenchmen is less than the number of men, and if v = p, then
the number of Vice-Presidents is equal to the number of Presidents of the Senate ;
so that the numbers may always be substituted for the terms themselves, in case no
signs of operation occur in the equations or inequalities.

The Signs for Addition.
The sign of addition is-taken by Boole, so that
z+y

denotes everything denoted by w, and, besides, everything denoted by . Thus
m 4| w

® According %o De BMorgan, Formal Logic, p. 334. De Morgan refers to the first edition of Drobischs Legic.
The third edition contains nothing of the sort.
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DESCRIPTION OF A KOTATION FOR TREE LOGIC OF RELATIVES. Y

denotes all men, and, besides, all women. This signification for this sigh is needed
for connecting the notation of logic with that of the theory of probabilities. DBut
if there is anything which is denoted by both the terms of the sum, the latler no
longer stands for any logical term on account of its implying that the objects de-
noted by one term are to be taken besides the objects denoted by the other. TFor

example,
f4+u

means all Frenchmen besides all violinists, and, therefore, considered as a logical term,
implies that all French violinists are besides themselves. For this reason alons, in a
paper which is published in the Proceedings of the Academy for Mareh 17, 1867, I
preferred to take as the regular addition of logic a non-invertible process, such that

m-5b

stands for all men and black things, without any implication that the black things
are to be taken besides the men; and the study of the logic of relatives has supplied
me with other weighty reasons for the same determination. Since the publication
of that paper, I have found that Mr. W. Stanley Jevons, in a tract called “Pure
Logie, or the Logic of Quality,” had anticipated me in substituting the same opera-
tion for Boole’s addition, although' he rejects Buole’s operation entirely and swrites
the new one with & -}- sign while withholding from it the name of addition* It is
plain that both the regular non-invertible addition and the invertible addition satisfy
the absolute conditions. But the notation has other recommendations. The con-
ception of faking logether involved in these processes is strongly analogous to that
of summation, the sum of 2 and 5, for example, being the number of a collectirn
which consists of a collection of two and a collection of five. Any logical equation
or inequality in which no operation but addition is invelved may be converted inte
8 numerical equation or inequality by substituting the numbers of the several terms
for the terms themselves,—— provided all the terms summed are mutually exclusive.
Addition being taken in this sense, nothing is to be denoted by zero, for then

z-40=12,

whatever is denoted by #; and this is the definition of zero. This interpretation is
given by Boole, and is very neat, on account of the resemblance between the ordi-
nary conception of zero and that of nothing, and because we shall thus have

‘[0] =0.

* In another ook ha uses the sign -|- instead of 4
2
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10 MEMOIRE OF THE AMERICAN ACADEMY.

Tke Signs for Multiplication.

I shall adopt for the conception of multiplication the epplicution of a relation, in
such a way that, for example, w shall denote whatever is lover of a woman. This
notation i3 the same as that used by Mr. De Morgan, although he appews not to
have had multiplication in his mind. s(m -4; w) will, then, denote whatever is ser
vant of anything of the class composed of men and women taken together. So

that
s(m 4 W)= sm |, sw.
(I 4; s)w will denote whatever is lover or servant to a woman, and

(14 8)w=1w 4 sw.

(sl)w will denote whatever stands to a woman in the relation of servant of a lover,
and '
(8l)w = s(lw).

Thus all the absolute conditions of multiplication are satisfied.

The term “identical with —” is a unity for this multiplication. That is to say,
if we denote “identical with —” by 7 we have

i =r,

whatever relative term # may be. For what is a lover of something identical with
anything, is the same as a lover of that thing.

A conjugative term ltke giver naturally requires two correlates, one denoting the
thing given, the other the recipient of the gift. We must be able to distinguish, in
our notation, the giver of A to B from the giver to A of B, and, therefore, ¥ suppose
the signification of the letter equivalent to such a relative to distinguish the corre-
lates as first, second, third, etc, so that “giver of — to —” and #giver to — of —”
will be expressed by difforent letters. Let g denote the latter of these conjugative
terms. Then, the correlates or multiplicands of ihis multiplier cannot all stand di-

veetly after it, as is usual in multiplication, but may be ranged after it in regular
order, so that

32 4

will denote a giver to » of . But according to the notation, # here multiplies y, so
that if we put for 2 owner (e), and for y horse (h),

goh
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. 11

appears to denote the giver of a horse to an owner of 2 horse. But let the individual
horses be H, H/, H”, ete. Then

h=H-L B L H” 4 etc.
goh=go(H-; H 4 H" | ete) = goH £ go0H -}; goH” §; ete.

Now this last member must be interpreted as a giver of a horse to the owner of that
horse, and this, therefore, must be the interpretation of goh. This is always very
important. A term multiplied by two relatives shows that TER SANT INDIVIDUAL 48 4
the two relations. If we attempt to express the giver of a horse to a lover of a
woman, and for that purpose write

qlwh,

we have written giver of a woman-to a lover of her, and if we add brackets, thus,

g(lw)h,

we abandon the associative principle of multiplication. A little reflection will show
that the associative principle must in some form or other bhe abandoned at this
point. But while this principle is sometimes falsified, it oftener holds, and a nota-
tion must be adopted which will show of itself when it holds. We already see that
we cannot express multiplication by writing the multiplicand directly after the mul-
tiplier; let us then affix subjacent numbers after letters to show where their corre-
lates are to be found. The first number shall denote how many factors must be
counted from left to right to reach the first correlate, the second how many more
must be counted to reach the second, and so on. Then, the giver of a hnrse to a
lover of a woman may be written

gthh = fqu ZghW :"—_0,.2_.11131 w.

Of course a negative number indicates that the former correlate follows the latter
by the corresponding positive numper. A subjacent zero makes the term itself the
correlate. Thus,

b

denotes the lover of that lover or the lover of himself, just as goh denotes that the
horse is given to the owner of itself, for to make a term doubly a correlate is, by
the distributive principle, to make each individual doubly a correlate, so that

b= Lo+ Lo 45 In" -f; etc.
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12 MEMOIRS OF THE AMERICAN ACADEMY.

A subjacent sign of infinity may indicate that the correlate is indeterminate, so that
lo

will denote a lover of something, We shall have some confirtnation of this presently.
If the last subjacent number iz a one it miay be omitted. Thus we shall have

l] =1 »
su=H=g.

This enables us to retain gur former expressions Iw , goh, et

The associative principle does not liold in this counting of factors. Becauze it
does not hold, these subjacent numbers are frequently inconvenient in practice, and
I therefore use also another mode of showing where the correlate of a term is to he
found. This is by means of the marks of reference, t || § ¥, which are placed sub-
jacent to the relative term and before and above the correlate. Thus, giver of a

horse to a lover of a woman may be written
aitlwih .

The asterisk I use exclusively to refer to the last correlate of the last relative of the
algebraic term.

Now, considering the order of multiplication to be: —a term, a correlate of it, a
correlate of that correlate, etc, — there is no violation of the associative principle.
The only violations of it in this mode of notation are that in thus passing fromn rel-
ative to correlate, we skip about among the factors in an irregular manner, and that
we cannot substitute in such an expression as goh a single letter for ch. I would
suggest that such a notation may be found useful in treating other cases of non-
associative multiplication. By comparing this with what was said above concerning
functional multiplication, it appears that multiplication by a conjugative term is func-
tional, and that the letter denoting such a term is a symbol of operation. I am
therefore using two alphabets, the Greek and Madisonian, where only one was ne-
cessary. But it is convenient to use both.

Thus far, we have considered the multiplication of relative terms only. Since our
conception of multiplication is the application of a relation, we can only multiply
absolute terms by considering them as relatives. Now the ubsolute term “man?” is
really exactly equivalent to the relative term “man that is —" and so with any
other. I shall write a comma after any absolute term to show that it is so regarded
as a relative term. Then man that'is black will be written

m,b .
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VESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. 13

But not only may any absolute term be thus regarded as a relative term, bui any
relative term may in the same way be regarded as a relative with one correlate
more. It is convenient to take this additional correlate as the first one. Then

. l,sw

will denote a lover of a woman that is a servant of that woman. The comma here
after { should not be considered as altering at all the meaning of I, but as only a
subjacent sign, serving to alter the arrangement of the correlates, In point of fact,
gince a comma may be added in this way to any relative term, it may be added to
one of these very relatives formed by a comma, and thus by the addition of two
commas an absolute term becomes a relative of two correlates. So

m,,b,r 2
interpreted like qoh,
means a man that is a rich individual and is & black that is that rich individual. But
this has no other meaning than

m,b,r ,
or & man that is a black that is rich. Thus we see that, after one comma is added,
the addition of ancther does not change the meaning at all, so that whatever has one
comma after it must be regarded as having an infinite number. If, therefore, I,,sw
is not the same as I,sw (as it plainly is not, because the latter means a lover and
servant of a woman, and the former a lover of and servant of and same as a woman),
this is simply becanse the writing of the comma alters the arrangement of the corre-
lates. And if we are to suppose that absolute terms are multipliers at all {as math-
ematical generality demands that we shouold), we must regard every term as being a
relative requiring an infinite number of correlates to its virtual infinite series “that
is — and 1s — and is — etc” Now & relative formed by a comma of course re-
ceives its subjacent numbers like any relative, but the question is, What are to be
the implied subjacent numbers for these implied correlates? Any term may Le re-
garded as having an infinite number of factors, those at the end being ones, thus,

l,sw—=1,8w,7,7,7,7,7,7,7, ete.

A subjacent number may therefore be as great as we please. But all these ones de-
note the same identical individual denoted by w; what then can be the subjacent
pumbers to be applied to s, for instance, on account of its infinite “that 4s™’s? What
pumbers can separate it from being identical with w? There are only two. The
first i3 zero, which plainly neutralizes a comma completely, since

8, 0W — 8w,
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14 MEMOIRS QF TIHE AMERICAN ACADEMY,

and the other is infinity; for as 1% is indeterminate in ordinary algebra, so it will
be shown hereafter to be here, so that to remove the correlate by the product of an
infinite series of ones is to leave it indeterminate. Accordingly,

msm

should be regarded as expressing some man.- Any term, then, is properly to be
regarded as having an infinite number of commas, all or some of which are neu-
tralized by zeros.

]

may then be express;ad by
7@ -

“ Something’

I shall for brevity frequently express this by an antigue figure one (1)
% Anything” by
70 +
[ shall often also write a straight 1 for anything.

It is obvicus that multiplication inte & multiplicand indicated by a comma is com-
mutative,* that is, ’
s,l ] I,S .

This multiplication is effectively the same as that of Boole in his logical caleulus.
Boole’s unity is my 1, that is, it denotes whatever is.

The sum z 4 z generally denotes no logical term. But #,, -} 2, may be
considered as denoting some two 2’s. It is natural to write

t+ 2= 2.2,

and Zyw + 21w = 2.0y ,

where the dot shows that this multiplication is invertible. We may also use the
antique figures so that 5

2.2, = 27,
just as Tw = 1.

Then 2 alone will denote some two things. But this multiplication is not in general
commutative, and only becomes so witen it affects a relative which imparts a relation
such that a thing only bears it to one thing, and one thing alone bears it to a thing.

* It will often be convenient to speak of the whole operation of affixing a comma and then multiplying a8 & com-
mutstive multiplieation, the sign for which is the comma. But thongh this is allowable, we shall fail into confusion
at onoo if we ever forget that in point of fact it is not a different multiplication, ooly it iz multiplication by a relative
whose meaning — or rather whose syntax —has been slightly altered; and that the comma i really the sign of this
modification of the foregoing term.
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. 15

For instance, the lovers of two women are not the same as two lovers of women,

that is,
l2.wand 2.lw

are unequal; but the husbands of two women are the same as two hushands of

women, that is, -
haw=12.hw,

and in general, ' Z,2.y 7= 2.2,Y .

The conception of multiplication we have adopted is that of the application of one
relation to another. So, a quaternion being the relation of one vector to another,
the multiplication of quaternions is the application of one such relation to & second.
Even ordinary numerical multiplication involves the same idea, for £ X 3 is a pair
of triplets, and 3 X 2 is a triplet of pairs, where “triplet of” and “pair of” are
evidently relatives. i

If we have an equation of the form

Ty =72,

and there are just as many z's per y as there are per things things of the universe,
then we have also the arithmethical equation,

1yl =[.

For instance, if our universe is perfect men, and there are as many teeth to a French-
man {perfect understood) as there are to any one of the universe, then

[1] [f] = [¢1]

holds arithmetically. So if men are just as apt to be black.as things in general,

[m,] [b] = [m,b] ,

where the difference between [m] and [m,] must not be everlooked. It is 4o be

observed that
[7] = 1.

Boole was the first to show this connection between logic and probabilities. He
was restricted, however, to absolute terms. I do not remember having seen any
extension of probability to relatives, except the ordinary theory of ezpectation.

Our logical multiplication, then, satisfies the essential conditions of multiplication,
has a unity, has a conception similar to that of admitted multiplications, and con-
tains numerical multiplication as a case under it.
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16 MEMOIRS OF THE AMERICAN ACADEMY.

The Sign of Involution.

I shall take involution in such a sense that 27 will denote everything which is an
-z for every individual of y. Thus [* will be a lover of every woman. Then (s)*
will denote whatever stands to every woman in the relation of servant of every
lover of hers; and s(%) will denote whatever is a servant of everything that is
lover of a woman. So that .

(s = s(w , .

A servant of every man and woman will be denoted by sm+w, and sm,s™ will
denote a servant of every man that is a servant of every woman. So that

80 W = gm gw
That which is emperor or conqueror of every Frenchman will be denoted by (e -4 ¢)f,
and ef -4 T, ef~p,cr +; of will denote whatever is emperor of every Frenchman or

emperor of some Frenchmen and conqueror of all the rest, or conqueror of every
Frenchman. Consequently,

(e 5 o)f = of |5 Zp ef—p,cr - of,

Indeed, we may write the binomial theorem so as to preserve all its usnal coefii-
cients; for we have

(e _l?.c)f —— ef _,_’_ [f]'ef-—- fl’clf ,_l.’_ [f] .([2] o l) .éf— 32’02; _!.;. -etc-

That is to say, those things each of which is emperor or conqueror of every
Frenchman consist, first, of all those individuals each of which is a conqueror of
every Frenchman; second, of a number of classes equal to the number of French-
men, each class consisting of everything which is an emperor of every Frenchman
but some one and is a conqueror of that one ; third, of a number of classes equal to
half the product of the number of Frenchmen by one less than that number, each
of these classes consisting of every individual which is an emperor of every French-
man except a certain two, and is conqueror of those two, etc. This theorem helds,
also, equally well with invertible addition, and either term of the binomial may be

negative provided we assume
(— 2y = (—)l.ay.

In addition to the above equations which are required to hold good by the defini-
tion of involution, the following also holds,

just as it does in arithmetic.
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DESCRIPTION OF A KOTATION FOR THE LOGIC OF RELATIVES. 17

The application of involution to conjugative terms presents litfle difficulty after
the explanations which have been given under the head of multiplication. It is ob-
vious that betrayer to every enemy should be written

La,
just as lover of every woman is written

>,
But 4 = £;; and therefore, in counting forward as the subjacent numbers direct,
we should count the exponents, as well as the factors, of the letier to which the
subjacent numbers are attached. Then we shall have, in the case of a relative of
two correlates, six different ways of affixing the correlates to it, thus,

Lam betrayer of a man to an enemy of him;

{(La)m betra};er of every man to some enemy of him;

lam betrayer of each man to an enemy of every man;

£a™ betrayer of o man to all enemies of all men

{2 m betrayer of a man to every enemy of him;

4am betrayer of every man to every enemy of him.

If both correlates are absolute terms, the cases are
Lmw betrayer of a woman to a man;
(&m)¥ betrayer of each.woman to some man;
Lm™ betrayer of all women to a man;
[m™ betrayer of a woman to every man:
&mw betrayer of a woman to all men;

fmw betrayer of every woman to every man.

These interpretations are by no means obvious, but T shali show that they are correct
further on.
It will be perceived that the rule still holds here that
(&“)m = [fam) 5

that i3 to say, that those individuals each of which stand to every man in the rela-
tion of betrayer to every enemy of his are identical with those imdividuals each of
which is a betrayer to every e¢nemy of a man of that man.

If the proportion of lovers of each woman among lovers of other women is equal
to the average number of lovers which single individuals of the whole universe have,
then -
(7] = [, ][IV ] [2V™,] ete. == [2][~3.

Thus arithmetical involution appears as a special case of logical involution.

3
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18 MEMOIRS OF THE AMERICAN ACADEMY.

GENERAL FORMULAR.

The formulce which we have thus far obtained, exclusive of mere explanations of
signs and of formulwe relating to the numbers of classes, are: —

(1) If —<y and y <z, then 2 < =z.

(2) GHy)He=2+K@+2. . (Jevons.)
(3) 2 fhy=y+=. ~ (Jevons.)
(4) (zHy)z=2z-4y=.

b)) z(y42) =2y % 2=.

(6) . (2y)z = 2(y2).

(7)) z,(yf2)==2y4z2. (Jevons.)
(8.) (2:9),2=2,(y,2) - (Boole.)
(9) zy=uy>. (Boole.)

(10.) (2¥)y == 20> .
(11.) ay+z2= a,22.

(12) (o4 4F =2 & Zp (2.37) + 7
= o [ g BT s g FREm2] ey gy,

.2.3

(13) (z9F = a0e.

(14) 24+ 0=<=. {Boole.)
(18) z7==.

(16) @+g)+e=2-4(+2). (Boole.)
17) z2+y=y+=. (Boole.)
18) z4ty—y==. (Boole.)
(19.) 2,y +2) =2y + 2,2 {Boole.)

(20) (24 g) = 2% + [e].o—" 9" 4 ete

We have also the following, which are involved implicitly in the explanations which
have been given. ‘

(2l) 2 <z
This, I suppose, is the principle of identity, for it follows from this that z =— =z .

(22) zHz=w=. (Jevons.)
(23.) z,2x==. (Boole.)
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES, 19

(2) shy=sdy—uy.

The principle of contradiction is
(28.) amc =0,

where n stands for “not” The i)rinciple of excluded m:ddle is
(26.) z4 =1,

It is an identical proposition, that, if ¢ be determinative, we have
27) fe=y gz=9py.
The six following are derivable from the formul® already given: —
(28) Ghp)hn) =2z .
(28) r—p)h(e—w)=(r 42— Hv)+ya(l—w)+2,(0—y)w.

In the following, ¢ is a function involving only the commutative operations and
the operations inverse to them.*

(80) gaz=(pl)z 4 (p0),(1 —2). (Boole.)
(3l) @z = (2l (1 —=)),(90 4 2).
(32) Ifgz=0 {gl),(p0)=0. . (Boole.)

(33.) Ifpz =1 gl 90=1.

* The readet may wish information concerning the proofs of formulas {39) to (33). When involution is not in-
volved in a function nor any multiplication except that for which 2,2 = 2, it is plain that gz ia of the first degree, and
therefore, since all the rules of ordinary algebra bold, we have us in that

gz =90 -} (¢l —a0),x .
‘We shall find, hereafter, that when ¢ has a still more general eharacter, ne have,
pr=—=gpl 4 (g7 — Q).
The former of these equations by a simple trancformation gives {30).

If we regard (¢1), (¢0) as a function of z and develop it by (30), we bave

(@1):(e0) = z,(01),(¢0) + (91),{90), (1 — =) .
Comparing these terma separately with the terms of the second member of (30), we see that

(91),(00) < gpx.

‘This gives at once (32), and it gives (31) after performing the multiplication indicated in the second member of that
equation and equating ¢z to its value as given in (30). If (@1 = 0) is developed as a function of z by (31), and
. the factors of the second member are compared with those of the second member of (31), we get

: . ) gz~ 9l 490,
from which {33) follows immediately.
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20 MEMOIRS OF THE AMERICAN ACADEMY,

Properties of Zero and Unity.

The symbolical definition of zero is
2+ 0==2, '
so that by (19) za=12z,(a 4 0)==z,a-}2,0.
Hence, from the invertible character of this addition, and the generality of (14), we

have
z,0=0.

By (24) we bave in general,
z2-50=24+0-—20=2z,

4

or x4 0=uz.

By (4) we have az = (a5 0)za = az -} 0z.
But if @ is an absurd relation, ez =0,
go that 0z=0,

which must hold invariably.

From (12} we have o == {a -}y 0 = a* - 0= - ete.

whence’ by {21 z z
y {21) . 0z — ar,

But if ¢ is an absurd relation, and z is not zero,
az— 0.
and therefore, unless 2 = 0, 0r=20.

Any relative z may be conceived as a sum of relatives X, X', X" ete, such that
there is but one individual to which anything is X, but one to which anything is
X', etc. Thus, if z denote “cause of” X, X', X" would denote different kinds of
causes, the causes being divided according to the differences of the things they are
causes of Then we have

Xy =Xy 4 0)= Xy 4 X0,
whatever y may be. Hence, since y may be taken so that
Xy=0,

we have X0=10;
and in a similar way,

X0=0, X0=0, X"0=0, ete
We have, then,

20 = (X 4 X"} X" 4 X" 4 ete)0 = X0 4 X0 £ X704 X704 ete. = 0.
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. : 21

If the relative z be divided in this way into X, X', X" X, ete, so that z is that
which is either X or X" or X" or X7, cte,, then non-z is that which is at once non-X
and non-X’ and non-X", ete.; that is to say,

non-z = non-X , non-X’, non-X”, non-X", ete.;
where non-X is such that there is something (Z) such that everything is non-X to
Z; and so with non-X', non-X", ete. Now, non-w may be any relative whatever.
Substitute for it, then, y; and for non-X, non-X', ete,, ¥, ¥, etc. Then we have
y=FY,Y",Y", ete.;
and Yz=1, ¥z =1, Y"Z" =1, ete, )
where Z', Z”, Z"” are individual terms which depend for what they denote on ¥, Y, F™.

Then we have
1=Y2=Y2=< Y@F%0)=Y2YY= YZ,7°,

or Ye=1, Y*=1, Y"t=1, ete
Then P= (YT Y etcP = FO,¥0,¥" etc. = 1.
We have by definition, 27 ==z.
Hence, by (6), ar = (a7)v = a(7%) . )

Now a may express any relation whatever, but things the same way related to

everything are the same. Hence,

z=7x.
We have by definition, l==7,.
Then if X 18 any individual X,1 =X,7,=X,7X.
But : . 7X=X.
Hence X,1=XX;
and by (23) X1l1=X,;
whence if we take 1=X4 X -+ X" 4 X" 4L ete,

where X, X’ ete. denote individuals (and by the very meaning of a general term this
can always be done, whatever » may be)

2,1 = (X 4+ X + X tete),l=X,1 4+ X1+ X1 & etc. = X 4+ X' 4 X+ etc. =z,

or - z, 1=z,
Wehave by (24) 2z L l=2+4+1—2l=24+1—2=1,
or z-H1=1. _
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292 MEMOIRS OF THE AMERICAN ACADEMY.

We may divide all relatives into limited and unlimited. Limited relatives express
such relations as nothing bas to everything. TFor example, nothing s knower of
everything. Unlimited relatives express relations such as something has to every-

thing. For example, something is as good as anything. For limited relatives, then,
we may write
p=20.

The converse of an unlimited relative expresses a relation which everything has to
gsomething. Thus, everything is as bad as something. Denoting such a relative by ¢,
gl=1.

These formulm remind one a little of the logical algebra of Boole; because oue of
them holds good in arithmetic only for zero, and the other only for uniyy.

We have by (10) 12 = (g = ¢002) = ¢* =1,
or 1z—=1.
We have by (4) lg=(e¢e ; lo=0az 1z,
or by (21) az < lz.
But evgrything is somehow related to z unless 2 1s 0; hence, nnless # is 0,
1z=1.

If a denotes “ what possesses,” and y “character of what is denoted by z,”
r=@ =¥ = (a7 = IzT ,
or z7 = =%x.
Since 7 means “identical with,” 7,7 w denotes whatever is both a lover of and iden.
tical with a woman, or a woman who is a lover of herself. And thus, in general,
‘ 2,7 = Zo,. '

thhing is identical with every one of a class; and therefore 7% is zero, unless z
denotes only an individual when 7% becomes equal to z. But equations founded on
interpretation may not hold in cases in which the symbols have no rational inter-
pretation.

Collecting together all the formul® relating to zero and unify, we have

(34) =4 0=1z. (Jevons.)
86) 2z 1=1. (Jevons.)
(86.) 20=20.
(37) 0z=20.
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. 23

(38.) 2z,0=0, (Boole.)

(39.) 20=1.

(40.) 0+ =0, providedz > 0.

(41) 7e=u=.

(42) 2,7 = #,.

(43.) 27 ==.

(44.) 7¢ = 0, unless 2 is individual, when 72 = z .

(45.) ¢l =1, where ¢is the converse of an unlimited relative.

(46.) lz=1, providedz > 0.

(47) zl=w=. ' (Buole.)

(48) p! =0, where pis a limited relative.

(49) 1= =1.

These, again, give us the following : —
(60.) 04 1=1. (64) 00 =0.
(61) 04 7=7. (65) 77 =7.
(52.) 00=0, (66) 7,7=7.
(63.) ¢,0=20. (67) 77=7.
{54) 0°=1. (68) 11=1.
(85) 70=20. (69.) 1,1=1.
(66.) 07 =0. (70 I'=1.
(57.) 0,7 =0. ("1) 17=1.
(68.) 07 =0. (72) 71=1.
(89) 7° =1 (73) 7,1=7.
(60) 01=0. (74) 17r=1.
(6l) 10=10. (75) 71=0.
(62) 0,1=0, (76.) 1,==7.
{63) 1° =1.

From (64) we may infer that 0 is a limited relative, and from (60) that it 18 not
the converse of an unlimited relative. From (70) we may infer that 1 is not a lim-
ited relative, and from (68) that it is the converse of an unlimited relative,
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24 MEMOIRS OF THE AMERICAN ACADEMT.

Formule relating to the Numbers of Terms.

We have already seen that

(77) If 2 ~<Typ, then [2] < [#].

(78.) When z,y =0, then [ §; 7] = [2] -} [#] .

(79.) When [zy]:[n*y] = [2]:[»*], then [2y] = [2](¥] -

(80.) When [zny] = [z][ny][1], then [2v] = [z]s].
It will be observed that the conditions which the terms must conform to, in order thay
the arithmetical equations shall hold, increase in consplexity as we pass from the more
simple relations and processes to the more complex. '

We have seen that

(8l) [0]=o.

(82) [1=:.

Most commonly the universe is unlimited, and then

83) [1]=1;
and the general properties of 1 correspond with those of infinity. Thus,

z-51=1 correspondsto = = = oo,

gl =1 “ “ gwo = w,
la =1 s ¥ wr=c0,
=0 . “« po=0,
1+ =1 . “ w0t <0,

The formule involving commutative multiplication are derived from the equation
1, = 7. But if 1 be regarded as infinite, it is not an absolute infinite; for 10 = 0.

On the other hand, 71 = 0.
It is evident, from the definition of the number of a term, that

(84) [2,] = [#}[1]-

We have, therefore, if the probability of an individual being 2 to any g is independ-
ent of what other y's it is z to, and if # is independent of g,

(85.) [=¥) = (=,]0v].
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. ; 25

Gexerat MeTop oF WORKING WITH THIS NOTATION.

Boole’s logical algebra contains no operations except our invertible addition and
commutative multiplication, together with the corresponding subtraction and division.
He has, therefore, only to expand expressions involving divisien, by means of (20}, so
a8 to free himself from all non-determinative operations, n order to be able to use
the ordinary methods of algebra, which are, moreover, greatly simplified by the fact
that

T =2.

Mr. Jevong's modification of Boole's algebra involves only non-invertible addition
and commutative muliiplication, without the corresponding inverse operations. He
is enabled to replace subtraction by multiplication, owing to the principle of contra-
dietion, and to replace division by addition, owing to the principle of excluded middle.
For example, if x be unknown, and we bave

xfFm=a,
or what is denoted by x together with men make up animals, we can only coaclude,
with reference to x, that it denotes (among other things, perhaps) oil animals not

men; that is, that the xXs not men are the same as the animals not men. Lev m de-
note non-men; then by multiplication we have

X, | m,m = X, = a,l ,
because, by the principle of contradiction,
m,m =0 .
Or, suppose, x being again unknown, we have given
a,x=m.

Then all that we can conclude is that the x’s consist of all the m’s and perhaps some
or all of the non-a’s, or that the x's and non-a’s together make up the m's and non-as
together. If] then, & denote nor-a, add & to both sides and we have

s,xLa=m-a.

Then by (28} (afay(xfa)=mta.
But by the principle of excluded middle,
aa=1
and therefore x—f;i:m—];ﬁ'..
4
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26 MEMOIRS OF THE AMERICAN AGADEMY.

I am not aware that Mr. Jevons actually uses this latter process, but it islopen to
him to do so. In this wa , Mr. Jevons's algebra becomes decidedly simpler even than
Boole’s,

It is obvious that any algebra for the logic of relatives must be far more compli-
cated. In that which I propose, we labor under the disadvantages that the multi-
plication is not generally commntative, that the inverse operatiors are usually inde-
terminative, and that transcendental equations, and even equations like

="+ +z,
where the exponents are three or four deep, are excecdingly common. It is obvious,
therefore, that this algebra is much less manageable than ordinary avithmetical algebra.

We may make considerable use of the general formule already given, especially of
(1), (21), and (27), and also of the following, which are derived from them: —

(86.) If ¢ <7 % then there issuch a term zthat e 2z =<5.
(87.) If @ —< & then thereissucha term « that b2 =a.
(88) If b, =a then e—<T3.

(89.) Ife—<C¥% eta—<lctb.

(90.) a—<T¥ ca—cb.

91) Xa—=<T¥t ac—<de.

(92) Ye—<Td & < e,

(98} Ifa—<C¥ o —<¥e.

(943} 4,0 < a.

There are, however, very mapy cases in which the formule thus far giver are of
little avail, )

Demonstration of the sort called mathematical is founded on suppositions of par-
ticnlar cases. The geometrician draws a figure; the algebraist assumes a letter to
signify a single quantity fulfilling the required conditions. But while the mathe-
matician supposes an individual case, his hypothesis is yet perfectly general, because
he considers no characters of the individual case but those which must belong to
every such case. The advantage of his procedure lies in the fact that the logical
laws of individual terms are simpler than those which relate to general terms, because
individuals are either identical or mutnally exclusive, and cannot intersect or be sub-
ordinated to one another as classes can, Mathematical demonstration is not, there-
fore, more restricted to matters of intuition than any other kind of reasoning. In-

{&l@} TEXAS .'I'ECII UNIVERSITY .
Digitized by | Institute for Studies
{2 in Pragmaticism-




DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES 29

deed, logical algebra conclusively proves that mathematics extends over the whole
realm of formal logic; and any theery of cognition which cannot be adjusted to this
fact must be abandoned. We may reap all the advantages wlhich the mathemati-
clan is supposed to derive from intuition by simply making general suppositions
of individual cases. y

In reference to the doctrine of individuals, two distinctions should be borne in 1nind.
The logical atom, or term not capable of logical division, must be one of which every
predicate may be universally affirmed or denied. For, let A be such a term. Then,
if it 13 neither true that all A is X nor that no A is X, it must be true that some A
i3 X and some A is not X; and therefore A may be divided intc A that is X and A
that is not X, which is contrary to its nature asa logical atom. Such a term can be
realized neither in thought nor in semse. Not in sense, because our organs of sense
are special,— the eye, for example, not immediately informing us of taste, so that an
image on the retina is indeterminate in respect to sweeiness and nonsweetness.
When I see a thing, I do not see that it is not sweet, nor do I see that it is sweet;
and thervefore what I see is capable of logical division into the sweet and the not
gweet. It is customary to assume that visual images are ahsolutely determinate in
respect to color, but even this may be doubted. 1 know no facts which prove that
there is never the least vagueness in the immediate sensation. In thought, an abso-
lutely determinate term cannot be realized, because, not being given by sense, such
a concept would have to be formed by synthesis, and there would be no end to
the synthesis because there is no limit to the number of possible predicates. A logi-
cal atom, then, like a point in space, would involve for its precise determination an
endless process. We can only say, in a general way, that a term, however determi-
nate, may be made more determinate still, but not that it can be made absolutely de-
terminate. Such a term as © the seccnd Philip of"Macedon ” is stiil capable of logical
division, —into Philip drunk and Philip sober, for example ; but we call it individual
because that which is denoted by it is in ouly one place at one time. It is a term
not absolutely indivisible, but indivisible as long as we neglect differences of time and
the differences which accompany them. Such differences we habitually disregard in
the logical division of substances In the division of relations, etc, we do not, of
course, disregard these differences, but we disregard some others. There is nothing
to prevent almost any sort of difference from being conventionally neglected in some
discourse, and if 7 be a term which in consequence of such neglect becomes indivisible

in that discourse, we have in that discourse,
[)=1.
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This distinction between the absolutely indivisible and that which is one in number
from a particnlar point of view is shadowed forth in the two words individual
(+0 dropov) and singular (76 xaf Exasrov); but as those who have used the word indi-
vidual have not been aware thai absolute individuality is merely ideal, it has come
to be used in a more general sense.*®

The old logics distinguish between individuum signatum and individuum vagum.
# Julius Cemsar” is an example of the former; “a certain man,” of the latter. The
individuum vagum, in the days when such conceptions were exacily investigated,
occasioned great difficulty from its having & certain generality, being capable, appar
ently, of logical division. If we include under the inediniduum vagqum such a term as
“any individual man,” these difficulties appear in a strong light, for what is true of
any individual man is true of all men. Such a term is in one sense not an individual
term; for it represents every man. But it represents each man as capable of being
denoted by a term which is individual ; and so, though it is not itself an individual
term, it stands for any one of a class of individual terms. If we call a thought about
a thing in so far as it is denoted by a term, a second intention, we may say that such
a term as “any individyal man” is individual by second intention. The letters which
the mathematician uses (whether in algebra or in geometry) are such individuals by
second intention, Such individuals are one in number, for any individual man is one
man ; they may also be regarded as incapable of logical division, for any individual
man, though he may either be a Frenchman or not, is yet altogether a Frenchman or
altogether not, and not some one and some the other. Thus, all the formal logical
laws relating to individuals will hold good of such individuals by second intention, and
at the same time a universal proposition may at any moment be substituted for a
proposition about such an individual, for nothing can be predicated of such an indi-
vidual which cannot be predicated of the whole class.

There are in the logic of relatives thrée kinds of terms which involve general sup-
positions of individual cases. The first are individual terms, which denote ouly indi-
viduals; the second are those relatives whose correlatives are individual: I term these
finitesimal relatives ; the third are individual infinitesimal relatives, and these I term
elementary relatives,

* The absolute individual can not only not be realized in sense or thought, but carnot exist, properly speaking. For
whatever lasta for any time, however short, is capable of logical division, because in that time it will wndergo some
change in its relations. But what does not exist fur any time, however short, dees not exist at all.  Al, therefore, that
we perceive or think, or that exists, is general. So far there is truth in the doctrine of scholastic realism.  But all that
exists is infinitely determinate, and the infinitely determinate is the absclutely individual. This seems paradoxical,
but the contradiction is easily resolved, That which exists is the object of a true conception. This conception may be

made more determinate than any assignable conception; and therefore it is never so determinate that it is capable of no
further determination.
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES, 29

Indwidual Terms.
The fundamental formul® relating to individuality are two., Iandividuals are de-
noted by capitals.

(95.) Ifz2 >0 2=X-+4 X | X"-L X" ete.

(96.) X=yX.

We have also the following which are easily deducible from these twa: —
O7) (1,2 X = (yX),(=X). (99) [X]=1.
(98) Xgpo= X yX. (100) 7¥ =X.

We have already seen that
7z = 0, provided that [z] > 1.

As an example of the use of the formule we have thus for obtained, let us inves-
tigate the logical relations between “benefactor of a lover of every servant of every
woman,” “that which stands to every servant of some woman in the relation of ben-
efactor of o lover of him,” “benefactor of every lover of some servant of & woman,"
“benefactor of every lover of every servant of every woman,” ete.

In the first place, then, we have by (95)

= (W o W'k W b ete) = sW - sW” £ sW” & ete.
=g WA W W Srete. = 3W’3W"’3W" ete.

From the last equation we have by (96)
e = (sW),(sW"),(s W"), ete.
Now by (31) 7 4 27 - ete. = #0727, ete. ; ete.,

or
(101.) Ir-<,

where IT" and %’ signify that the addition and multiplication with commas are to be

used. From this 1t follows that

(102)) 87 < 3w .

If w vanishes, this equation fails, because in that case (95) does not hold.
From (102) we have

(108.) (I8)% —< Isw . )
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30 MEMOIRS OF THE AMERICAN ACADEMY.

Since | a = a,b 4 ete.,
b = a,b 4 ete. ,
we have la = I{a,b 4 etc.) = I(a,b) ;- {(etc.),

Ib = [(a,b +; etc.) = I(a,b) -}; l{etc.) .
Multiplying these two equations commutatively we have

(4a),(Ib) = I(a,b) - ete.
or

(104.) iar <<1re.
Now (1) = (Is)WV + W'+ W’ fete. = IP'(Is)WV = II'lsW ,
Is* = [sW + W'+ W” fete. = JTI'sWV = [ITsW.
Hence,
(105.) Isv < (Is)7,

or every lover of a servant of all women stands to every woman in the relation of

lover of a servant of hers.
From (102) we have -

(106.) b <.
By (95) and (96) we have

bw = B(W - W 4 W” ete.) = bW’ ; W f; W™ 4- etc.
= W 4 W L FW” L ete.

Now 8% = gW & W'+ W frete. — W' sW” sW™ ete.
So that by (94) sv < W < sW'.
Hence by (92)
W < B, W, VAL
Adding, BW L W 1w _'< s
or
(107.) . bw < &

That is, every lover of every servant of any particular woman is a lover of every
servant of all women.

By (102) we have )

(108.) v - bw.,

Thus we have
v — w I <l < (ls)™ < lsw.
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. 31

By similar reasoning we can easily make out the relations shown in the follow-
ing table. It must be remembered that the formulee do not generally hold when
exponents vanish. '

blsw ' blsw

Y A

(82s)™ _ bsw

Y A

« b(Is)™ b(ls)”

Y A

blsw bls™

Y A

(295 bsv
LY A
b (blpw (Btsyw B
Ny N T AN

blrw (bipw bsw kW

Y F A

(d8)~ ¥w

Y A

bbw bk

. . A

It appears to me that the advantage of the algebraic notation already begins to
be perceptible, although its powers are thus far very impepfectly made out. At any
rate, it seems to me that such a prima jfacie case is made out that the reader who
still denies the utility of the algebra ought not to be too indolent to attempt to
write down the above twenty-two terms in ordinary language with logical precision.

Having done that, he has only to disarrange them and then restore the arrangement
by ordinary logic, in order to test the algebra so far as it is yet developed.
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32 MEMOIRS OF THE AMERICAN ACADEMY.

Infinitesimal Relatives.
We have by the binomial theorem by (49) and by (47},
Q42m=14 Zpzn—>r 4 27.
Now, if we suppose the number of individuals to which any one thing is z to be re-
duced to a smaller and smaller number, we reach as our limit
z2=0,
Zpan—p = [n]. 17— "1, = zn,
A4a2mp=1+42a.

If, on account of the vanishing of its powers, we call 2 an infinitesimal here and de-

note it by 4, and if we put
zn=1in=y,
our equation becomes

y
(109.) A4+di=14y2.
. 7
Putting y = 7, and denoting (1 4 ¢)7 by G, we have
7
(110.) 6=(14q)i=1-47.

In fact, this agrees with ordinary algebra better than it seems to do; for 7 is itself
an infinitesimal, and G is G7. If the higher powers of 7 did not vanlsh we should
get the ordinary development of &.

Positive powers of G are absurdities in our notation. For negative poWers we have

(111.) 6Tr=1—=z.

There are two ways of raising G—= to the y* power. In the first place, by the
binomial theorem,

(1—2p=1—[y].1y—1,2" | @[‘%’:ﬂ.ly—h,z‘z ~— ete. ;
and, in the second place, by (111) and (10).
6—v=1—uzy. ‘

It thus appears that the sum of all the terms of the binomial development of (1—z),
after the first, is — zp. The truth of this may be shown by an example. Suppose
the number of y’s are four, viz. ¥, ¥, ¥, and Y. Let us use %/, 2", 2, and 2™
in such senses that

zyl — z’, xYH —_— zll’ zYIII — xlll’ zyllll — zll” .

S T
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATITES. 33

Then the negatives of the different terms of the binomial development are,
[y]‘ly___h,xh — :’E’ + z.ﬂ’ + xm' + xﬁf; .
[yJ Df I] ly p— '} 2’42 —e— .’L" 2'” — xm = .’E’ xfm' xr.r,- o xr;’ x;.-w__ xm,xrm.

_I_ [3/] [y 211 I}/ 2] 1__ n3 xq3 _3: z”’zm-l_ xr ) rm+ xr F Jw.'_l_ 2:" :Z?”; xmf

xy :.‘_ xf’ xff’ z(ﬂ’ xﬂﬂ'

Now, since this addition is invertible, in the first term, 2’ that is 27, is counted over
twice, and so with every other pair. The second term subtracts each of these pairs,
8o that it is only counted once. But in the first ferm the &° that is 2” that is 27 is
counted in three times only, while in the second term it is subtracted three times;
namely, in (#',2") in (#/,2”) and in (2",2™). On the whole, therefore, a triplet would
not be represented in the sum at all, were it not added by the third term. The whole
quartette is included four times in the first torm, is subtracted six times by the second
term, and is added four times in the third termn. The fourth term subtracts it once,
and thus in the sum of these negative terms each combination occurs once, and once
only; that is to say the sum is

x’_I; + 5 _IT z!ﬂf — x(}ﬂ _|‘_; Yff _l;‘ YI{I -k YI!I!) ‘= xy )

If we write (az)® for [«].[z — 1].[# — 2].1#—13,4'3, that is for whatever isa to
any three 2's, regard being had for the order of the 2's; and employ the modern
numbers as expenents with this signification generally, then

1—az+ ﬁ(ax}n - ;—r(ax}" + ete.
is the development of (} — a)* and consequently it reduces itself to'1 — az. That is,
1 I 1
(112) x:xhzizaﬁ—g—!xs—zz‘-{—etc.

1 — # denotes everything except z, that is, whatever is other than every z; so
that G— means “net” We shall take log # in such a sense that

Slogr —= z*,

* Tt makes another resemblance between 1 and infinity that log 0 = —1.

)
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34 MEMOIRS OF THE AMERICAN ACADEMY.

I define the first difference of a function by the usual formula,
(113.) Agz = g(v+ Az) — 97,

where Az is an indefinite relative which never has a correlate in common with z.
So that

(114.) z,{(A2) =0 4+ Az==z 4 Az,
Higher differences may be defined by the formule
(115.) ' Arzg==0 if w>1.
Algr = AAr = p(z } 2.A2) — 2.¢(z + Az) + 92z,
AS @z — AA?2 == @(z - 3.42) — 3.¢(3 + 2.42) 4 3.9(z + Az) — @z
(116.) Av gz = p{z 4, A:v} — gz - (1 — 1).A7)

F RO oo 2). A7) — et

The exponents here affixed to /s denote the number of times this operation is to
be repeated, and thus have quite a different signification from that of the numerical
coefficients in the binomial theorem. I have indicated the difference by putting a
period after exponents significative of operational repetition. Thus, 72 may denote a
mother of a certain pair, 72 a maternal grandmother,

Another circumstance to be observed is, that in taking the second difference of , if

we distinguish the two increments which # successively receives as A’z and A"z, then
by (114) '
(Az)(AN'2) = 0

If Az is relative to so small a number of individuals that if the number were
diminished by one Am @z would vanish, then I term these two corresponding differ
ences differentials, and write them with & instead of A.

The difference of the invertible sum of tswo functions ial the sum of their differ-
ences; for by (113) and (18),

(117)  A(pz +y2} =z + Az) +ylz + Az) — gz —y2
=@z 4 Az) — gz +y(z + Az) —yr = Apz |- Ays.
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If ¢ 13 a constant, we have

(118.))  Agpzr — a(pz -} Apz) —apr = aApz — (ald¢2),apz,
Arapz == — Aapz,alz, ete
Apz)e = (Agz)a — ((Ap2)a),pra,
A2 (gz)a = — A(p2)a, ete.

(119) Ae,p2) = a,Apz .

Let us -diﬂ'erentiate the successive powers of 2. We have in the first place,

A= (24 A2P — 22 = 2.22— " (Az)1 - (Az)2. |

Here, if we suppose Az to be relative to only one individual, (A2)? vanishes, and

we have, with the aid of (115),
d(23) = 2.21,d2 |

Considering next the third power, we have, for the first differential,
A{z3) = (z 4 Az — 23 = 3.23 " (Ax)' + 3.23— 2, (A2)2 - (Az)3,
d(23) = 3.2%,(dz) .
To obtain the second differential, we proceed as follows: —
CA2(2B) = (2 4 2.A2)3 — 2.(z 4 Dz {23
=23 4 6.3 (Az)yt 4 12,232, {Az)=> | 8.(Az)3
— 243 — 623 (AgPr — 6.23— ¥ (Ag)iz' — 2 (Az)3
~+ 23 . -
= 6.23— 2, (Az)2 4 6.(A2)3.

Here, if Az is relative to less than two individuals, A2z vanishes. Making it relative
to two only, then, we have )
d?(23) = 6.21,(dz)> .

These examples suffice to show what the differentials of #% will be. If for the number
1 we substitute the logical term », we have

A(z®) = (z 4 Az — 2» = [n]. 2»~"1,(Az)'t - ete.
d(sn) = [#].27— % (dz) .

Institute for Studies
in Pragmaticism-




36 MEMOIRS OF THE AMERICAN ACADEMY.

We should thus readily find
(120.) dn({zr) = {u].[n — 1].[a — 2]....[n — 0t -} 1].22—tm (dg)im,
Let us next differentiate #, We have, in the first place,
A =pFbses _p={ Az =k (B —1),

The value of 2% — 1 is next to be found.

We have by (111) Ghz—1 = Az
Hence, Br—1 = logP=.
But by (10) log 222 —= (logd)A % .

Substituting this value of l4=z — ] in the equation lately found for d# we have
(121.) dit = p(log,l)dz =V, —1doe=—¥F(1 — 8 dx.

In printing this paper, I here make an addition which supplies an omission in the
account given above of involution in this algebra. We have seen that every term
which does mot vanish is conceivable as logically divisible into individual terms.

s =8~ 8 4 87 4 etc.

where not more than one individual is in any one of these relations to the same indi-
vidual, although there is nothing to prevent the same person from being so related to
;nany individuals. Thus, “bishop of the see of” may be divided into first bishop,
second bishop, etc,, and only one person can be yrtb bishop of any one see, although the
same person may (where translation is permitted) be th bishop of several sees. Now
let us denote the converse of z by #z; thus, if s is “servant of)” s i3 “ master or

Thus we may write

mistress of” Then we have
s = HE § K8 L HS | ete.;

and here each of the terms of the second member evidently expresses such a relation

that the same person cannot be so related to more than one, although more than one

may be so related to the same. Th{ls, the converse of “hishop of the see of —" 13

“see one of whose bishops is —,” the converse of “first hishop of —” is “ see whose
"

first bishop 18 —,” etc. Now, the same see cannot be a sce whose utt bishop is
more than one individual, although several sees may be so related to the same indi-
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. 37

vidual. Such relatives I term infinitesimal on account of the vanishing of their
higher powers. Every relative has a converse, and since this converse is conceivable
as divisible into individual terms, the relative itself is conceivable as divisible into in-

finitesimal terms. T'o indicate this we may write
(122) Ifz>0 z=X 4 X, 4 X - ete

As a term which vanishes 18 not an individual, nor is it composed of individuals, so
it is neither an infinitesimal nor composed of infinitesimals.

As we write I8°,I87, 18", ete = &, P
80 we may write
(123.) Ls,L s, L, s etc=1s,

But as the first formula is affected by the circumstance that zero is not an individual,
8o that #w does not vanish on account of no woman having the particular kind of
servant denoted by 87, #w denoting merely every lover of whatever servant there
is of any woman; so the second formula 1s affected in a similar way, so that the
vanishing of L s does not make s to vanish, bat this is to be interpreted as denot-
ing everything which s a lover, in whaterer way Ul is a lover af all, of a servant.
Then just as we have by (112), that

(124.) b=1—(1—1{)s;
80 we have
(128.) g =1 —§1— 8} .

Mr. De Morgan denotes & and % by LS and L § respectively, and he has traced out
the manner of forming the converse and negative of such functions in detail. The
following table contains most of his results in my notation. For the converse of m,
I write #; and for that of ,

z K G—= HE—=

man wu (1—mp=r{1l—a)(1l—u)=(1—wu)
mr = Q—m (1 — n}|ug = (1 — )1 —w) (1 —m)n ' w(1 —u)
g == (1 e ) — ) s = (1 —3)(1 — 2) m(l — n) (1 — w)u

I shall term the operation by which wis changed to v, backward involution. All
the laws of this but one are the same as for ordinary involution, and the one excep-
tion is of that kind which is said to prove the rule. It is that whereas with ordinary
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38 MEMOIBS OF THE AMERICAN ACADEMY.

involution we have,
) . (B)yr = 6™ ;
in backward involution we have

(126.) o) == (w3

that is, the things which are lovers to nothing but things that are servants to nothing
but women are the things which are lovers of servants to nothing but women,
The other fundamental formulze of backward involution are as follows: —

(127) P sw = hvydw

or, the things which are lovers or servants to nothing but women are the things
which are lovers to nothing but women and servants to nothing but women.

(128.) Xfu) = 4,

or, the things which are lovers to nothing but French violinists are the things that are
lgvers to nothing but Frenchmen and lovers to nothing but violinists. This is perhaps
not quite axiomatic. It is proved as follows. By (125) and (30)

Hfu) = 611 —fw) = G— (=0 flt—w)
By (125), (13), and (7), y
fly =—G—10—06—i(t—w) =6~ (0 —0 41 —w)
Finally, the binomial theorem holds with backward involution. For those persons who
are lovers of nothing but Frenchmen and violinists consist first of those who are lovers
of nothing but Frenchmen ; second, of those who in some ways are lovers of nothing

but Frenchmen and in all other ways of nothing but violinists, and finally of those
who are lovers only of violinists. That is,

(129.) l(u - f) = tu 4 Si—ru,pf - K.

In order to retain the numerical coefficients, we must Jet {I] be the number of per-
sons that one person is lover of 'We can then write

o4 )=t {g}!—hu’tr-f'_h ﬁ“%f_*t—tzu,%f—{- ete.

We have also the following formula which combineg the two involutions: —
(130) . Hom) = (8)7;
that is, the things which are lovers of nothing but what are servants of all womien
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DESCRIPTION OF A NOTATION FOR THE LOGIC OF RELATIVES. 39

are the same as the things which are related to all women as lovers of nothing
but their servants.
It is worth while to mention, in passing, a singular proposition derivable from (128).

Since, by (124) and (125)
y=(1—2)—n,
and since

l—(u f)=6—0+D = 6—9,6—Ff=(1—u),(l—I),
(128) gives us,
(1—=2)a=w,0—=H = (1—7)0=w 4 Z,(1 — (I —p))A—0)(1 — p)a—15
+ (L —na—9.

This is, of course, as true for « and f as for (1 — ») and (1 — f). Making those sub-
stitutions, and taking the negative of both sides, we have, by (124)

I
(131) - I(n,£) = (tu),TTp((0 — pu 4 pE),(0) 5
or, the lovers of French violinists are those persons who, in reference to every mode
of loving whatever, either in that way love some violinists or in some other way love
some Frenchmen. This logical proposition is certainly not self-evident, and its prac-
tical importance is considerable. In a similar way, from (12) we obtain

(132.)  (e0)f= Iy (e(f— 7) + or)

that is, to say that a person is both emperor and conqueror of the same Frenchman is
the same as to say that, taking any class of Frenchmen whatever, this person is either
an emperor of some one of this class, or conqueror of some one among the remaining
Frenchmen.

The properties of zero and unity, with reference to backward involution, are easily
derived from (125). I give them here in comparison with the corresponding formulae
for forward involution.

(133.) 0z =1 S g0=1,
(184.) =0 0'=0,
where ¢ is the converse of an unlimited relative, and r is greater than zero.
(135.) z=2z 27T ==z.
(136.) Yr=y =2,

where g is infinitesimal, and 2 is individual. Otherwise, both vanish.
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40 MEMOIES OF THE AMERICAN ACADEMY.

(187.) - Ig =10 pr=0,
where s i3 less than unity and p is a limited relative.
(138.) , 1=1 =1,

In other respects the formulme for the two invelutions are not so analogous as might
be supposed ; and this is owing to the dissimilarity between individuals and infinitesi-
mals. We have, it is true, if X is an infinitesimal and X’ an individual,

(139) X(y2)=Xy,Xz like (92)X =yX,2X';
(140) Xoyo=X,Xy ¢ Xigp=XyX';
(141.) (X)) =1 « [X]=1"

We also have
(142) Xy—<Zy. .

But we have not Xy = X y, and consequently we have not sw — sw, for this fails if
there ig anything which is not a servant at all, while the corresponding formula
8% — sw only fails if there is not anything which is a woman. Now, it is much more
often the case that there is something which is not 2, than that there is not anything
which is 2. 'We have with the backward involution, as with the forward, the formule

(143.} Ifs <y ¥z < %z

(144.) If$—<y zw,_<::y .
The former of these gives us

(145.) tsw < Ow,

or, whatever is lover to nothing hut what is servant to nothing but women stands to
nothing but a woman in the relation of lover of every servant of hers. The following
formule can be proved without difficulty.

(1486.) , Iw — ow

o, every lover of somebody who is servant to nothing but a woman stands to nothing
but women in the relation of lover of nothing but & servant of them.

(147.) sw —< {sw),

or, whatever stands te a woman in the relation of lover of nothing but 2 servant of
hers is a lover of nothing but servants of women.
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The differentials of functions involving backward involution are
(148.) dre = {nir—1z,dz .
(149.) dl = l,dz log.z .

In regard to powers of G we have

(150.) 6 = 6=,

Exponents with a dot may also be put upon either side of the letters which they
effect. '

The greater number of functions of # in this algebra may be put in the form

For all such functions Taylor’s and Maclaurin's theorems hold good in the form,

yo [0 1R I
(151.) =1 %:Fp!‘dp _'1.

The symbol —%~ is used to denote that a is to be substituted for b in what follows.

For the sake of perspicuity, I will write Maclaurin’s theorem at ]engtia.

oz =[] (g1 + et gl —|—etc.)tpa: .

The proof of these theorems is very simple. The (p + ¢)t differential of rz¢ is
the only one which does not vanish when # vanishes. This differential then becomes
[ + ¢]!. (d=x)9. 1tis plain, therefore, that the theorems hold when the coefficients
PAg and PB7 are 7. But the general development, by Maclaurin's theorem, of agpz or
(p)ais in a form which (112) reduces to identity. It is very likely that the appli-
cation of these theorems is not confined within the limits to which I have restricted
it. We may write these theorems in the form

(152.) 0 | 6 = 7,

.
dz Y

provided we assume that when the first differential is positive
1 1 I
Gd = Syd° ~+ dt + 52 - ete.,

but that when the first differential is negative this becomes by (111),
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As another lustration of the use which may be made of differentiation in logic, let
us consider the following problem. In a certain institution all the officers (x) and
also all their common friends {f) ave privileged persons (y). How shall the class of
privileged persons be reduced to a minimum ? Here we have

y=x-4r*,
dy=dx + dfr=dx —f=,(1 — fdx.

When yis at a minimum it is not diminished either by an increase or diminution of

x. That is,
[dy] >~0,

and when [x] is diminished by one,

When x is a minimum, then [4y] =<0
(dx —f5(1 —fldx) >0 [dx — <=1 (1 —f)dx] <0

(A)  [dx]—[fQ—7dx] >0  [dz] —[fx—4,(1 —f)dx] < 0.

Now we hdve by (30)

(1 —f)dx = fx —(0;0),(1 — f)dx,

Hence,
(] <<[dx] 4+ [0;0,].[(0 —sf)dx]  [f=—1] >~ [dx]+[0;0,].[(1 —f)dx].
But [0;0,] lies between the limits o and 1, and

(153.) [dx]=1.

We bave, therefore,

<<t +[1—=5)1 =111

This is the general solution of the problem. If the event of a person who may be an
official in the institution being a friend of a second such person is independent of and
equally probable with his being a’friend of any third such person, and if we take p, or
the whole class of suth persons, for our universe, we have,

p=1;
U _ (A1
ol=%r=\m)

[(1—7)dx] = [1 —£).[dx] = ([6) — [F])-[4x]
L7 —pax) = (B @) — - ex.
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DESCRIPTION OF A NOTATION FOR TBE LOGIC OF RELATIVES. 43

Substituting these values in our equations marked (A) we get, by a little reduction,

log{[p] — /D
) > g to) — g [71°

© 2 leg(Ip] ~ LFD)
(] <15 (o] —log[f] ',

The same solution would be reached through quite a different road by applying the
calenlus of finite differences in the usual way.

1.

Elementary Relatives.

By an elementary relative I mean one which signifies a relation which exists only
between mutually exclusive pairs (or in the case of a conjugative term, triplets, or quar-
tettes, etc.) of individuals, or else between pairs of classes in such a way that every
individual of one class of the pair is in that relation to every individual of the other.
If we suppose that in every school, every teacher teaches every pupil (a supposition
which T shall tacitly make whenever in this paper I speak of a school), then pupil
18 an elementary relative. That every relative may be conceived of as a logical sum of
elementary relatives is plain, from the fact that if a relation is sufficiently determined
it can exist only between two individuals. Thus, a father is either father in che first
ten years of the Christian era, or father in the second ten years, in the third ten
years, in the first ten years, B. C, in the second ten years, or the third ten years, etc.
Any one of these species of father is father for the first time or father for the second
time, etc. Now such a relative as “father for the third time in the second decade of
our ers, of —” signifies a relation which can exist only between mutually exclusive
pairs of individuals, and is therefore an elementary relative; and so the relative father
may be resolved into a logical sum of elementary relatives.

The conception of a relative as resolvable into elementary relatives has the same
sort of utility as the conception of a relative as resolvable into infinitesimals or of any
term as resolvable into individuals,

Elementary simple relatives-are connected together in systems of four. For if
A:B be taken to denote the elementary relative which multiplied into B gives A,
then this relation existing as elementary, we have the four elementary relatives

A:A  A:B  B:A BB.

Au example of such a system is = colleague : teacher : pupil: schoolmate. In the same
way, obviously, elementary conjugatives are in systems the number of members in
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44 MEMOIRS OF TI[E AMERICAN ACADEMY.

which is (1v -~ 7@+ where 11 is the number of correlates which the conjugative has.
At present, I shall consider only the simple relatives.

The existence of an elementary relation supposes the existence of mutually exclu-
sive pairs of classes. The first members of those pairs have something in commoun
which diseriminates them from the second members, and may therefore be united in
one class, while the second members are united into a second class. Thus pupd is
not an elementary relative unless there is an absolute distingtion between those who
teach and those who are taught. We have, thercfore, two general absolute terms
which are mutually exclusive, “body of teachers in a scheol” and “body of pupils in
a school” These terms are general because it remains undetermined what school is
referred to. I shall call the two mutnally exclusive absolute terms which any system
of elementary relatives supposes, the universal estremes of that system. There are
certain characters in respect to the possession of which both members of any one of
the pairs between which there is a certain elementary relation agree. Thus, the
.body of teachers and the body of pupils in any school agree in respect to the country
and age in which they live, etc, ete. Such characters I term scalar characters for
the system of elementary relatives to which they are so related; and the relatives
written with a comma which signify the possession of such characters, I term scalars
for the system. Thus, supposing French teachers have only French pupils and vice

versa, the relative
£,

will be a scalar for the system “colleague:teacher: pupil : schoolmate.” 1Tf = is an ele-
mentary relative for which s, is a scalar, |

(154) | AT

Let ¢, ¢, p, 3, denote the four elementary relatives of any syé.tem ; such as colleague,
teacher, pupil, schoolmate; and let a,, b,,c,,d,, be scalars for this system. Then
any relative which is capable of expression in the form

a,0 -+ b, -+ e,p 4 d,s.

I shall call a logical quaternion. Let such relatives be denoted by ¢, ¢, ¢”, ete. It is
plain, then, from what has been said, that any relative may be regarded as resolvable
into a logical sum of logical quaternions. .

The multiplication of elementary relatives of the same system follows a very simple
law. For if u and v be the two universal extremes of the system ¢, ¢, p, s, we may
write

c=uwu {=uv p=viu §=VV,
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DESCRIPTION OF A NGTATION FOR THE LOGIC OF RELATIVES. 45

and then if w and W are each either u or v, we have
(155.) (Wiw)6—-w =10,

This gives us the following multiplication-table, where the multiplier is to be entered
at the side of the table and the multiplicand at the top, and the produet is found in
the middle: —

¢ ¢ P 8

cc.tOO’

(156.)

s 0 0 | p 8

The sixteen propositions expressed by this table are in ordinary langnage as

follows ; ~— : )

The colleagues of the colleagues of any person are that person’s colleagues;
The colleagues of the teachers of any person are that person’s teachers;
There are no colleagues of any person’s pupils;

There are no colleagues of any person’s schoolmates ;

There are no teachers of any person’s colleagnes;

There are no teachers of any person’s teachers;

The teachers of the pupils of any person are that person’s colleagues;

The teachers of the schoolmates of any person are that person’s teachers ;
The pupils of the colleagues of any person are that person’s pupils;

The pupils of the teachers of any person are that persor’s schoolmates;
There are no pupils of any person’s pupils;

There are no pupils of any person’s schoolmates;

There are no schoolmates of any person’s colleagues;

There are no schoolmates of any person’s teachers;

The schoolmates of the pupils of any person are that person’s pupils ;

'l;he schoolmates of the schoolmates of any person are that person’s schoolmates.

This simplicity and regularity in the multiplication of elementary relatives must
clearly enhance the utility of the conception of a relative as resolvable inte a sum of

logical quaternions.

é;%; TEXAS .']'ECH UNIVERSITY .
Digitized by | Institute for Studies
B in Pragmaticism-




46 MEMOIRS OF THE AMERICAN ACADEMY.

It may sometimes he convenient to consider relatives each one of which is of the

form

a0 - b,y ¢,k 4+ 4,0} ete.

where a,, b,, c,, d,, etc. are scalars, and ¢, 7, %, 7, ete. are each of the form

m,z + n,2 + o,w - ete.

where m,, n,, o,, etc. are scalars, and %, #, #, ete. are elementary relatives. In ali
such cases (155) will give a multiplication-table for 7,7, %, 7, ete. For example, if we
have three classes of individuals, w, ug, us, which are related to one another in pairs,

we may put
upm =z wiug ==J uuy = &
ugiuy =1 Ugllp == M Uil — %
’ g = 0 Ugille = p Usilts = ¢
and by (1565) we get the multiplication-table
i ¥ k i m 0 r q
|
4 3 J E | 0O 0 0 0 0
J 0 0 0 i e 0 0 0
kio|o|o0o|o0o]oO # || k
I i m n 0 0 0 0 0
mn 0 0 0 { m 0 0 0
L 0 0 0 0 0 l m n
0 0 P q 0 0 0 0 0
P 0 0 0 0 P 0 0 0
g | 0| 0| O | 0| o0 o | P | ¢ '
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If we take
7= uiug = Ugily - wziyy,
7 = u;:ug | ugiuy,

k — 2.U;:lly,

we have _
ik
1
il j | B0 |
|
J k 0 0 ‘I
k|o|o o }
I we take
{=up:u; 4 upinz + uszius 4 usius 4 urivg,
J = wpiiug = uxtuy, .
A= 2.0y,
== us:ug + M. w:uy 4 2h.u:u 4 ugiuy 4 c.usivs .
m=' Usilg ,
we have

% j k 4 m

These multiplication-tubles have been copied from Professor Peirce’s monograph on
Linear Associative Algebras* T can assert, upon reasonable inductive evidence, tbat
all such algebras can be interpreted on the principles of the present notation in the

* Linear Associotice Adlgebra. By BExgaxuN PEIRCE, 4to, lithographed. Washingron. 1870.
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48 MEMOIRS OF THE AMERICAN ACADEMY,

same way as those given above. In other words, all such algebras are complications
and modifications of the algebra of (136). It is very likely that this is true of all
algebras whatever. The algebra of (156), which is of such a fundamental character
in reference to pure algebra and our logical notation, has been shown by Professor
Peirce to be the algebra of Hamilton’s quaternions. In fact, if we put

=441
f=yl =8 — (Y1 =%+ ab )+ (VI —b—alb Nk — yI—1 D1,
F=—1—A)} (ae—y1—@ Y1 —Fy1—F —(yI— e +-ayI—FyI—2)J)s
—(ae—yT—BYT=FyI=F+ (YI— detayI— B yI—) Y 4- by T—2 I
F=tbedif+(WI—ayI— et ayl— &+ (ayl — Fe—yI —atyI— &)J)j
— (W T=@VI—Bect oyl — 2 —(ayI—Fe —yIT—@yI—A) Nk —be 1.

where a,b,¢, are scalars, then 1,7,7,% are the four fundamental factors of quaternions,
the multiplication-table of which is as follows : —

) S AR SR '

11| ¢ |57 | ¥

v | =1k | —F

S I g

k}' k} j ¢ . _!‘f _1

It is no part of my present purpose to consider the bearing upon the philosophy
of space of this occurrence, in gure logic, of the algebra which expresses all the
properties of space; but it is proper to point out that one method of working with
this notation would he to transform the given logical expressions into the form of
Hamilton’s quaternions (after representing them as separated into elementary rela-
tives), and then to make use of geometrical reasoning. The following formule will
assist this process. Take the quaternion relative

g =i +yj + 2k @l

where #,y,2, and w are scalars. The conditions of ¢ being a scalar, vector, etc. (that
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1}

is, being denoted by an algebraic expression which denotes a scalar, a vector, ctc., in
geometry), are

(157.) Form of a scalar: z(¢ 4 7).
(158.) Form of a vector: ' i + i+ 2k — =i,

(189.) Form of a versor: :
z(x —3,, yf=x —%. 2/ N} .1/(2___ )—5
ERE
(160.) Form of zero: zi 4 zyj + gk + =22,

(161) Scalarofg: Sg= }(z + w)({ 4 1).

(162.) Vectorofg: {"g =3(z—w)it+y) 2k + Hw—2).
(163.) Tensor of g: Tg= yaw —yz(i +1).

(164.) Conjugate of ¢: K¢ == wi— yj — 2k + al.

In order to exhibit the logical interpretations of these functions, let us consider a
universe of married monoéamists, in which husband and wife always have country,
race, wealth, and virtue, in common. Let ¢ denote “man that is —” j “husbhand
of —” k “wife of —,” and / “woman that is —”; 2 negro that is —, y rich person
that is —, 2 American that is —, and # thief that is —. Then, ¢ being defined as
above, the g’s of any class will consist of so many individuals of that class as are
negro-nen or women-thieves together with all persons who ‘are rich husbands or
American wives of persons of this class. Then, 284 denotes, by (160), all the ne-
groes and besides all the thieves, while S¢ is the indefinite term which denotes half
the negroes and thieves. Now, those persons who are selfq’s of any class (that is,
the g's of themselves among that class) are zi 4 w!; add to these their spouses and
we have 2S¢, In general, let us term.(j -+ %) the ©correspondent of —” Then,
the double scalar of any quaternion relative, q, is that relative which denotes all
self-q's, and, besides, all correspondents of self-q’s of —” (Tg¢)? denotes all persons
belonging to pairs of corresponding self-q’s minus all persons belonging to pairs of
corresponding g’s of each other.

As a very simple example of the application of geometry to the logic of relatives,
we may. take the following. Eueclid’s axiom concerning parallels corresponds to the
quaternion principle that the square of a vector is a scalar. From this it follows,
since by (157) ¥z - 2% is a vector, that the rich hushands and American wives of the

T :
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50 MEMOIRS OF THE AMERICAN ACADEMY.

rich husbands and American wives of any class of persons are wholly contained under
that class, and can be described without any diserimination of sex. In point of fact,
by (156), the rich husbands and American wives of the rich husbands and American
wives of any class of persous, ave the rich Americans of that class.

Lobatchewsky has shown that Evclid's axiom concerning parallels may be supposed
to be false without invalidating the propositions of spherical trigonometry. In order,
then, that corresponding propositions should hold good in logic, we need not resort
to elementary relatives, but need only take S and V in such senses that every relative
of the class considered should be capable of being regarded as a sum of a scalar and
a vector, and that a scalar multiplied by a scalar should be a scalar, while the product
of a scalar and a vector is a vector. Now, to fulfil these conditions we have only to
take S¢ as “self-q of)" and Vg as “alio-q of” (g of another, that other being —), and
g may be any relative whatever. For, “lover,” for exdmple, is divisible into selflover
and alio-lover ; a selflover of a selfbengfactor of persons of any class is contained
under that class, and neither the selflover of an alio-benefactor of any persons nor the
alio-lover of the self-benefactor of any persons are among those persons. Suppose,
then, we take the formula of spherical trigonomatry,

cosa == cosb cosc - cosA sinb sine .

In quaternion form, this is,

(165.) S(pe) = (Sp)(Se) + (Ve)(Vg) -

Let p be “lover,” and ¢ be “benefactor.” Then this reads, lovers of their own bene-
factora consist of self-lovers of self-benefactors together with alio-lovers of alio-bene-
factors of themselves. So the formula

ain b cospb’ = — sina cos¢ cospa’ —— sinc cosa cos pc’ -+ sina sinc sinb cos pb,

where A', B/, C, are the positive poles of the sides a, b, ¢, is in quaternions
(166.) V(pg) = (Vp)(Sg) + (Sp)(Ve) + V((V2)(V4)),

and the logical interpretation of this is: lovers of benefactors of others consist of alio-
lovers of self-benefactors, together with selflovers of alio-benefactors, together with
atio-lovers of alio-benefactors of others. It is a little striking that just as in the non-
Euclidean or imaginary geometry of Lobatchewsky the axiom concerning parallels
holds good only with the ultimate elements of space, so its logical equivalent holds
good only for elementary relatives,
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It follows from what has been said that for every proposition in geometry there is
a proposition in the pure logic of relatives. But the method of working with logical
algebra which is founded on this principle seems to be of little nse. On the other
hand, the fact promises to throw some hight upon the philosophy of space®

Prorer1ies 0F ParticuLaR RECATIVE TERMS.
Classification of Simple Relctives.

Any partieular property which any class of relative terms may have may be stated
m the form of an equation, and affords us another premise for the solution of problems
in which such terms oceur. A good classification of relatives is, therefore, a great aid
in the use of this notation, as the notation is also an aid in forming such a classifi-

cation. .
The first division of relatives is, of course, into simple relatives and conjugatives.
r

The most fundamental divisions of simple relatives are based on the distinction

* The researches of Lobatchewsky furnish mo solution of the question concerning the apriority of space. For though
Le bas shown that it is conceivable that space shouid have such properties that two lines might be in a plane and in-
clined to one another without ever meeting, however far produced, yet be has not shown that the facts implied in that
supposition are inconsistent with supposing space to retain jts present nature and the properties only of the things in i¢
to change. For example, in Lobatchewsky's geometry a star a4 an infinite distance has a finite parallax. But suppose
space to have its present properties, and suppose thal there were one point in the universe towards which anything bemg
moved should expand, and away from which heing moved should contract. Then this expansion and contraction might
obey such & law that a star, the parallax of which was finite, should be at an infinite distance measured by the number
of timea a yard-stick must be laid down to measure off that distance. I have nobt seen Beltramis investigations, but I
understand that they do show that something of this gort is possible. Thus, it may be that, make what suppositions you
will concerning phenowena, they can alwaya be reconciled to our present geometry or be shown to involve implicit con-
tradictions, If this is so,— and whether it is or mot is a completely open question,— then the principles of geometry
arg necessary, and do pot result from the specialities of any object cognized, but from the conditions of cognition in
general. In speaking of the conditions of coguition, in general, I bave in view no psychological conception, but only &
distinction between principles which, if the facts should present a suficient difficulty, I may always logically doubt, and
principles which it can be shown cannot become open to doubt from any difficulty in my facts, as long as they continue
to be supposed in all logical procedure,

But, waiving this point, Lobatchewsky's conclusions do wot positively overthrow the hypothesis that space i a priori.
For ke has only shown that a certain proposition, net usually beliczed to ke axiormatical, is conceivably false. That people
may be doubtfd] or even mistaken about a prieri truth does not destroy all important practical distinction between the
two kinds of necessity. It may be said that if Lobatchewsky’s geometry is the true one, then space involves an arbitrary
constant, which value cannot be given « prigri. This may be; but it may be that the general properties of space, with
the general fact that there is such a constant, are @ priori, while the value of the coustant is only empirically determined.

It appeara to me plain that no geometrical speculations will suttle the philosophy of space, which is a logical question.
If space is a priort, I believe that it is in some recondite way involved in the logic of relatives.
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between elementary relatives of the form (A:A), and those of the form (A:DB).
These are divisions in regard to the amount of opposition between relative and cor-
relative,

a. Simple relatives are in this way primarily divisible into relatives all of whose
elements are of the form (A:A) and those which contain elements of the form (A:B).
The former express o mere agreement among things, the latter set one thing over
against another, and in that sense express an opposition {arreweiofac); I shall thevefore
term the former concurrents, and the latter opponents. The distinction appears in this
notation as between relatives with a comma, such as (w,), and relatives without a
comma, such as {w); and is evidently of the highest importance. The character
which 1s signified by a concurrent relative is an absolute character, that signified by
an opponent is a relative character, that is, one whlch cannot be prescinded from
reference to a correlate.

5 The second division of simple relatives with reference to the amount of opposi-
tion between relative and corvelative is into those whose elements may be arranged
in collections .of sguares, each square like this,

AA A:B A:C
B:A B:B B:C .
C:A ¢:B C:C

and those whose elemeuts cannot be so arranged. The former (examples of which
are, “equal to —,” “similar to —”} may be called copulatives, the latter non-copula-
tives. A copulative multiplied into itself gives itself. Professor Peirce calls letters
having this property, tdempotents. The present distinction is of course very impor-
tant in pure algebra. All concurrents are copulatives.

¢ ‘Third, relatives are divisible into those which for every element of the form
(A:B) have another of the form {B:A), and those which want this symmetry. This
is the old division into equipgrants and disquiparanis,* or in Professor De Morgan's
language, convertible and inconvertible relatives. Equiparants are their own correla-
tives. All copulatives are equiparant.

* « (Jumdam sunt relationes equiparantioy qumdam disquiparantice. Prim® sunt relationes similiom nominum, secunda
relationes dissimitium nominum, Exemplum primi est quando idem nomen ponitur in recto et in obliquo, sicut simile
simili est simile. . . . Exemplum secundt est quando unum nonen ponitar in recto sed alind in obliquo, sicut pater est
filii pater et non oportet quod sit pattis pater.” Ockham Quodlibetum 6, qu20. See also his Summa Logices, pars 1,
cap. 52. * Relativa equiparant.i:.r:: quee sunt synonyma cum amis correlativis. . . . Relativa diquiparantim: qnes non
sunt synonyma curo suis correlativie.” Pachlacher in Petr, Hisp. The same definitions substantially may be found in
many late medisval logics.
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d. Fourth, simple relatives are divisible into those which contain elements of the
form (A:A)and those which do not. The former express relations such as a thing
may have to itself, the latter {as cousin of —, hater of -—) relations which nothing
can have to itseif. The former may be termed selfrelatives, the latter alio-relatives.
All copulatives are selfrelatives.

-e. The fifth division iz into relatives some power (i. e. repeated product) of which
contains elements of the form {A:A), and those of which this is not true. The former
1 term eyclic, the latter non-cyelic relatives. As an example of the former, take

(A:B) 4 (B:A) 4 (C:D) 4 (D:E) 4 (E:C) ..
The product of this into itself is

(A:A) 4 (B:B) £ (C:E) 4 (D:C) L (E:D).
The third power is :

(A:B) 5 (B:A) 4 (C:C) 4 (D:D) L{(E:E).
The fourth power is

(A:A) 5 (B:B) 4 (C:D) 4 (D: E) ;- (E: C) .
The fifth power is

(AB) 4 (B:4) 4 (€ B) 4 (D:C) 4 (B:D).
The sixth power is

(A ) (BB) - (6:0) 4 (D:D) 4 (B:).

where all the terms are of the form (A:A). Such relatives, as cousin of —, are
cyclic. All equiparants are cyclic.

/. The sixth division is into relatives no power of which is zero, and relatwes some
power of which is zero. The former may be termed inexhaustible, the latter exhausti-
ble. An example of the former is “spounse of —," of the latter, “husband of —”
All cyelies arve inexhaustible.

g- Seventh, simple relatives may be divided into those whose products into them-
selves are not zero, and those whose products into themselves are zero. The former
may be termed repeating, the latter, non-repeating relatives. All inexhaustible rela-
tives are repeating.

k. Repeating relatives may be divided {after De Morgan) into those whose products -
into themselves are contained under themselves, and those of which this is not true..
The former are well named by De Morgan transifive, the latter inéransitive.  All tran-
sitives are inexhaustible; all copulatives are transitive; and all transitive equiparants
are copulative. The class of transitive equiparants has a character, that of being
self-relatives, not involved in the definitions of the terms.
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i. Transitives are further divisible into those whose products by themselves are
equal to themselves, and those whose products by themselves ave less than themn-
selves; the former may be termed continuous, the latter discontinuous. An example
of the second is found in the pure mathematics of a continuum, where if « is greater
than b it is greater than something greater than 4; and as long as 4 and & are not of
the same magnitude, an intervening magnitude always exists. All concurrents are
continuous.

J. Intransitives may be divided into those the number of the powers (repeated
products) of which not contained in the first is infinite, and those some power of
which s contained in the first. The former may be called infinites, the latter, finites.
Infinite inexhaustibles are cyclic.

In addition to these, the old divisions of relations into relat:ons of reason and real
relations, of the latter into aptitudinal and actual, and of the last into extrinsic and
intrinsic, are often useful

¢ Not”
W"e bave already seen that < not,” or #other than,” is denoted by G—7. It is often

more convenient to write it, z The fundamental property of this relative has been
given above (111), It is that,

-2 =1—=z.

Two other properties are expressed by the principles of contradiction and excluded
middle. They are,

7,6—3=
: z4G6—==1.
The following‘ deduced properties are of frequent application: —
(167.) 6= = G6—2-- G—y;
(168.) 66— = G—zy.

The former of these is the counterpart of the general formula, ¥ +¥=2%2v. The

# «Duplex est relatio: seilicet rationis et reals. Tnde relatio rationis est que fit per actum comparativum intel-
lectus, ut sunt secundse intentiones; sed relatio realis est duplex, scilicet aptitudinalis et actualis. Apticudinalis est
qu#® non requirié termioum actu esistere sed solum in aptitudine; cojusmodi sunt omnes proprim passiones, omnes
aptitudines, et omnes inclinationes; et tales sunt in illo praxdicamento reductive in quo sunt illa quorum sunt propria
passiones, Sed relatio actualis est duplex, scilicet, intrivsecus adveniens, et extrinsecus adveniens. Intrinsecus adveni-
epa est gué necessario ponitur positis extremis in quacungue etiam distantia posaatur, ut similitudo, paternitas, equali-
tas, Extrinsecus adveniens est qus necessario nom ponitur, positis extremis, sed requiritur debita approximatio
extremorum ; cujusmodi sunt sex ultima predicamenta, scilicet, actie, passio, quando, ubi, situs, et habitua” Tartaretus.
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latter enables us always to bring the exponent of the exponent of G— down to the

line, and make it a factor. By the former principle, objects not French violinists

consist of objects not Frenchmen, together with objects not violinists; by the latter,

individuals not servants of all women are the same as non-servants of some women.
Another singular property of G— is that,

(169.) If[¢]>1 6G-72=1.

“Case of the existence of —" and “case of the non-existence of —

That which first led me to seek for the present extension of Boole’s logical notation
was the consideration that as he left his algebra, neither hypothetical propositions nor
particular propositions eould be properly expressed. It is true that Boole was able to
express hypothetical propositions in a way which answered some purposes perfectly.
He could, for example, express the proposition, ¢ Fxther the sun will shine, or the en-
terprise will be postponed,” by letting z denote “the truth of the proposition that
the sun will shine,” and y “the truth of the proposition that the enterprise will be
postponed ”; and wniting, '

xFy=1,

X -54— {(1—x),y= 1

But if he had given four letters denoting the four terms, “sun,” “what is about to
shine,” “ the enterprise,” and “what is about to be postponed,” he could make no use
of these to express his digunctive proposition, but would be obliged to assume others.
The imperfection of the algebra here was obvious. As for particular propositions,
Boole could not accurately express them at all. Ile did undertake to express them,

or, with the invertible addition,

anl wrote
Some Y’s are Xs: v,y = V,X;

Some Y’s are not X’s: v,y = v,(1—x).

The letter v is here used, says Boole, for an #indefinite class symbol” This betrays
& radical misapprehension of the nature of a particular proposition. To say that some
Y's are X's, is not the same as saying that a logical species of Y's are X's. For the
logical species need not be the name of anything existing. It is only a certain de-
seription of things fully expressed by a mere definition, and it is a question of fact
whether such a thing really exist or not. St. Anselm wished to infer existence from
a definition, but that argument has long been exploded. If, then, v is a mere logieal
species in general, there is not necessarily any such thing, and the equation means
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nothing. If it is to be a logical species, then, it is necessary to suppose in addition
that it exists, and further that some v s y. In short, it is necessary to assume con-
cerning it the truth of a proposition, which, being itself particular, presents the origi-
nal difficulty in regard to its symbolical expression. Moreover, from

v,y = v,{1—x)
we can, according to algebraic principles, deduce successively

V,y=V— Vv,

V.2 =v — v,y = v,(l—y)

Now if the first equation means that some Y's are not X’s, the last ought to mean
that some X's are not Y’'s; for the algcbraic forms arc the same, and the question is,
whether the algebraic forms are adequate to the expression of particilars. It would
appear, therefore. that the inference from Some Y’s are not X's to Some X's are not
Y’s, is good ; but it is not so, in fact.

What is wanted, in order to express hypotheticals and particulars analytically, is a
relative term which shall denote “case of the existence of —,” or “ what exists only

Lt n

if there is any — ”; or else “case of the non-existence of —;” or “what exists only
if there is not —” When Boole’s algebra i3 extended to relative terms, it Is easy to
see what these particular relatives must be. For suppose that having expressed
the propositions ¢ it thunders,” and “it lightens,” we wish to express the fact that

“if it lightens, it thunders.” Let
A=0 and B=10,

be equations meaning respectively, it lightens and it thunders. Then, if ¢z vanishes
when z does not and vice versa, whatever # may be, the formula

. pA < ¢B

expresses that if it lightens it thunders; for if it lightens, A vanishes; hence ¢ A does
not vanish, hence ¢ B doues not vanish, hence B vanishes, hence it thunders. It makes
1o difference what the function ¢ is, provided only it fulfits the condition mentioned.
Now, 07 is such a function, vanishing when 2 does not, and not vanishing when z does.
Zero, therefore, may be interpreted as denoting *that which exists if, and only if|
Then the equation

EL)

there is not —.

00 =1
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means, everything which exists, exists only if there iz not anything which does not
exist. So,

0z=10
means that there is nothing which exists if, and only if, some = does not exist. The

reason of this is that some z means some existing z.
It “lightens” and it thunders” might have been expressed by equations in the

forms
A=T1T, B=1.

In that case, in order to expreas that if it lightens it thunders, in the form
A~ 9B,

it would only be necessary to find a fimnction, @, which should vanish unless z were
1, and should not vanish if = were 1. Such a function is lz. We must therefore in-
terpret 1 as “that which exists if, and ounly if, there is —” 1z as “that which exists if,
and only if, there is nothing but z,” and 1z as “ that which exists if, and only if, there
i8 some z. Then the equation
2 I*—=1,

means everything exists if, and only if, whatever z thers is exists.

_ Every hypothetical proposition may be put inte four equivalent forrms, as follows: —

If X, then Y.

If not Y, then not X .
Either not X or Y .
Not both X and not Y .

If the propositions X and Y are A = 1 and B — 1, these four forms are natnrally
expressed by
1A < 1B,

1(1—A) << 1(1—B),
1(1—-A)+4 B=1,
1A,1(1 —B)=0.

For 1z we may always substitute 0(*—=),

Particular propositions are expressed by the consideration that they are contradie-
tory of universal propositions. Thus, as h,(1 — b) = 0 means every horse is black,
g0 0by(1 —b) = 0 means that some horse is not black; and as h,b — 0 means that no

8
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58 MEMOIRS OF THE AMERICAN ACADEMY.

horse is black, so 08,5 = ( means that some horse is black. We may also write the
particular affirmative 1(h,b) = 1, and the particular negative 1(h,n?) = 1.
Given the premises, every horse is black, and every horse is an animal; required

h —<b;
h—<a.

h—<a,b.

the conclusion. We have given

Commutatively multiplying, we get
Then, by {92) or by (90),
0 <70, or 1k < 1(a,b).
Hence, by (40) or by (46), ,
Ifh>0 0ab=<90, or 1(a,b) ='1 ;

or if there are any horses, some animals are black. I think it would be difficult to
reach this conclusion, by Boole’s method unmodified.

Particular propositions may adso be expressed by means of the signs of inequality.
Thus, some animals are horses, may be written

&,h> 0;

and the conclusion required in the above problem might have been obtained in this
form, very easily, from the product of the premises, by (1) and (21).

We shall presently see that conditional and disjunctive propositions may slso be
expressed in a different way.

Conjugative Terms.

The treatment of conjugative terms presents considerable difficulty, and would no
doubt be greatly facilitated by algebraic devices. I have, however, studied this part
of my notation but little.

A relative term cannot possibly be reduced to any combination of absolute terms,
nor can a conjugative term be reduced to any combination of simple relatives; but a
conjugative having more than two correlates can always be reduced to a combination
of conjugatives of two correlates. Thus for “winner over of —, from —, to — ;" we
may always substitute «, or “gainer of the advantage — to —,” where the first
correlate is itself to be another conjugative v, or “the advantage of winning over

of — from —.” Then we may write,

W= uv.
z_&lﬁ_& TEXAS TECH UNIVERSITY
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It is evident that in this way all conjugatives may be expressed as production of con-
Jugatives of two correlates.

The interpretation of such combinations as £9%, ete, is not very easy. When the
conjugative and its first correlative can be taken together apart from the second
correlative, as in (Za)m and (L«)™ and {£*)m and (4=)®, there is no perplexity, be-
cause in such cases (L&) or (£2) is & simple relative. We have, therefore, only to call
the betrayer to an enemy an inimical betrayer, when we have

{&e)m — inimical betrayer of a man = hetrayer of a man to an enemny of him,
(ka)® — inimical betrayer of every man — betrayer of every man to an enemy of him.

And we have only to call the betrayer to every enemy an unbounded betrayer, in
order to get '

(&8)m = unbounded betrayer of a man — betrayer of a man to every enemy of him,

({*)» = unbounded betrayer of every man — betrayer of every man to every enemy
of him.

The two terms La™ and £+ are’ not quite so easily interpreted. Imagine 2 separated

into infinitesimal relatives, 4,4 ,A4 , ete, each of which is relative to but one indi-

£id

vidual which is m. Then, because all powers of 4,4 ,4 , etc, higher than the

F7E Rt 7

first, vanish, and because the number of such terms must be [m], we have,
g = (A.f _{; Aﬂ' _{? Am' —L_ ete. ) = (‘A'rm)?(Aﬂm)’('Amm)? ete.
or if M, M”, M, ete, are the individual m’s,

om = (A M'),(4,M"),(4, M), ete.

frd

It 18 evident from this that £a™ is a betrayer to an 4, of M, to an 4, of M”, to an 4
of M”, etc, in short of all men to some enemy of them all. In order to interpret
4™ we have only to take the negative of it. This, by (124), is (1 — &)am, or & non-
betrayer of all men to some enemy of them. Hence, {® or that which is nof this,
is a betrayer of some man to each enemy of all men. To interpret &(em), we may
put it in the form (1 — &)(* —®™,  This 1s “non-betrayer of & man to all non-enemies
of all men” Now, a non-betrayer of some X to every Y, is the same as a betrayer of
all X’s to nothing but what is not Y; and the negative of “ non-enemy of all men,” is
“enemy of a man” Thus, &(em) is, “betrayer of all men to nothing but an enemy
of a man”. To interpret am we may put it in the form (1 — &)(! —@)m, which is,
“non-betrayer of a man to every non-enemy of him.” This is a logical sum of terms,
each of which is “non-betrayer of an individuval man M to every non-enemy of M.”

Each of these terms is the same as “betrayer of M to nothing but an enemy of M.”
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The sum of them, therefore, which is £am is “betrayer of some man to nothing but
an enemy of him” In the same way it is obvious that *2m is “betrayer of nothing
but a man to nothing but an enemy of him.” We have {2m = & (1 — a)(1 —m), or
“betrayer of all non-men to a non-enemy of all non-men.” This is the same as “ that
which stands to something which is an enemy of nothing but a man in the relation of
betrayer of nothing but men to what is not it.” The interpretation of &Lem is obvi-
ously “betrayer of nothing but 2 man to an enemy of him” It is equally plain
that Za™ 13 “betrayer of no man to anything but an enemy of him,” and that &*m is
“betrayer of nothing but 2 man to every enemy of him. By putting £°® in the form
L(t— o= e find that it denotes “betrayer of something besides a man to all
things which are enemies of nothing but men” When an absclute term is put in
place of g, the interpretations are obtained in the same way, with greater facility.
The sign of an operation is plainly 2 conjugative term. Thus, ocur commutative
multiplication might be denoted by the conjugative
7,.
For we have,
Lesw=170sw.
As conjugatives can all be reduced to conjugatives of two correlates, they might. be
expressed by an operative sign (for which a Hebrew letter might be used)} put
between the symbols for the two correlates. There would often be an advantage in
doing this, owing to the intricacy of the usual notation for conjugatives. If these
operational signs happened to agree in their properties with any of the signs of
algebra, modifications of the algebraic signs might be used in place of Hebrew letters.
For instance, if # were such that
' FEAYZ = Faryz,

then, if we were to substitute for » the operational sign = we have
29(z12) = (#99)72, :
which is the expression of the assoctative principle. So, if

FTY == FYE
we may write,
Y =Yz

which is the commutative principle. If both these equations held for any conjugative,
we might conventently express it by a medified sign +~. For example, let us consider
the conjugative “what is denoted by a term which either denotes — or else —,

"
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For this, the above principles obviously hold, and we may naturally denote it by 4-.
Then, if p denotes Protestantism, r Romanism, and f what is false,

X ptr<f
means either all Protestantism or all Romanism is false. In this way it is plain that
all hypothetical propositions may be expressed. Moreover, if we suppose any term
as “man” (m) to be separated into its individuals, M’, M”, M", etc., then,
M 4 M” 4- M™ L ete,
means “some man.” This may very naturally be written

‘m
and this gives us an improved way of writing a particular proposition ; for

x<y
geems a simpler way of writing ¥ Some X is ¥ ” than

0=,y — 0.

Converse.

If we separate lover into its elementary relatives, take the reciprocal of each of

these, that is, change it from
; A:B to . B:A,

aud sum these reciprocals, we obtain the relative loved by. There is no such operation
as this in ordinary arithmetic, but if we suppose a science of discrefe quantity in
quaternion form (a science of equal Intervals in space), the sum of the reciprocals of
the units of such a quaternion will be the conjugate-quaternion. For this reason, I
express the conjugative term “what is related in the way that to — is —, to the
lattec” by . The fundamental equations upon which the properties of this term

depend are |
(169.) KA =17.
(170.) Ifz <<y then z—<(Hy)=,
or 1(z,y2) = 1(2,-Hy= .
We have, also,
- (171) HE=ZH,
(172.} AN =11 K,

where ] denote the product in the reverse order. (Qther equations will be found in
Mr. De Morgan’s table, given above.
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L]
Conclusion.

If the question is asked, What are the axiomatic principles of this branch of logic,
not deducible from others? 1 reply that whatever rank is assigned to the laws of
confradiction and excluded middle belongs equally to the interpretations of all the
general equations given under the head of “ Application of the Algebraic Signs to
Logic,” together with those relating to backward involution, and the principles ex-
pressed by equations (93), (96}, (122), (142), (1583, (25), (26), (14), (15), (169), (170).

But these axioms are mere substitutes for definitions of the universal logical rela-
tions, and so far as these can be defined, all axioms may be dispensed with. The
fundamental principles of formal logic are not properly axioms, but definitions and
divisions ; and the only fucts which it contains relate to the identity of the concep-
tions resulting from those processes with certain familiar ones.
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