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112 O 8. Peirce—On a Method of swzfngz'ng Pendulums.

the ' flow and plunge” structure is the rale. If it can be said
(as Ido not think it can) that no deposits similar to the lcess
are now in process of formatjon by lakes: neither have we
at this time, any example of the accumulation of such deposits
through the agency invoked by Richthofen, on any considera-
ble scale ;- although the postulated conditions exist in not a
few regions. All dunes and drifted desert sands show wind-
drift structure, as a necessary consequence of the varying
velocity of the wind: and it seems to me that even in the
- presence of the supposed steppe vegetation, a condition of
things under which that structure should nowhere appear, or
should have been destroyed afterwards, is much more difficult
to imagine than that, under the anomalous conditions of the
** Champlain " period of depression, suchoconditions of agueous
deposition as we now. find only exceptionally, should have

revailed more generally and for a. longer’ time ; a time, how--
5 N o] ’

ever, immeasurably shorter than that to whicl we must streteh
our imagination for the formation of a thousand feet of dust
deposit, brought by a wind so uniform in its direction and
velocity as to leave no trace of the proverbial variability of
that agent. And when we find oursclves driven to the suppo-

sition that this extraordinary wind did, moreover, drop its uni- -

formly fine dast into the trough of the Lower Mississippi,
leaving all the adjoining upland without a vestige for hundreds
of miles on either side: the sum-total of anomalous conditions

required to sustain the wolian hypothesis partakes strongly of
the marvellous, :

ART. XVIIL—On a method of swinging Pendulums for the deter-

mnation of Gravity, proposed by Al Faye; by C. S. PEIRCE.
[Read before the National Academy Academy of Sciences, April 17th, 1879, with

authority of the Superintendent of the U. S. Coast and Geodetic Survey.]"

Ar the Stuttgart, 1878, meeting of the International Geodetic
Association, M. Faye'suggested a method of avoiding the
flexure of a pendulum-support which promises important ad-
vantages. The proposal was that two similar pendulums should
be oscillated on the same support with equal amplitudes and
opposite phases. If the pendulums could be made precisely
alike, the amplitudes precisely equal, and the phases precisely
opposite, it is obvious that the support would be continually
solicited by two equal and opposite forces and would undergo
no horizontal flexure, except from the distortion of the parts
between the two edges. But since none of these three elements
can be made equal, it is necessary to inquire what would be

the effect of such slight imperfections in their equalization as
would have to be expected in practice. -

0. 8. Peirce—On a Method of swinging Pendulums. 115

T had the advantage many years ago of learning the main

characteristics of the mutual influence of pendulums from Pro-

fessor Benjamin Peirce. As my father’s studies of the subject
were never, I believe, written out, I am unable to say deﬁm‘tely
what I derive from that source. But the truth is the little
knowledge I have of mathematics was learned from him, and
from him I got a clear idea of the nature of this particular

- problem; so that acknowledgments of detail, even 1f I were

able to make them, would be quﬁte inadequate:

In M. Faye's proposed experiment, four finite forces would.
be in operation, namely: the weights of- the two pendulums,
the elastic force tending to restore the two knife-edge supports
to their position of equilibrium when they are both displaced
together, and the elastic force tending to Testore them when
their relative positions are displaced. The system has, also,
four degrees of freedom corresponding to motions against each
of the four finite forces. Accordingly there will be four dif-.
ferential equations of motion. By neglecting the terms of the
second order, these equations are made linear, and by the gen-
eral theory of such equations, they indicate that each of the
four motions of the system (viz., those of the pendulums and
of the two knife-edges) is compounded of four simple harmonic
motions. Two of these will have periods nearly equal to those
of the pendulums; the other two will be mere tremors having

periods nearly those of the natural elastic oscillations of the )

supports. These tremors will be so small that they may be
neg{)ected. In fact, if we simply suppose that the knife-edges
are constantly in equilibrium under the various forces which
solicit them (which is simply to neglect their living forces

" under their very small velocities) the tremors disappear, to the:

great simplification of the formule. : .

Putting, then, ¢, and ¢, for the momentary angles of dis-
placement of the two pendulums, s, and s, for the momentary
horizontal displacements of the two knife-edges, [, and’lﬂ for
the lengths of the two-equivalent simple pendulums {on an
absolutely rigid support), g for the acceleration of gravity, and
t for the time, we have . :

d d’s,
LGE g =99
dp, d's, _ -
;= P=—g Q..
ot de + dt 7¢ '

These cquations are exactly like what we have' in the case of
a single pendulum on a flexible support; and I have shown
their correctness in my paper on that subject.

There would be no difficulty in making the two pendulums

"so nearly alike that they might be regarded as entirely so in

their actions on the stand, the whole amount of which is small.
AM, JODR. Bcr.—TumnS Senies, Vor. XVIIL—No. 104, AveusT, 1879,
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114 C. & Peirce—On a Method of swinging Pendulums.

We may also consider the parts of the stand on which the

two knives rest as equally elastic. We may therefore take
(s, +s ) as proportional to ¥(g,+¢,), and 4(s,~s,) as pro-
portional to % (¢,—¢,). Denoting, then, by = and y two

constants whose values will be easily determinable by experi-
ments we have '

8,+8,=(w+y; %7),+ @)
8,=8,=(v=Yy) (¢,— ¢,) ;
or 8, =29, +y @, '
8§, =P, Y.
Substituting these values of s, and s, in the differential

equations, and also writing I+l for I, and {—d! for [,, they
become

' a 2
(+=+60) —;@—’ + y%f—f"'—— g P
&g I'q

Ix—~00) 2 oy ¢ P
(+ ) T IPe

The solution of these equations is (4, B, ¢,, and ¢, 'bein‘g the
arbitrary constants)

¢1=A cos \]_—g— (it ‘; o )
{ ”x—‘/(‘-‘l)"ﬂl')'(, ! +Bm82'\‘1+x+ PO ¢ 11)5'

51 SN2 ;
g}g:—A(_ J 1 (_)) J_—-—_l.:__*c —_
Yy \y) ) {4 % — /(S + o ¢ 11)%

Y CLIN FURCLAY O O S S
B<? J”(y))“"s%JW-(z—t:)}

The condition ‘that the pendulums are started by drawing
them away from their positions of equilibrium and then letting
them escape nearly at the same instant makes ¢, and ¢, nearly
equal. We may reckon the time from the mean instant of
starting. Then at that instant we have very nearly

¢,=A+DB \

: - /851 O\, 61 0 l\:
=—A(— - ~— T — — H
r==a5t J+(5))-3(F-J+(5)):
orif we writezforé\_z ‘

Y,
9= —A (+a/TF2) — B (o= /157,

And since the amplitudes are nearly equal and the phases
nearly opposite, ‘ :

1 D= = P,
or A + B=(nearly) A (z4+4/1+2")+ B (z~4/14+2")
This gives :
B_ 142~ 142
— = (nearly) Y _TZ " T%
A y) 142 41—z

_period of the first terms is shorter than
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There would be no insuperable difficulty in making the pen-
dulums so near alike that 8] should be less than y, even if the
latter quantity were smaller than it would be likely to be.
But it will be seen presently that care must be taken .in the
construction not to make y too small.
We shall have then ol <yor 2<1;
whence B< A. Thus the amplitudes
of the first terms in the expressions
for both ¢, and ¢, are greater than
those of the second terms, while the

that of the second terms. From this it :
can be shown to follow that the whole A F 9h
oscillations of the two pendulums have | jT € @f
the same period, whicE is that of the =~ i -
barmonic motions represented by the first terms of their values.
Thus, in the figure, the abscissas representing the time, we
have a wave of short period and large amplitude placed in com-
parison with a wave of long period and small amplitude.

The phase of the short wave advances on the long one and
goes over and over it. In each complete cycle of the curve
representing the short wave, beginning and ending at y=0, it
must cut the other curve twice unless the latter has mean time
crossed the axis of abscissas once and not twice. When this hap-
pens there will be three intersections or only one, according to
the direction of the crossing. Hence when the short curve has
advanced.over any even number of crossings by the long one
of the axis of abscissas, the mean number of intersections per
cyele of the short curve will be exactly two. Now let the short
curve represent the first term in the expressions for ¢, or ¢,
and let the long curve represent the second term with its sign
changed ; then, the intersections will represent passages of the
pendulum over the vertical, and it will be seen that there are
two for each complete period of the quicker barmonie. com-
ponent of the motion. '

The mean period, then, of the oscillation of either pendulum
-will be

1oy [V

g

Now let us suppose that 7 is so small that % @l—?}_ may be neg-
lected, being less than one millionth. This would bappen, for
instance, if [ were one meter, ¥ & half a millimeter (so that the
stand would be somewhat less stiff than the Repsold tripod),
and 8! were one twenty-fifth of a millimeter, so that the dif- .
ference between the natural times of oscillation of the two pen-
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dulums was not over four seconds g day, a perfectly attainable
adjustment. Then the ‘period would reduce to

H—x—y
T= MRS o)
nJ :

The terms @—y here indicate that the apparatus would still
be subject to a correction for flexure: but 1t would be only for
. therelative flexure due to the distortion of the support between
e-edges. This could of course be made very small.
ill have to be measured : but it would be measured
once for all, since it would be the same at all stations.. At
present, the measurernent of the flexure at each station, involy-
Ing as it does the erection of separate pier, threatens to be
one of the most troublesome and expensive parts of the whole
work of determining gravity. This would be entirely obviated
by M. Faye's plan, except that the small differential flexibility
would have to be determined once for all. * The proper way to
make the stand 50 as to bind the two knives to their relative
position as firmly as possible while allowing a moderately large
flexibility to-the whole stand, so that the two pendulums could
freely influence one another, would easily be found out,

2.

N T

The accompanying figure, for instance, represents one such

afrangement as viewed from above, T, T, are ton
which the pendulums would rest, These would be cast in one
" ‘Piece with the heavy frame F, F, ¥, F. This frame would

rest on four legs L, I, I, L, which would spread at the bottom
in the direction of the motion of the pendulum. At the bottom
they would be bolted into,xanother heavy frame. The cross
braces C, C, C, C, would prevent twisting,

The average period of oscillation of either pendulum, after
correction for flexure, would be that belon ing to a simple
pendulum having the length /, the mean of t%e engths of the
two simple pendulums whose natura] periods of oscillation

gues upon

pendulum, yet neither pend ave all its oscillations
of the same duration.” Tt 1s, therefore, necessary to inquire
what error might arise owing to the observations not extending
Overany exact number of cycles of motion; so that the mean

. the periods of a cycle.

4
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of the observed periods would not be the same as the mean of

The quickest oscillation of eithér pendulum would occur
when .the phases of the component harmonic motions were _
coincident, the slowest when these phases were opposed. The

period of the slow harmonic component motion would be

a2ty
e

or the mean of the periods of ‘the. two given pendulums oscil-
lating on the given stand with coincident phases, 50 as to be
affected by the flexibility of the whole stand but not by its
liability to distortion.” Suppose, then, that in’ the course (_;f
the experiment an instant comes at which the pendulums are
vertical at once. Let us reckon the timé from this instant,
and put

R
so that I is nearly unity. Then using the abbreviati’ons

= Ny
N %
81, = SIn T e -
; \_’l—}—m+ A/ (00)°+y ‘
we have : :

g, = VW1H2+1—2) sin, = T (WT32—142) sin,

Co,= (—Vﬁ—?-«l-z) sin,:i:I(—-'\/ﬁ?-i-l-{-z).sin,, '
where the double sign distinguishes between coincidence and
opposition of the phases of the harmonic constituents at the
zero of ¢4

Then since the value of z is between 0 and unity, the values
of these four coefficients lie

\‘ '\/T—-T-?-}-l-z between 2 :mcl_ 1414

NIz =142 0 1414
-1 2=1-2 -2 —3414
V112 4142 0 0586

It follows that for one pendulum the phases of the harmonic
constituents are coincident at the moment when they are for the
other in exact opposition. Hence, one pendulum is making its
slowest oscillation at the moment when the other is making its
quickest, and vice versa. Then from the symmetrical character
of harmonic motion it follows that if observations were taken of

I_A ‘\/i——}t?‘—l-{-z
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- Eg:l;g:;izl;gﬁog:ré?%&ng mgerv'a].ofhtirr!e, then the mean of
the mean period of either tﬁvr?)u u}xl'n':g‘t nt]mterval, e
“ A better method of observing %o“: o, BvonId b o anotion.
Tons banimethod of ob g however, would be to st up a
oscllaion of the one i foons o e place o, D12 f
other. Then, by means of a r
dlstance, the oscillation at w
could be noted ‘with some accuracy. It would t}
- necessary to determine the mean period of oscillat;
~from ‘one such event.to another: er
the “longest and shortest periods
gg;c;gsr;tr;otg éz‘z’gmthouiapdtlf of a-second, it would not be
) . Very exact in the time of beginnine idi
the experiment. . The number of vscillations & o e ing
cidence at the vertical and another \vouzll(il?trfl?[?'bem?e'n cenmate
determination of 3. For suppose 7 to be th%rtdxlir‘ne’t])gram'%?;?

n l_tt;?/-_—_-(n - I)Jl:*-_{:_{—y
. g’

eading telescope set up at a little

1en only be
‘ ( on of either
As the. difference between
of - oscillation would only

. (
‘whence !

. - . I+w:(-7zl—_.7,l';1

< : = 5 )Y

But as n is large (several thousand) we may take n—1 _
ind x as equal to g/ i} » 2n—1"
This gives y = .

S n—3
Then z—y having
@ alko. - o
The greatest depar N .
parture of the. oscillati f th

. dulums from comp] Lo 08t ons of the two

: plete oppositi

‘the phases of the ha pposition of ph
- 'In.this case, the pe

‘b‘een determi.ned, we ascértain the value of

pen-
ete o] ase would occur when
lonic components differed by a quadrant. -

OL from the \‘/ertlcﬂal. ‘The difference in' the time of their
passage over the verti : . ni |
B O & v Ve lcal could on{ly amount to ;mlg,ute frac? -
If the pendulums should not b
:}w sgme natural period, or if the
.. wlcig]dz }?;evg: ag{r;zégr than 1‘3/,, (tihe slowg}z)r harmonic’ component
1ld h er-amplitude than the quicker o In thi
case, the pendulums would ' 4 o of P
_pass-over all differences of phas
: ?ansc:e :vhc?tﬁi‘r the mean period of oscillation were that gf theé'
Jaster gil a:;)es t_})xf isfloo:wger cpmgﬁmlant might depend upon the
~ Initial , OF, were still- larger relatively to % 1t mj ht
be ’Fhe same as if .the pendulums Were'oscillatig’g wf/th coingci-

stand should be too stiff, so

s on the plane of oscillation of the .

hich both crossed on the vertical

<)

ndulums would cross at an angle equal to

e nearly enough iidjl;sted to .

J. L Campi)ell——-Geology of Virginia. - 119

dent phases.  Care would have to be taken to avoid such a-

state of ‘things. o . ' )
~ On the whole, it appears that the-suggestion of M. Faye,
though it was thrown out on the spur of the moment, and was

‘not received with very warm approval on every hand, is as

sound ag’ it is brilliant, and offers some peculiar advantages
over the existing method of swinging pendulums. '
Feb. 17, 1879, R

T

. ART. XIX.— Qeology of Virginia: Continuation of Section across

the Appalachian Chain; by J. L. CampBELL, Washington

 and Lee University.

IN the number of this Journal for'July last, a general out-
line of the geology of the Great Valley of Virginia was given,
and illustrated by a section embracing the several epochs repre-
sented in the valley proper, and in the two mountain ranges
forming its boundaries on the southeast and northwest. "That
section may be regarded as a typical representation of the
several varieties of rock that come to the surface for many
miles on both sides of it. DR : y

In the present paper I propose to give what may bé regard-
ed, in_ part at least, as an ‘extension of the same section—the
results of observations made in the same general direction, but
not txactly on the same line. Moving the line of section
about eight miles toward the northeast of my former route, I
shall fall back and begin again within the' lithits of "the Great
Valley ; the reasons for which are, first, to renew the connec-
tion with the lower Silurian limestones, that will “again. make
their appearance in an interesting anticlinal valley at the. other
"end of the section ; and secondly, that we may pass through or
near a considerable number of points of no little" interest, and
easily accessible to the scientific traveler or. the student of
geology. SR

What is here presented is, in its main féatures, the result of a
survey made several years ago, in conjunction with the Hon.
Wm. H. Ruffner, LL.D., the present Superintendent of Public
Instruction in Virginia, and who is a gerntleman of no mean
attainments in geological science. Some important details that
are introduced, as well as some of the generalizations, are the
fruits of subsequent observations made by myself in review

of our original work." The main conclusions, however, stand
as originally agreed upon. _ _ i 4

It would hardly be proper to call this-an “ideal” section,
since some of the most interesting portions of it represent real

)




