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{ OCCULTATIONS OF STARS ANDj FLANETS. 187 : o ' ' . - -
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Xo. Date. © Object.  |Mogn| Descr.| Observér, .| yjamvriize . Remarks. A ‘ 1 ¢ -
4\.\ - » 4': l . ,;]1 -
106 {1871 Oct. 21| y Capricorni | 6 [DE|CSP. | 819 39.6 : e \ | , ~
107 {1872 Feb. 19 |[w Geminorum]|[6] D S CS.P. 9 27 20.6 ' ’ ' f 3
108 1874 Oct. 21| v Aquarii 4 |DC|IRW.IW, 11 55 588 |- , -
109 - Oct. 227 4 Ceti 6 |[DC{|RW.W.!11 4 447 N
110 - « o« | 5 Cefi 6 | DC|RW.W, |11 23 55.7 ,
111 « «!BACS 6 |DC|RW.W. |11 48 664 .
Sj 112 Oct. 26| 33 Tauri 6 {RC|[RW.W.|11 40 404 ' ' )
§ 113 Dec. 19| ¢® Arietis 6 |DC|RW.W.| 8 39 49.2 | Alittle Iate. § o i
114 -« o« | g% Arietis 6 | DC{RW.W.| 8 50 29,5 - ,
- 1115 [ 1875 Jan. 20| ¢’Geminorum | 6 | D C|R.IW.W.| 6 27 25.3 | At cusp; moon low; star unsteady- . X 3 . : ;
§ 116 Mar. 12 ceenen 10 |[DC|{RW.W.| 8 22 234 |Star'sa ‘56'83' 3 +23°47’ A . ' . - ’ ) :
117 « «|3Tauri - | 6 [DC|RW.W.| 832 07 1 : '
118 L 9 |DC|RW.W.| 854 31.5 | Star's a3 57 22'; 5 +24° T i
119 Mar. 19 | I Leonis 5 | DC|{RWI. | 945 117 ;
120 April 22| B.A.C. 5253 6 |[RC|RW.W.|11 6 17.7 ' ¥
. 1121% 1876 Aug. 6| Saturn .. | DCJAS. 11 8 14.8 | Bright limb, - o
] 122% ok« “ .. DCJ|AS. 11 9 52.8 | Bright limb. - o i
123% g« « - 1..|RC|AS. 11 88 47.9 | Dark Limb. ;
1248 . o« w “ .. |RCJAS. 11 39 208 ! Dark limb. ; }
125 Toosw “ ..1RC}AS. 11 40 6.1 | Reappearance of ball. At least 2 late. - . o
126% . 0 o« o« & .. |RCJAS, 11 41 0.0 . { i
127 €« “ ~.|RCJAS. 11 41 57.7 | Lastgeontact of ball. Pretty well ob- : S - -0 , ;
] 128+ “  wq & .. |IRCVAS. 11 42 89 e [served. . P Y {"229 ' :
120* “ o« “ .. |RCJAS, 11 42 583 | . ' . o : :
130* Sept. 2| Saturn ..'DCJAS. 15 5 25.9 | Dark limb. E P, - ,
131 | « «wl . o« .. | DC}|AS. 15 5 44.7 | First contact of ball. g s -
132 “ o« « .. DCJAS. L15 6 5.0 | Bisection of ball. _ N :
133 “« o« .« .. I DC|AS. 15 6 27.5 | Disappearance of ball. - ) : N
1134 | €« « .. | DC|AS. 15 6 56.8 | Disappearance of ring A. ] ' L L '
135+ “ 6| o« .. | RC{AS. 16 6 29.8 | Bisection of ball. : ' , , PR
186 ® o« « .. | RC|AS. 16. 6 45.1 | Lastcontact of ball : ) : ‘ : ' i
137 o o« « .. IRC|AS. 16 6 65.8 | Last contact of ring A. C
8 . . « b
| ‘ |
| ~, §
10. , Limb wavy ; star faint; first distinctly seen 1.5 after recorded time. Power 141. , . , ‘ . ]
20. * §tars about 1° apart; northern and fainter first occulted. ' . » . . .
26. Perhaps 6 or 6 early. Star faint, limb blazing. . ) )
. 48.- Well observed; 05 too late ; this correction has been applied.” SN - o ot ,
49. Well observed ; 0.3 too late; this correction hias been applied. . ‘ _—

.60. - 2 signals, 116 apart; reappearance estimated to precede 1st aignal as mucb as 2d follom it.

. 67. First scen 1106 after recorded time ; distance from limb doubled 9.6, and tripled 21°.4 after first appearance.
121. First contact of ball. Contacts of ring too near those of ball to observe. ’ : , : ' :
122. - Disappearance of ball. Too late rather than too early. a ) . R ' o . §
123. Reappearance of ring A, outer edge. Not very late. : ' '
124. Reappearance of ring B, inner edge. At least 2! late. : L

128. Bisection of ball. Too late rather than too early. . ‘ . - ) ' -~
128. Last contact of ring B, inner edge. Much too early, perhaps 10°, '
120. Last contact of ring A, outer cdge. Pretty well observed. » : : - :
130 First contact of ring A. Close to terminator; seemg bad. ‘ B : ‘ : : : ' : |
135. Moon low; planet. faint. ' ) ' . . ' !
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~Brief Description of the Algebra of Relatives,

| By C. S. PEerrce.

~

Ler A, B, C, etc., denote objects of any kind. These letters may be con-
ceived to be finite in number or innumerable. The sum of them, each
aﬁé\cted by a numerical coefficient (which may equal 0), is called an absolute
termi. Let x be such a term; then-we write ‘

o= (x), A+ (z), B+ (z). O+ ete. =3, (), .

Here (), etc, are numbers, which may be permitted to be  imaginary or
restricted to being real or positive, or to being roots of any given equation,

algebraic or transcendental* By ¢z, any mathematical function of the absolute 1
term x, we mean such an absolute term that '

($2) = ¢ (x): L

1Y
That is, each numerical coefficient of ¢z is the function, ¢, of the corresponding
coefficient of x. 1In particular, " )

(z + y); = (x); + (), . - o
: (z X yh= (0:), X (3/).'-
Otherwise written, . :

: ety ={(2) T (#)a} 4+ {(2), + (y)s} B+ ete.

{()e X ()} A+ {(2)s X (y)} B ete.

peculiar aBsolute terms are suggested by:the logic of the ‘subject. I
call them terms of second intention. The first is zero,

x X y=

Two

equation

.

0, and is defined by the
3 (0);=0

. Or h . . - » . .
: : , 0=04+0B+0.C. +etec. =

A ” v
* T have usually restricted the coefficients to one or other of two
distinctly recognized in my paper of 1870.

values ; but the more general view was




Algebra of Relatives.

The other is ens (or non-relative unity), 0, and is defined by the equation .
- 0),=1,
or

5=A+B'+Q+etc..

The symbol (A4 : B) is called an individual dual relative. Tt signifies simply

a pair of individual objects, (4:B)and (B: A) being different. An aggregate
of such symbols, each affected by a numerical coeflicient, is called a general dual
relative. The totality. of pairs of letters arrange themselves with obvious natural-

* ness in the block, -

A4: 4 A:B A4:0C et
B:4 B:B B:C et
C: 4 ¢:B Cc:.C ete.
ete. ete. etc. ' ete.

- If 7 denotes any géneml dual relative, then the coefficient of the pair I:J in

! is written (7);. "These coefficients are thus each referred to a place in the above

block, and may themselves be arrgnged in the block-

D Do (Dae  ete. —
D O (D ete.
CDe W (D et
. ete. etc. . ete. ete.

N

© Every relative term, , is separable into a part called ¢self.z,’ Sz, such that
T L Se=%@unn)
and the remainipg'part; called ¢ alio-,’ Vg ;-comprising all the terms in z not in
 the principal diagonal of the block ; ‘so that we write a
:-' =Sz +Vs -
' Each absolute term is considered to be equivalent toa certain relative term ;
namely, * . o o ‘
' - A=(4:4)+(4:B)+ (4:0) + ete.
or, if = be an absolute term, : o
ISR - (=) = (2): .
The self-part of the relative equivalent to an absolute term is denoted by
~writing a comma after the term. ‘Accordingly, .

=) (m)y=0. ..

s

Algebra of Relatives. o 3

~ Besides 0 and 0, two othér dual relative terms have been called terms of ‘sec-
ond intention. These are simply S0 and V0. The relative § § or (0,) is also
written 1, and is called unity, or ‘identical wijth.” It is defined by the
equations ' ' |

(=1 (1);=0.
1=(4: 4)+ (B: B)+(C:C) + ete.

The relative V0 is written 1 or N, and is called ‘not,” or ‘ the negative of.’

That is,

It is defined by the equations

(@My=0, (=1

By an absolute function of a relative term is meant that function taken
according to the rule for taking the function of an absolute term. That is,

(dz); = ¢ (2)y1 _
(z+9)s=(2);+ (3)5
EXP=@Ex @)y
Of the various external or relative combinations that have been employed

the following may be particularly specified. (1); External multiplication, de--
fined by the equation - ' :
o @)y =Z,(@)a(y)y

(2), External progressive involution, defined’ by the equation

(@) =T, (2

In particuiﬁr,

i

-(83), External régressivgf involution, defined by the equation -

| ()= T(y)Pm. T
In general, using Miss Ladd’s notation * for the different érders of m

(X y)y=1I, {(=)a X (st

-

ultiplication,

have only a special utility. Division does not generally yield an unambiguous

quotient. Indeed, I have shown that it does so only in the cases of ordinary

real algebra, of imaginary algebra, and of real quaternions, =~ IR
‘Besides. the mathematical functions of rel‘atigzs,‘ there are various modes in

Other.'mode‘s of external combination have been uséd-, but they are believed to

* On De Morgan's Eitension of the Algebraic’ Processes, Am. Jour. Math., Vol. III, No. 3,




4 . . ~Algebra of Relatives,

which one relative mmy logzcally depend upon another Thus, S:c and Vo may
be said to be logical functions of z. The most unpoxtant of such operations is

is defined by the equation

(@)= ()

The algebraical Jaws of all these combinations are obtained with. great facility .

by a method of which the following are examples : —
A(=y)e}s = Za(@y)in(2)o = ZoZn(@)in(Y ) 2
(2(57))5 = Zu(nl2Ios = ZuZu DIy |
. - (ayle=alyz).
Ezample’2. (@4 9)edy = 2@+ 9)al@)s = Zaf(®)nt (1)} (2)y

o = D@ 22y = (22)s+ (32)y
(x+y)z=xz+yz o ‘

Example 1

The followmg are some of the elementary formulze so obtained. Non- re]atwe

multiplication is indicated by a comma, relative multlphcatnon by writing the
factors one after the other, without the mterventmn of any sign.

(a;+y)+z——m+(y+z), zty=y+uw °
(2,9),2 = 2(y,2), .Y =Y,
(= + yhz = (2,2) + (y,2),
(e =a(y), . o

v

(z+y)e=az+ye, 2(y +2)=2ay + 2,
@y=a,  p)=n ()= (y)y,-
(@) = (@),(y°), (4:2) = (y),(%2),
w3 = (@)(=), 2ty = (%2),(2),
. kkr =12
k(x4 y) = ka + &y, - K(xyy) =k, ky

(ay) = (ky)(ke), Ho) = ®(kz)
0+m"0 Osc——Ox—mO*O o’ =% =,
OX:!:—-m,' 6z=“6=,6:

0, if @ 2 0.

, ==i.".: iz.":
(D= () {LM:O’

~thatof t&kll]g the coitverse of a relative. The couverbe of T, Wl‘ltten % or Km, T

LS

—

|

7

7

Algedra of Relatives. § ' b

Just as the different pairs of letters, 4, \B €, etc., have been conceived to

with a numerical coefficient, may be called a triple relative.

Every dual relative may be regarded as equivalent to a triple relative, Just
as eévery absolute term is equivalent to a dual relative.

. Every triple relative may be regarded asa sum of five parts, each bemg a
lmear expressxon in terms of one of the five forms,

(A:A):A ‘(A:B)'A (4: A)

wa@-A?uLByd:

The sign of a dual relative followed by a comma dénotes that part of the
equivalent triple relative which consists of terms in ore of the forms

(A'A)'(A-A) (A-B)°(A B).

The multiplication of triple relatives is not perfectly associative and the
multiplication of two triple relatives yields a quadruple relative.

The modes of combination of a triple relative followed by two dual relatives
a,re the same as the modes of combination of three dual relatives, This ceases
to be true for quadruple and higher relatives. :

Corresponding to the operation of taking the converse of a dual relative,
there are five operatlons upon triple relatives. They are deﬁned as follows: —

(Im)u’r (x),,k, {J) = (“’)an (Kx)'ﬂc (%)jes (Lm)uk ("’):m (Mx)uk (%)

Every quadruple or higher relatlve may be conceived as a, product of trlple
relatives.

Thus, the essential chmractenstws of this algebra are (1) that it is a multlple ,

algebra dependmg upon the addition of square blocks or cubes of numbers,
(2) that in thé external multiplication the rows of the block of the first factor

‘are respectively multlplgéfl by the columns of the block of the second factor, dnd
-(3) that the multiplication so resulting is, for the two-dimensional form of the
algebra, always associative. I have proved in a paper presented to the Ameri-

can Academy of Arts and Sciences, May 11, 1875 that this algebra necessarily
embraces every associative algebra.

I have here described the algebra apart from the logical mterpretanon with-
‘which it has been clothed. In this interpretation a letter is regarded as a name

applicable to one or more objects. - By a name is usually meant something repre-
sentative of an ob]ect toa mmd But I generahze this conception and regard

%

_be arranged in a square block, so_the different triplets of them may be-conceived - -
‘to_be arranged in-a cube, and the algebraical sum of all such triplets, each affected
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1583 a triple relatiVé-,__A_E,_,‘u!mf_@iﬁézﬁgﬁins_iividualnames_,i,s,la_.name,‘fonfeach..of.,ﬂ_,,,.g.,‘ S
#f"'f.m"il_fﬁéffl_fﬁiéb’:ﬁ;li«'éa“é‘éverally by the aggregant letters. A name multiplied by a
. positive integral coefficient is the aggregate of o many different senses in which -
* *that name may be taken. The individual relative 4 : B is the name'of 4 con-
 sidered as the first. member of -the pair A : B. The ‘signification of the external
. ‘multiplication is then determined by its algebraical definition. B
" Professor Sylvester, in his “ New Universal Multiple Algebra,” appears to have
-.come, by a line:df approach totaily different from mine, upon a system which coin- ,
~~ cides, in some of its main features, with the Algebra of Relatives, as described in
. my four papers upon the subject,* and in my lectures on‘logic. I am unable to
7 judge, from my unprofessional acquaintance with pure mathematics, how much
oo novelty there may be in iny-concéption’s_; but as the researches of the illustri-
-:'ou8 geometer who has now taken up the subject niist draw ingreased attention
© to this kind of algebra; I take occasion to redesqribe the outlines of my own
R system,and(atthe ‘same time to declare my modest conviction that the logical

e S A name as merely something in a conjoint relation to a second and a third, that

0D TR TPACEN " et e re e

. interpretation of it, far from being in any degree special, will be found a powerful

!

. instrument for the discovery and demonstration of new algebraical theorems.

TR IR e e o
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.. Postscript.— I have this day had the delight of reading for the st time
L Professor, Cayley’s Memoir on Matrices, in the Philosopkical Transactions for
Co . 1858, The algebra he there dés"cribés__selems to me substantially identical with
... . my long subsequent algebra for dual relatives. Many of his results are limited
|-+ tothe very exceptional cases in which

PANATRTET

1 division is ii'd'etéxrminatiyg process. -
.. My own studies in the subject have been logical. not mathematical, being
~directed toward the -essential elements of the algebra, not towards the solution ™

]

)

-+ ™ Description of a Notation for the Logic of Relatives. Memoirs, American Academy of Arts and 8ci- ,
-, ences, Vol. IX. 1870 ‘On the Application of Logical Analysis to Multiple Algebra. Proceedings of the same -
-7 Academy, 1875, May 11. Note on Grassman’s Calculus of Extension, Ibid. 1877, Oct. 10. .On the Algebra of
o7 Legie. Am, Journal of Mathematics; Vol 11 - . ° A
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