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ESPOSIZIONE DEL METODO DEI MINIMI QUADRATI.

v ]u':f.il’m ANNIBALE FERRERO, Tenente Colonnello di Stato Maggiore,ec. Firenze, 187¢.

By CuaRLEs S. PEIRCE, New York.

RECENT discussions in this country, of the literature of the method of
east Squares, have passed by without mention the views of the accom-
2:plished chief of the geodetical division of the Italian Survey, as set forth in

iont;the work above cited, which was first published, in part, in 1871. The sub-
“Ject is here, for the first time, in my opinion, set upon its true and simple
“Basis ; at all events the view here tuken is far more worthy of attention than
most of the proposed proofs of the method.

Lient. Col. Ferrero begins by considering the principles of the arithmetical

mean. A quantity having been directly observed, a number of times, inde-
“pendently, and under like circumstances, the value which might be inferred
rleiLﬁ-om the observations is, in the first place, a symmetrical function of the
;’E&bserved quantities ; for, if the observations are independent,. the order of
Aheir ocourrences is of no consequence, and the circumstances under which
‘they are taken, differ in no assignable respect, except that of being taken at
fferent times. In the second place, the value inferred must be such a fune-
tion of the values observed, that when the latter are all equal, the former
feduces to this common value. The author calls functions having these two
Eproperties, (1st, that of being symmetrical with respect to all the variables,
“and 2d, that of reducing to the common valye of the variables when these are
All equal,) means. There is a.whole class of functions of this sort, such as the
#rithmetic mean, the geometrical mean, the arithmetic-geometrical mean of
fauss, the qualratic mean* and many others instanced in the text. It is
,‘ébown, without difficulty, that these means are contin_ub-u,s functions, and that
iﬁ!leir value is intermediate between the extreme. .values of the different
Harisbles, when the latter do not differ greatly. Lo
Let ¢, 0", 07, ete. denote the values given by the observations. Let »

i@enote the number of the observations; let P denote the arithmetical-mean ; .
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* This seoms the appropriate name for \/[ITJ .
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and let 7, 2%, &7, ete. denote the excess of the observed values over the

metical mean. Then write

V=Ff(0 0,0, ete)

for any mean of the observations. Develop this function according to p!

of &, x7, a”, etc. We have
V=F(p+2p+a% p+am ete)
, av :
=f(p, pp ete) + e (@ + 2 40"+ ete) + A
‘here A denotes the terms of f]igher orders.
Since 404+ 4 ete. =0,
and S (p.p.opete) = p,
this reduces to
V=p+ A.

In considering the value of A, we may limit ourselves to terms of the s
order. As the partial differentials of any species and order; relatis
o, ¢, 0", ete. all become equal when &, 27, 27, ete. vanish, we may write

v/ d')V_ dQV__ >V ote /
W= a s = =4
(Z'ZV. . (ZIV' — th —
G40 = dordor — =7

then

so that

=7 p L]
8= =l

where £ is a2 quantity which ‘does not increase indefinitely with »

. 27 .
when the observations are good, L] 18 not large, and, therefore,
n ) .

case no mean will differ very much from the arithmetical mean.

application,

A= 4B (4 2 4 2 ete) 4y (0 + 27 + ete) .
But the square of [+] = 0. gives ‘ :

Tor=— 17,

Thels
being the simplest to deal with, may therefore be used without great daf:fg
vantage. Such is, according to Colonel Ferrero, the utmost defence ¢&
principle which can be made to cover all the cases in which it is s

employ the method ; and all further defence of it is more or less limitedi; ecomes, in consequence of such an addition,
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Gs In very many cases, however, it is easy to see that either in regard to

he quantity directly observed, or in regard to some function of it, the zero of

ﬁhe scale of measurement, and the unit of the same scale, are both arbitrary.

‘}i’or instance, in photometric observations, this is true of the logarithm of the

ight. In such cases, considering such function to be the observed quantity,

e have there two principles, first proposed, in connection with.sa really

uperfluous third one, by Schiaparelli. ‘

i 1st. The mean to be adopted must be such that if each observed value is

f'_"b;x‘nultiplied by any constant, the result is increased in the same ratio, -

“1 2d. The mean to be adopted must be one which is increased by a constant
, when each observed value is increased by the same constant.

Our author’s treatment of these principles is exceedingly neat. Using
he same notation as above, write \

V=p+ 4+ 4, ..+ 4,. ..
there 4, is the sum of the terms of the order 2 in ¥, r’, ", ete.  The general
term 4, is, therefore, of the form 4, = a3z + B ~'a” 4 Sl
+ 3y, .. where S expresses the symmetrical sum of similar terms.
n the general term r 4 s+ £+ ete. = n. Since { is evidently a function
f p, we may put { = ¢(pf, and it remains to find the form of this function.
lultipiying every o by ¢, p 18 changed to ¢p, x to cx, and the general
m {3277 ete. = ¢ (p) Srrama ete. is changed to ¢ (cp) c"Srma"a ete.
ince, therefore, ¥ iy changed to ¢¥, we have ¢ (cp) = ¢(p)c. Putting

=1 ¢(c) = j,,(—})l Denoting this numerator by £, the general term becomes

1 Y ‘
.An :F [aIZ.T" + o + Elza‘lrxﬂllmt. .. + .. '] ,

here a, ¢, ete., are numerical coéfficients independent of p. From, this cir-

sgumstance it follows that the quantity in square brackets, which may be called

in sur{s(i’ does not change when the same constant quantity % is added to all the
@0

1bserved quantities o, o”, ¢*, ete; for such an addition only increases p by this

ame constant, and leaves @, a7, 27, etc., unchanged. Thus the mean in ques-
lon, which may now be written

V= p_l+"?£2 + ‘1;3 + ete.,
: » p
A’s
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- So that, Ay = 4y = ete. = 0, and we have

= p, ' , © But 1t is easily shown (from the equality of positive and negative errors) that . Eg
or the arlthmetxcal mean is the only one wlnch conforms to . the " 7" = %
conditions, : : A
Another still more specml case, is that contemp]ated by the ¢ :\/ (%] .
strations .of Laplace, Poisson, Hagen, Crofton, ete. It is treated b ¢ n—1"
author, but need not be considered in this notice, i

_number of such. series, the mean of their mean results may be taken

B

. Nowify bc the qu.ulmtm mean of the error of p, we have “6 = ngri:
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B“t by principle No. 2, it become% 4 4 o or the mean error u of an observation is given by
Vi=p+k+ =24 23 =ete. i ' _ 2
=1 ? P S ‘ ‘ u= g = mt 4 7.

Wlhh regard to the mode of passing from the principle of the arlthmetlcal .
- It may be of interest to see how Colonel Ferrero is a,ble without iy

‘giean to the general method of least squares, the best way seems 'to be ﬁrst to
least squares etpressly upon th'e theory of probabilities, to derive fbéggove that the solution of the equations '

mula for ﬁndm" mean error. mefv nlways the same nptation, he tern:-

aHx = n, aot
)n‘—\/ / ) : ¢ Br =m, o . IS
g , - ete,, - : ' LA 4
the mean residual of the observatlons 8 re fan] s - oo

@ This is easy, after the rule for the error of a mean is established.
en, having given the equations
@+ by + ooz + ete. =n
,‘T—{-b,y—}—cg,,n{*etc = n,;
For the ultimate result of indefinitely comr«ﬁtst consuder these as similar to the equations just given ; thus,

buppose, then, that there be an indefinitely great series of seriesof
vations of the same quantltv, each lesser series conswtmd of 2 obsery
and each having the same mean residual. Then, there being an &

true value, by definition.

observation is all that we aim at 111 sciences of observation. Then the or =, — by — ¢z — ete,,
ber of the lesser series being'g, the result will be i Al = 7ty — by — o —ete.,
[7] . ete.,.
. ’ V==, ' whence we obtain the first normal equatlon, : : o )
2 q L ’ . -
Adopt the not'ltmn ' : : ) [(mn] — [ab]g/ ~ [ac] z — ete.
6—~p-—-V 3,~pl——V h=p,— V, ete., ‘ . - [¢7] ‘ \

then 4, &, 6,,, ete., are the true errors of P Pu Poy ete. Let g, 570, %, ete. hﬂld the others i in a'similar way. o
true errors of the first series of observations, y,, i, 4", ete. those of the s £ The treatise of Colonel Ferrero may be recommended to those desxrouq of
series, and so fov tlie others. . We have, then, y=o0—V=0—p + s }vmg a thorough practlcal acquamtance with the method, as decidedly the
' S(]lld.l‘ln" and summing for the ng values of 4 Y, we have Best and clearost on the subject.. - .
’ S =324 38 4 2515
or, since’ $2=0, and 5= 0, ) e
' s"/'z__\‘l.‘z_*_\"sz.
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2y = ngn? + ngy’,
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