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i3 in ect given in Serret’s Algebra,and tho solution is wonderfully sim-
e Write A, B, C==a¢c — 02, ad — be, bd — c?, J=

e . =1/—1, @ the
diseriminunt a*d® 4 &e., :

then the vulugs are
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giving «d — By =1 and a £ d=—1, whence a2 + 03 d-ad 4 3y =

r—=-3
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the condition for -

) periodic of the third order ¢lv=ux. Thereisa
P ol . !
good deal that is pretty in the working out.

2% Riemann's theory of the bitinigents of a plane quartic — see my
addition ut end of Sulmon's . P. C.— Lut a slight change of notation
gives an additionul symmetry to the solution; tuko ay by epyay, by, ey
G0 byy cg,y arditrury f, == =, &e., then the first threo ofitho following four

a, o
cquations determine §, 7, ¢ as linear functions of ®, ¥, %, and it is possible

1

a

to determine and that in one wayonly ag, by, ¢,y and £y, 7., ho (fy==
b .

&ec.) 50 as to sutisfy the fourth equation »

Ty 0y ez + 5 g + 4 {=0,
Gx®y by, ez, 4 f,8, U3y k=0,
airﬂ+1)JyJ+c;(;J + St gm - hl=0,
R T BT IR SV 9.+ =0,

and this being so, tho equations of all the 28 bitangents of the curve

/T - -
Vai+ 1+ V25 =0,
can bo expressed very simply in terms of Iy 36, 7,

¢, and the constunts,
In consequence of the

chunge it-appears that six of the bitungents can
be expressed cach of them in a double four, viz , the two cquations
R

Y z .
s K S——
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vy ~byey " oejay —cyay Bl —ayb,

and
i ! __'__7].\.“ e
T hafa—hyfy ! J39; -.f.;.’/.l =0
reprezent one and the same double tangent (in fact wo et cach of these
eiuntions, and o in all 22 45 =+ 6, =34, 6 double thugents too many, if
“the two were not identical), but the « posteriori veriiicution of, the identity
of the two equutions is net by any means easy.
Sinee this writing the iden flashed across me that the
to the 16-nedul quartic surface, viz,, if z, y, =
of four coordinates (uf course these may be «,
Tyt 44 {4 =0,
as A= by A= ez = /5 - yy 4= A == 0,
then the qunrt,'i.(: surfuce 1/.(:;“ —}—‘)/J/—;/ -+
tungent planes '

same formulae apply
y §09y $pare linear functions
Yy & §) sueh that identicnlly

af =1y =—ch=1.
1/:; 0, has the 16 singular

27:—_-0,]/7:0," 015::01‘7/:01:20

Ty a=0,
§4u+
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z i z

ax by cz==0, i
i by 0z =0,
s 0,0 a4 gy - ez == 0,
Ty g =0, i -f by - h==1Q,
te, itis wib-nodul surfuce. T huve identified the form with one which -
I gave some time ngo in the Prec. L. M, S.

T bave just reccived No, 20 of the J. I, Cirenlar: . . . “in.ﬁn-it): " or
“palé? s the Freneh expression for your infinity-root —a word which
oceurred o ino instead of tho * essential singulur point” of Weicrstrass,
t. ¢, a non-nlgebraical infinity [such as 2 == 0 fur log @] i3 “chusm 17—

& function in general has thus roots, poles, and chusms,
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[Eztract from a leller of Proressor CAYLEY fo Du. Fravk-
LN, 7cad al the meeting of the Uniwersity Mathematical
Sociely, February 21, 1885].

Tt is T think noticeablo that your theory* in connexion with the

product 1=z T—23 1223, ... does something more than group the .

* Comptes endus, XCIt, P, 448, 1850,
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. Pastitions into even and odd, it esiabiislies

his Lozie of Relutives.

partitions into pairs—in addition to the existing division E4- 0 of the
w new division J4- D of

the sameo partitions into increasible wnd deereasible.  There is thus a

fourfold division -
Eryor
LD oD

For instance, if N =10, the arrangement is

NS Y

842,748,644]10, 54512
Ol 4324174 +E T b1
where the 227 and OD cach taken in order puir with ¢
ilurly the Of and ED, :
Of course for the exceptioiml numbers N=1,2,5,7, 12, 15, &e., thero
is just one partition which is ‘neither I nor D and uccording as it is O
or £ wo huve in the product a coetjcient —1 or 4 1,

A Nore rroM Proressor SyL FESTER.

ach other, and sim-

March 50, 1835.
cantradiction belween
wlars and a remark of
I think the seeming
wake is duly appro-
to beunderstood thut it is Mr. Peirec’s
rins ' in question can bo derived from
I certainly know what he liss told me and should
attach implicit eredit to any stut7Fhent cmunating from Wim, but h
the knowledge which would come from having myself

My attention has been ealled to an appeararce of
an erratum which I inserted on page 46 of the Cire
mine in & previous number (No. 15, May, 1882).

digerepaney will disappear if the point I desire to
henced. I wished (us Istill wish) it
statement and not mine that the v

ave not
found in his Ldgic
of Belutives the forms referred to: as previousty stated 1 have not read

his Logic of Lelutives and am not acquuinted with its contents.

T “J.J. S,

‘.

A CoMMUNICATION ¥RodM-Mp., Princk.

. .

Readers of Professor Sylvester's communication entitled Erratum in the
fast munnher of these Circulurs lave perhayps inferred that my conduct in
the matter there veferred to bad been in fanlt. Professor Sylvester’s Irra-
tum relates to Lis ¢ Word upon Nonions,” printed in the Johns Ilopling
University Cirenlars No. 17, p- 2420 Inthatarticlsappears this sentence :
* These forms [i. e. weertain group ol nine Vorms belonging to the nlecbra
of Nonions] can be devived from an algebrd given by Mr. Charles 8.
Leirce, (Logic of Relatives, 1870)." The objoct of Professor Sylvester’s
Y Iorratum ™ would seem to o to say that
me in his proofsheat without his know!,

Lis sentenee was inserted by
dire or withority on the ocension of
the proof being submitted to me to supply u reference, and to repudinto
the sentenes, hecuuse hie ¥ knows nothing whatever ” of the fact stuted.

But 1 think this view of Professor Sylvester’s meaning is refuted by’
£ Profossor Sylvester himsels,
printed in the Johns Iopkins University Coreulurs, No, 15, . 203. -

M Sylvester mentic-ed L, L that | L. Le hadleome upon u systemn of
Nonions, the exnct dnulogios of the Hamiltoniun Quiterniuns Mr.
Charles S, Peirce, it should b stuted, had to the certain knowledio of
Mr. Sylveater arrived at the sme result DNy years ago in connection
with *his'theory of the logic of relutives ; but whether the result had been
puablished by Mr. Peiree, he wus uuable to say?

-~ Thiz being so, T think that on the vecnsion of Prof
publishing these forms T was entitled 10 wone meéention, i 1 had already -
publisied them, and @ fortior: it T had not.  When thae proof-sheet was=
put into my hands, the reguest mude 1o ey by an oral miessuge, was not
simply to supply & reference but to correet staterent relating to my
work in the body of the toxt.  And T had no resson to suppose that having
thus submitted his text to me, Professor Sylvester would omit Lo look at
bis proof sheet after it left my*hands to sce whether or not he approved -
of such nlteration ns I might lave proposed. At any rate, when from’
these eauses Professor Syivester's “Word upon Nonions " had been pub-
lished with the'ubove statement concerning me, would it have been too
much tokcxpcct that he should tako the trouble to refer to my memoir in
order to see whether the stalement was not after all true, before publicly
protesting afainst it ? :

simply citing the fo lowing testimony o

sor Sylvester’s

er

v
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is'in effoct given in Serret’s Algebra, and the solution is wonderfully sim-
ple.  Write 4, B, C=ac—1b2, ad— ¢, pq ¢t A=1/"7 Q the
discriminant 22 -+ &e., then the valu‘(as are

e="M9+ B _ 20 2124, d2_21/?2_—3
, 229/ 22°%
giving a6 — By =1 and @+ J=—1, whence az—}-dz—}-ad—{—,@y:;O,

the condition for %} periodic of the thirg order ¢z =z, There is a

H

good deal that is pretty in the working out,
2°. Riemann’s theory of the bitangents of g plane quartic — seo my
addition at end of Salmon’s H. P, C.—but a slight change of notation

gives an additional Symmetry to the solution; take @15 b1y ¢4y ay, by, ¢y,

(YR arbitrary f, =‘—zl—, &., then the first three of the following four
; .

equations determine £, 7, ¢ a8 linear functions of % ¥, % and it is possible

: . 1
to determine and that in one wayonly a,,b,,¢,, and f,,g,, gy (fo=—

7
a4

&e.) 50 as to satisfy the fourth equation
1% b1y, +eyz; +/16; +g.7; +2.0=0,
@22, +b,y, +ey2, +/262 + 927, + hy¢=0,
@%by, +eyz, +S3és + g7+ hy¢=0,
. a4fc4—f—b4y4+c4z4+f4f4 +.‘747/4+/‘4§=O:
and this being 50, the equations of al] the 28 bitangents of the curve

Vet T—o,

can be expressed very simply in terms of Z. Y % & ¢, and the constants, .

In consequence of the change it appears that six of the bitangents can
be expressed each of them in a double four, viz., the two equations

z v 2

+

=O’

—_ -
blcl“bzcz €12; —c,a, ab, —azb,

and
£

5 ¢
Y3y —gsly

7
—— T =)
+/Lafa —hyf, +f3l93 —S49,4 ’

- Tepresent-one and the same double tangent (in fact we get each of these

equations, and so in all 22 +6-+6,=34, 6 double tangents too many, if
the two were not identical), but the a posteriori verification of the identity
of the two equations is not by any means easy.

Since this writing the idea flashed across me that the same formulae apply
to the 16-nodal quartic surface, viz., if , ¥ 24 & 7, ¢, are linear functions
of four coordinates (of course these may be z, y, 2, §) such that ident/ica]ly

Ty totitgtif=o,

93+ 0y +ca ¢ + gyt A=,
then the quartic surfuce VEE+ 1/ + /20 = 0, has the 16 singular
tangent plancs :

af=bg'=ck=].

z==0, .1/=0: z=07 E=O) 7/=01 §=0)

Thyte=0 awiiyqa—, T+ 1+ =,
§+y+2=0, Sitbytez=0, ¢ ” ¢

C ot H4z2=0 az =gy + ez =0, ot —— =0
oty L =0, w@tbytir=o, 1—gh 1—iT17=0

t.e., it is a 16-nodal surface. I have identified the form with one which
I gave some time ago in the Proc. L. If. §.

I bave just received No. 20 of the J. H. Cireular: . « « infinity 7 op

‘“pole’ is the French expression for your infinity-root — a worq which
occurred to me instead of the essential singular point” of Weierstrass,
i. €., & non-algebraical infinity [such as 2 = ¢ for log @] is “ chasm ' —
a function in general has thus roots, poles, and chasms, -

—_—

[Zatract from a letter of PROFESSOR CAYLEY o Dr. FrRANK-
LIN, read at the meeting of the University Mathematical
Society, February 21, 1883]. :

It is T think noticeable that your theory* in connexion with the
product 1 —z T—z3 T—%s, ., does something more than group the

* Comptes Rendus, Xxorr, P. 448, 1830,

partitions into pairs—in addition to the existing division L+ 0 of the
partitions into even and 0dd, it establishes A& new division 74 p of-
the same partitions into increasible and decreasible,  There is thus a
fourfold division

EI'| or

ED | 0D
For instance, if = 10, the arrangement is
64410, 648342

St Ld+s oy R LR R eyt
Wwhere the £7 and 0p each taken in order pair with each other, and sim-
ilarly the O ang ED,
Of course for the exceptional numbers V — 1,2,5,7, 12, 15, &e., there

is just one partition which is neither 7 nor D; and according as it is O
or & we have in the product a coefficient — 1 op —+ 1.

A NoTE rroy Prorrssor SYLVESTER,

an erratum which I inserted on page 46 of the Circulars ang a remark of
mine in a previous number (No. 15, Moy, 1882). I think the secming
dizcrepancy will disappear if the point I desire to make is duly appre.
hended. I wished (as Istill Wwish) it to be understood thatit is Mr. Peirce’s
statement and not mine that the « forms » i, question can be derived from
his Logic of Relatives, I certainly know what he has told mé and should
attach implicit credit to any statement emanating from him; but have not
the knowledge which would come from having mysclf found in his Logic
of Relatives the forms referred to: as previously stated I have not read
his Logic of Relatives and am not acquainted with its contents.

J.J.S.
_—
A CoMMUNICATION TROM MR. PrIrcE,

Readers of Professor Sylvester’s communication entitled Lrratum in the
last number of these Circulars have perhaps inferred that my conduct in
the matter there referred to had been in fault, Professor Sylvester’s Errg-
tum relates to his « Word upon Nonions,” printed in the Johns Hoplins
University Circulars No. 17, p. 242, In that article appears this sentence :
“These forms [%. e. acertain group of nine Forms belonging to the algebra
of Nonions] can be derived from an algebra given by Mr. Charles S.
Peirce, (Zogic of Relatives, 1870).” The object of Professor Sylvester’s
“Brratum” would seem to be to say that this sentence was inserted by
me in his proof-sheet without his knowledge or author ty on the occasion of
the proof being submitted to me to supply a reference, and to repudiate
the sentence, because he “Xknows nothing whatever » of the fact stated.

But I think this view of Professor Sylvester’s meaning is refuted - by
simply citing the following testimony of Professor Sylvester himself,
printed in the Johns Hopkins University Circulars, No. 15, p. 203.

“Mr. Sylvester mentioned . . . that . . . he had come upon a system of
Nonions, the exact analogues of the Hamiltonian Quaternions . , | Mr.
Charles S, Peirce, it should be stated, had to the certain knowledge of
Mr. Sylvester arrived at the samo result MANy years ago in connection
with his theory of the logic of. relatives ; but whether the result had been
published by Mr. Peirce, he was unable to say.”

This being so, T thinlk that on the occasion of ‘Professor Sylvestor’s
publishing these forms I was entitled to some mention, if I had already
published them, and ¢ Jortiori if T had not.  When the proof-sheet was~
put into my hands, the request made to me, by an oral message, was not
simply to sapply a reference but to correct a statement relating to my
work in the body of the text, And T had no reason to Sippose that having
thus submitted his text to me, Professor Sylvester would omit to look at
bis proof sheet after it left my hands to-seo whether or not he approved °
of such alteration as I might have proposed. At any rate, when from

" much to expect that he should take {he trouble to refer to my memoir in

order to see whether the statement was not after gl true, before publicly
protesting against it ?
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I’ will now cxplain what the system of Nonions consists in and how I
have been concerned with it, .

The calculus of Quaternions, one of the greatest of all mathematica
discoveries, is a certain system of algebra applied to geometry. A
quaternion is a four-dimensional quantivy; that is to say, its value can-
not be precisely expressed without the use of a set of four numbers. It is
much as if a geographical position should be expressed by a single alge-
braical letter ; the value of this letter could only be defined by the use of
two numbers, say the Latitude and Longitude. There are various ways
in which a quaternion may be conceived to be measured and various
differcnt sets of four numbers by which its value may be defined. Of all
these modes, Hamilton, the author of the algebra, selected one as the
standard. Namely, he conceived the general quaternion ¢ to be put into
the form

g= i+ 2k,
where , y, 2, w, are four ordinary numbers, while 4, j, k, are peculiar
units, subject to singular laws of multiplication. For ij = —ji, the order
of the factors being material, as shown in this multiplication table, where
the first factor is entered at the side, the second at the top, and the pro-
duect is found in the body of the table.

1 i J k

11 ilj]«%

—1 & |—J
il g |—kl—=1] 1
k| k| J —1|—1

As long as @,-y, 2, and w in Hamilton’s standard tetranomial form are
confined to being real numbers, as he usually supposed them to be, no
simpler or more advantageous form of conceiving the measurement of a
quaternion can be found. But my father, Benjamin Peirce, made the
profound, original, and pregnant discovery that when z, y, z, w are per-
mitted to be imaginaries, there is-another very different and preferable
system of measurement of a quaternion. Namely, he showed that the
general quaternion, ¢, can be put into the form

g=wityj+ 2kl
where w, ¥, z, w, are real or imaginary numbers, while ¢, j, &, {, are pecu-
linr units whose multiplication obeys this table.

iP5 k1
ili|jlofo /
jloflol| il
lxltlo]o
oo | x|t

A quaternion does not cease to be a quaternion by being measured
upon one system rather than another.” Any quantity belonging to the
algebra is a quaternion; the algebra itself is ¢ quaternions.” The usual
formulae of the calculus have no reference to any tetranomial form, and
such a form might even be dispensed with altogether. '

While my father was making his investigations in multiple algebra I
was, in my humble way, studying the logic of relatives and an algebraic
notation for it; and in the ninth volume of the Memoirs of the American
Academy of Arts and Sciences, appeared my first paper upon the subject.
In this memoir, I was led, from logical considerations that are patent to
those who read it, to endeavor to put the general expression of any linear
associative algebra into a certain form ; namely as a linear expression in
cortain units which 1 wrote thus:

(1q t2q) (uq 1 u,) (w1 1,), ete.,

(g 1 2ey) (2052 2,) (2, 1 ug), ote.,

(25 :1eq) (g u,) (ug ruy), ete.,
cte. ete. ete.

These forms, in their multiplication, follow these rules:
(200 u0) (20 3 Ue) = (Ua t Uc) (wa : ) (2e s ua) = 0.

/ are related to one another in pairs, we may put
!

T said, ¢ T can assert, upon reasonable inductive evidence, that all such
algebras can beinterpreted on the principles of the present notation in the -

- same way,” and -consequently can be put into this form. I afterwards
published a proof of this, I added that this amounted tosaying that ¢ all
such algebras are complications and modifications of the . . . Hamilton’s. -
quaternions.” What I meant by this appears plainly inthe memoir. It
is that any algebra that can be putinto the form proposed by me is thereby
referred to an algebra of a certain class (afterwards named guadrates by
Professor Clifford) which present so close an analogy with quaternions
that thoy muay all be considered as mere complications of that algebra.
Of these algebras, T gave as an example, the multiplication table of that one
which Professor Clifford afterward named nonions.* This is the passage:
.« For example, if we have three classes of individuals, u,, u,, 15, Which
uy iU =1

Uy iU, =] uyiu; =k

uyiuy =1 U, iU, == Uy iMg T M
Uyt =0  UgiU, =P UgiUy=¢q
and by (165) we get the multiplication table

i g k I m n o p q”

ils|j | k}0oj0l0o]0]0]|O
jlolo ol il xklofolo
4 s N Y PR IS S I e

i |m|n|ofo|ofojofo
( ml 0 0|0 | tlm|nlo|0f0
! n 0| 0|0 0|0 0|t m|n
\ o e e e PR PR PR
Nannnannon
N oonooonn

It will b\eé'een that the system of nonions is not a group but an algebra ;
that just as the word *‘ quaternion ”” is not restricted to the three perpen-
dicular vectors and unity, so a nonion is any quantity of this nine-fold-
algebra. . :

So much was published by me in 1870 ; and it then occurred either to
my father or to me (probably in conversing together) that since this
algebra was thus shown (through his form of quaternions) to be the strict
analogue of quaternions, there ought to be a form of it analogous to
Hamilton’s standard tetranomial form of quaternions. That form, either
he or I certainly found. I cannotremember, after so many years, which
irst looked for it; whichever did must have found it at once. I cannot
tell what his method of search would have been, but I can show what my
own must bave been. The following course of rcasoning was so obtrusive
that I could not have inissed it. ) X

Hamilton's form of quaternions presents a group of four $quare-roots
of unity. Are there, then, in nonions, nine independent cube-roots of
unity, forming a group? Now,unity upon my system of notation was
written thus:

(g1 0y) + (g 1 %5) - (wg 1 205)-
Two independent cube-roots of this suggest themselves at once, they are
(g 12,) 4 (g o) 4 (ug 1 20y)
(10g 12g) = (g 2 20q) 4 (g 7 20g)-
In fact these are hinted at in my memoir, p. 53. Then, it must have
immediately occurred to me, from the most familiar properties of the
imaginary roots of unity, that instead of the cocflicients

N 1, 1, 1,
T might substitute -
: 1, 9 9%
or & i
. 9%, g, - .

where g is an imaginary cube-root of unity. The nine cube-roots of unity

*Tt would have been more accurately analogical, perhaps, to call it novenions.
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thus obtained are obviously independent and obvviously form a group.
Thus the problem is solved by a method applicable to'any other quadrate.

My father, with his strong partiality for my’ performances,. talked a
good deal about the algebra of nonions in general und these forms in par-
ticular; and they became rather widely known as mine.
that the only.real merit in the discovery lay in my father’s transforma-
tion of quaternions. In 1875, when I was in Germany, my father wrote
to me that he was going to print ‘a miscellanecous paper on multiple
algebra and he wished to bave it accompanied by a paper by me, giving
an account of what T had found out. I wrote such a paper, and sent it to
him; but somehow all but the first few pages of the manuscript were lost,

Yet it is clear -

a circumstance I never discovered till T saw the part that had reached -
him (and which he took for the wholce) in print. I did not afterward
publish the mutter, because I did not attach much importance to it, and
because 1 thought thut too much had been made, already, of the very |
simple things 1 had done.

I here close the narrative. The priority of publication of the particu-
lar group referred to belongs to Professor Sylvester. But most readers
will agree that he could not have desired to print it without making any
allusion to my work, and that to say the group could be derived from my
algebra was not too much.

C. 8. PEIRCE.

A NOTE ON THE WORD “SOPHY” IN SHAKESPEARE’S

TWELTH NIGHT.

Act II, sc. b, 166 : Fabian. I will not give my part of this sport for a -

pension of thousands to be paid from the Sopiy.
Act III, sc. 4, 265:
Sophy.

These passages are well illustrated in a letter of a contemporary of Shake-
speare, the Ttulian traveller, Pietro Della Valle.* The letter is dated Ispa-
han, March 17, 1617, less than a year after Shakespeare’s death, and goes
into much detail about the origin of the word ¢ Sofi,”” which was a dynastic
title, and hence disappeared with the extinction of the dynasty (vol. i, p.
464 of the Brighton ed. of 1843).
to say about Sir Robert Shirley, whose adventures in Persia had made the
Sophy so familiar a name in England. The shah, he says, always wears a
red cap, ‘“like the other quizilbasci, or Turkeman soldiers,” on certain
solemnities. Thisis called ¢ag or crown, and is the sign of belonging to the
military and the nobility. This tag is sometimes conferred on foreigners who
take servico with the king, *just as an order of knighthood with us,”” but
this happens seldom, and a well informed person told Pietro that he had
seen it conferred only once in fiftcen years. The bestowal of the Zag is
sccompanied with great ceremonies, the king putting his-own Zag on the
head of the person who is to receive the honor. And now we will let
Pietro tell the Shirley story in his own sour-sweet way :

¢ In questo modo fu dato il Zag a quel don Roberto Serley inglese, che gli
anni passati venne in Roma ambasciador di questo re a papa Paolo, e
adesso torna un’ altra volta a tutti i principi della cristianita; ed ho inteso
qui che don Roberto lo domandd: ma io a dire il vero, non solo non dom-
anderei giammai tal cosa al re di Persia, ma mi dispiacerebbe sopra modo
quando egli me l'offerisse ; perché non so come un cristiano possa lecita-
mecnte po1Lar quell’ msegna che, insieme con l'onorevole della militar

nobiltd, ha congiunto anche in sé non poco del superstizioso della falsa .

loto set,m; onde, per rimediare a c¢id, conforme io penso, don Roberto
intendo che in cristianitd soleva portarvi in cima una croce. Ma oltre di
questo, 1o non tengo che un Franco debba ambire di portare un’ insegna d’
onore, che & comune a molte migliain di schiavi e di soldati ordm:m

erd per chi avesse voglia di vivere in Tersia, come forse deve avere il
detto don Roberto, potrebbe passar per cosa, s¢ non desiderabile, almeno
onorata.”

Pictro was not averse to personal display and he might after all have
consented to adorn his head as, at'an earlier period of his travels, he had
contrived to adorn his heels. Being in Constantinople he found that
it was the fashion to have boot-heels shod with miniature horseshoes, and
50 he had his boot-heels shod, not with iron but with silver, a bit of dan-
dyism, which, as he remarks complacently (vol. i, 97) was sufficiently
conspicuous, and very cheap — (che per essa cosa insolita e neppur dall’
istesso principe usata, con poca spesa in ¢id lo feci parere una galanteria
assai riguardevole). B. L. G,

Sir Toby. ’lhey say he has been fencer to the -

Especially interesting is what Pictro has -

#Pietro DellaValle,characterized by Gibbon (c. xxiv)as“anintelligent man,agentleman |

and a scholar, but intolerably vain and prolix,” was born in Rome, April 11,1536, and died
in the city of his birth, April 21, 1652. Ile was a great traveller, for his time, and out of
the heap of garrulous detail much interesting matter might be sifted.

A letter has been received from Dr. C. S. Hastings, dated Callao, March
21, 1883. He had just arrived at Callao and expected to leave, March 22,
on the U.S. steamer Hartford for the Caroline Islands, the point selccted
for the observation of the eclipse of May 6.

SIDNEY LANIER MEMORIAL FUND.

Mr. Lawrence Turnbull, treasurer of the committee of the Sidney Lanier
Memorial Fund, makes the following report:

¢ The friends of the late Sidney Lanier collected the sum of $6,250, as
a tribute of affection and honor, to be used for the benefit of his family.
Of this amount, a concert in Baltimore yielded $543.85, and a reading
by Mr. Victor Rigueur yielded $56.50. A concert in Augusta, Ga.,
yielded $231.00. A concert in Muacon, Ga., yielded $203.25. The re-
mainder was contributed by individuals in sums varying from $5 to $500.

Baltimore contributed in all, - - - $4,5565.35
New York “w ooou - - - 75.00
Philadelphia ¢ « - - - 545.00
Boston “ ‘e - - - 350.00

and there were scattering subscriptions from Newport, New Orleans,
Charleston, North Carolina, and Texas,

The Commlttee in charge, after consultation, placed the furd in the
hands of one of their number as trustee, to be put at interest and dis-
bursed for the benefit of Mr. Lanier’s family in annual instalments.

For the Committee,

- BALTIMORE, Jan. 1, 1883. L. TurxBULL.”

In this connection, it may be mentioned that by an additional contribu-
tion of some of the friends of Mr. Lanier, a memorial tablet has been
placed in Hopkins Hall, bearing this inseription :

Aspiro dum Ezspiro
SIDNEY LANIER
Porr
Lectured here on Literature, 1879-1881.

COMMEMORATION DAY.

The twenty-second day of February, 1883, was observed according -to
usage as the Commemoration Day ot the University. The public exercises
of the day were held in Hopkins Hall at four o’clock in the after-
noon. Brief address were made by President Gilman, and by Professor
C. A. Young, of Princeton College. An announcement of the establish-
ment by the Trustecs of eighteen Honorary Hopkins Scholarships was
made by the Hon, George William Brown, Chairman of the Executive
Committee. ,

The degree of Doctor of Philosophy was conferred upon two candidates,
viz:

Kakichi Mitsukuri, (Ph. B., Yale College, 1879), ‘who here pursued
studies in Biology and has since been called -to the Professorship of
Zodlogy in the University of Tokio, Japan. His thesis on ¢ The Structure
and Significance of some Abcrrzmt Forms of Lamellibranchiate Gills,”
has been published in the Month]y Journal of Microscopical Science.

Bernard F. O’Connor, (Bach. es Lettres, Université de France, 1874).
His principal study was the Romance Langunages, the subordinate, Latin.
He submitted a thesis on “ The Syntax of Ville-Hardouin.”

The principal address by the Hon. S. Teackle Wallis was a discussion
of the Johns Hopkins University in its relation to Baltimore. It has -
been printed in pamphlet form.

In the evening, there was a social assembly of the officers and students
and their friends. The library and halls of the University were thrown
open to a company of gentlemen and ladies, several hundred in number.

1



discoveries,
quaternion is a four-dimensional quantity;
not be precisely expressed without the use of a set of four numboars.
much az iff a geogr: 1}'11 cul position should

two fiumbers, say the Lutitude and Longitude.
in which a quaternion may be conéeived
diflerent sets of four numbers by which its vulue many be defined.
these modes,
standard.
the form

of the factors being material, as shown in this multiplication tnble, whero

the first fuctor is entered ut the side, the second at the top, und the pro-
duct is found in the bedy of the table,
1 ity k
1

qconfined to being renl numbers, as he usually supposed them to be, no

- general quaternien, g,

is n certain system of algebra applied to geometry. A
its-value can-
Itis
1 be expressed by asingle nlge-
r; the value of this letter could only be de ﬁm-d by the use of
‘ Thero arce various ways
to be measured and various
Of uil

that is to say,

braical letter

Hamilton,
Numely, he conceived the general quaternion ¢ to be put into

the nuthor of the slgebry, selecte!l ene as tho

| |
g=zi -ty + k4w, ’I
|

where z, #, 2, w, arc four ordinary numbers, while 7, j, %, are peculiar
units, subjeet

to singulur laws of multipliention.  For ij = — ji, the order

Aslong as =z, ¥, 2, and w in Hamilton's standard tetranomial form ars

simpler or more advaptageous form of conceiving the meqsurement of a
quaternion can be found. But my futher, Benjamin Peiree, maude tha
profound, original, and pregnant discovery that when =, y, 3, w are per-
mitted to bo jmaginaries, there is another very du.crrnt and prnfomHe
system of measurement of.a quaternion, , n(, showed that the
can be put inte the form .
g =it yj 2k el

where iz, 7, z, w, are real or imaginary numbers, while 1, 4, %, {, are pecu-
liur units \\ho se'multiplicution obeys this tuble

k

Numely

-
o

A quaternion does not cense to be a quaternion by being mensured
upon one system rather than another. Any quantity belonging to the
algebra is & quaternionj the algebra itself is @ quaternions.”  The usual
formulae of the caleulds have no reference to any tetranomial form, and
such a form might even be'dizpensed with altogether,

While my futher wnL making bis investigations in multiple algebra T
was, in my humble \'}zJ}', studying the logic of relatives and an algebraic
notation for it and in the ninth volume of the Memoirs of the American
Academy of Aris and Scicnces, appeared my irst paper upon the subject.
In this memoir, I was led, from togicul considerations that are patent "to
those who rend it, to dudeavor to put the generul expression of any linear
associative algebrain o acertain form ; namely ns o Lne'\r expression in
certain units which wrote thus:

Sy i) (ugru,) o (ug i), ete.,
(”::“1) (20, 21y) (1, :2y), ote.,
(125 114y) (rey:1,) (15 2 215), cte, i
cte. . ete. ete.

These forms, in their multiplication, follow these rules’:
(ttaz o) 1) == (Ua i )

(ta: ub)(uc : }‘d) =0, : .

a 1
T Y 77 . :
Arnir, 1883.] UNIVERSITY CIRCULARS. 87
T will now oxplnin. what the system of Nonions consists in and how I ¢ T said, ¢ T can assert, upon reasonable induetive evidenen, that nH. such
have been concerned with it ! aleebras can beinterpreted on the principles of the present notation in tho
E p ‘ fon | . sonseuently e i fx fory Crorward
The caletlus of Quaternions, one of the greatest of all mathematical 1 same way,” and consequently ean bo put into thiz form, Tafterwards

. v ]
published a proof of tiis, T added that thiz mmounted tosayving that toall

such alewebras are complications amd modifieations of the o .. t

qum(lrmnni "

wmilton’s
What T meant by this appears plainly in the memoir, Tt
is that any algebra that can be putinto the form proposed by me s thereby
referred to an algebra of & certain clnss {alterwards nazed quadrates by
Professor Cliftord) which present o close an analoxy with quaternions
that they muy all be considered ns meve compli L ulm'nr\.
OfLh“m'l\l"\“n;:"\‘i I gave as unexumpie, the mm"pm ation table ol thae 0')'-
which Professor Clittord afterward nwnw'd nenione*
« For example, if we have three elusses of individuals, g, 1y, 1y, which

lons of th
This fsthe pussnge s

are reluted ta one another in puirs, we may put

Byt u=t Wy iU, =) wy i, =k
! < : I

iy ==l U, T, = w, i, SR
Uy iy F=0 wy Ny =] Wyt =g

and by (155) we get the multiplication tuable

xﬁif‘_;ilx‘o*"og‘_o‘o o‘ofi p
i fTWiT T“TiT 00 o
K iT‘;TgT.-:TfE' *T I
T I O e P R S

np 010000,

fo - — J—
fr i 1 i | | Z l“\
o; 01 p 19 0 0‘0,0;01 i
’ ‘ i i l ; s i
'pl OJQ 010" o p 7" 0'_/() PO
! i . i . i i

. | : ' . I
0l 0 0 0 00 alpiyg!

I i

Tt will be seen that the system of nonions is not agroup Lut an algebra;
that just as the word *“quaternion " is not restricted to the three verpens

" dicular vectors and un'Lv so n nonion is any quantity of this nine-fold

algebra.
So much wus published by me in 1870 ; nnd it then decurred-cither to

- my father orto me (probably in conv ersing together) that since this

algebra was thus shpwn (through his form of quuternions) to be the strict
analogue of quaternions, there ourvht to be a form of it analogous to
Hamilton's standard tetranominl form of quaternions,  That form, either
he or 1 certainly found:, T eanuot remember, siter so many years, which
AAiret Tooked for it;
+¢11 what bis m("hnd of coarch would have been, but 1 ean show what my

whichever did must have found it nt onee, T eannot

own must have been,
that T could mmt have ml«od it.

Hamilton's form of quut“t‘mtms presents agroup of four squnre-reots
of unity. ATe there, then, in noniong, nine indepe fdent cube-roots of
unity, forming a group? Now,unily upon my MsU‘Hl of notation was
written thus:

o () (i) A (g ). j
N
Two independent cube-roots of this suggest themselves at once, they ard
(1, try) = (gt} (g0 0y)
(10 1e,) A ey sty (g 1 0y)s
In fact these are hinted at in my memeir, p. 53, Then, it must have
immediately occurred to me, from the most familiar propertics of the .
imaginury roots of unity, thnt instend of the eocflicients
A . 1: Jv . 1)
T might substituto - .
2
. . 1, g, AN -
or . :
’ 1, .7 ) 9
\vhcrc g is an mm"mf\rv cube root of umt) The nine cube-roots oi'unm'v
. . ,{
- It would Liave been more accurately mmluglcul,1rcxh:\;m, to call it novenions,
K
*

The follewing cotrss of reasoning was co obtrusive -*

S8 | JOIINS HOPKINS . - L Neo

-

d onve U“r\'iuxh!\‘ ihn]l‘iwnvlmlt
Bl the peoblon,
My dntioer,

thus obta

and obviously form a gronp.
Poeamethed wpplicabiete any otlier quaddrate,

prartiaiity for my perforinanes, talked a
e ol nonions i ceneral anid these forms_in par-
el Ly becanne Father Yetitis clear
HCin ke diseovery Ly inomy fathier's transforima-
snolbTo, when Lowas in Germany, my father wrote
toge that e was woing 14 peint oomiseelluncous paper on multiple
algebin and e wished 1o have it accomtpanied by w paper by me, giving
ancweenunt of.what T had foind out.

is ~olves
with Lis ot Gt

Py
;"\H)\. TN

et thie sl

RIS
vcaatt

widely known us ine.
tint the only el er

tion ol qusterhions,

1 vrote sueh o puper, sod sent it to
L but somehow Wl but the fiest few pages of the manuseript were lost,

$

a circamstance T never diseovered till’ I saav 11\0 r'n th:
him (i hich he took for the whole) in ];rurs I didnot wfterward
publish- the mutter, beennse T did not attach mucel Jin]wrt.ln((‘ to it, und
beeause 1 theught that toor much 1
sitnple things 1 had done. . /

1 bere closo the nurrative. The prlorlh Of]mbhc‘\tmn of th. particu-
lar gronp referred to belongs to Professor Syl vester. But most readers
will ugreo that hie could rot bave desired to prmt ivwithout mukinguny

mlu\mn to my work, and that to say thte group could b derived- from my
alrebra was nod too much.

C. 8. PEIncr.

ooq -

A NOTE ON THE WORD “SOPHY” IN SHAKESPEARE'S
’I’WELTH NIGHT.

Act 11, = A y 1660 Fabicn, 1 will not give my part of this ~1.ort for a
penston of H.mxs .mI to be paid fron’ the A\up/n/

Act T, se. 4 265 Sir Toby. They say ho hus been fencer to the
Soply,

These pussugeaare well illusteated in aletter of a cnntvmporur\f of Shake-
gpenresthe Itudinn traveller, Pletro Delb Valle®  The letter is duted Tspa-
Lan, Mareh 17, 1617, less thx\n n vear after Sh ﬂu'\]n are’s death, wad goes

into much detail about the origin of the word « Soft,” which was n dynastic
1

le, und benee disn].pc;\rw. with the extinction of the dynusty (volli, p.
bof the Brighton ed. of 1#43). Especiadly interesting s what Pietro hins
to rny aboat Siv Robert Shiriey, whose ndventures in Persin hind mude the

Sophy so fumiline g name in Bnghad,

it
‘
“at

The shah, he suys, always wears a
red cap, v 'l:;kﬂ, tiio othier grizifhasei, or Turkoman soldiers,” on cgrtain
solesnitios. Thisis called dag or crown, und is the sizn of belonging to the
v and the nobility. This tay is sometimes conferred on foreigners who
e servico with the King, @ just us an order of knighthood with us,” but
sitis happens seldom, and a well informed person told Pietro that ho had
seen it epuierrad only once in fifieen years.

mititar

The bestowal of the tug is
secompanied with great cerenionivs, the king putting his own 2oy on tho
head of the person whoe i3 to reccive the honor.  And now wo will let
Pictro tedl the Shirley story in his own four-sweet way oL

“In questomodo ta dute 11 oy nquel don Roberto bur ley inglese. che ¢li
anni passatl venn? in Roma wmbiseiudor di questo Te n pipi l’noln ¢
nddes<o tornaoan’ altrn voltuo. ot 1 prinedpd deiln eristinnicl
i che don Roberto lo domndi

s ed hointeso
mi o wdire il vero, ton sgo non dome
anderel ghvnmad tal cosaoad re di Persin, ma i dispiacerebbe sopra modo
Gquundo ezt my Potlerisse
munte portar nluull' insegn, «hu, insieme con 'onorevein della militar
robiltd, Lu congiunito .mdn insd non poco del superstizios delia fulsa
loro settug onde, per rimasiiarg a cid, conforme io penso; don Roberto
intendo che in chl witisoleva portervi in thna una cmun Mn olre di
questo, o non tengo che un Franco debba wmbire di porture un’ insegna &
OLLTE, <!w ¢ comune & moitd migiiain i sehiavi e di soldati ordinari;
].cru per chit avesse voriin di vivere in Persin, come forse dove avere 11
duito dun Roberto, p«mwlm pussar pur cosu, 3¢ non desiderubile, .\lmcno
onorati.’

Pictro was not averse to personal display and_he might after all have
toncented to adornehis hewd us, at an carlier poru)d of his travels, he had
cortrived to adorn his heels.. Being in Constantinopls he found that
it was the Tushion to have boot-heels shod with ministure horseshoes, und
so e had his boot-lieels shod, not with iron but with silver, o bit of dan-
dyism, which, as ho remarks complucently (vol. i, 47) was sufliciently
an ﬁ\picuﬁuvs, and very cheap— (chio puer essu cosu insolita o neppur dull’
Istesso principe usata, con pocs spesa jn ¢id lo fecl parere una galanteria

ussud riguardevole). B. L. G,

**ictro De alle,characterized by Gibbon (e, xxivias“anintelligentman,agentleman
and a scholar, but intolerably vaiv and profix,” wis born in Rome, April 11,1536, and died
fu tho city of his birth, April 21015520 Tle wag a great traveller, for his time, aud out of
thie heap of garruivus detail much lnb restingg matter wight be sifted,

A letter has been received from Dr. C. 8. Hastings, dated Callao, March
21, 1888, He had just srrived at Cullso and expected to leuve, March 22,
on thoe U. S.steumer Hartford for the Caroline Islands, the point selected
for tho observation of the cclipse of May 6.

pereha non so come un eristinno possa ecitas

SIDNEY LANIER MEMORIAL FUND.

Mr. Lawrenee Turnbull, trewsurer of the comiuittee of the Sidney Lunier
Memoriad Fund, wakes the following report: :

S The frivids of the late Sidney Lanier eollectéd the sum of 86,250, as
a tribute of ativetion and houor, to be used for the Lenetit of his family,
Of this amount, a concert in
by Mr, Victor Riguenr yielded $56.00. A concert in Augusts, Ga.,
yielded 323160, A concert in Macon, Ga., yiclded 20325, Tho re-
muinder was contributed by individuas in swms varying from 5 to 8500,

Baltimore contributed in .\H - - S, )

New York “ “ B - - 75.00
Philudelphia $¢ - @ ‘ - - - 045,00
Boston “ i - - - 350,00

and there wero seattering subseriptions from Newport, New Orleans,
Charleston, North Cardling, and Texus,

The Committee in charge, after consultation, placed the furd in the
hands of one of their number as trustee, to be put at interest and dis-
bursed fur the benefit of Mr. Lanier’s family in annual instulments.

v Tor the Committee,

Iur:rmom:, Jan, 1, 1583. ' L. Tvassyor”

-In this connection, it may be mentioned that by an additional contribu-
tivn of same of the fricuds ofy Mr. Lunier, a snemorisl tablet has been
pluced in Hopkins Uall) bearing this inseription

' Aspiroe dum Eespiro
SIDNEY LANIER
1
Poxr .

Lectured here on Literature, 1879-1881.

COMMEMORATION DAY.

Tha twenty-:ceond day of February, 1883, was obeerved seearding to
usie us the Commemoration Day of the University. The pubiic exereises
of -tho duy wero held in Hopkins Hall at four o'clock in the after-
neen.  Briel address were made by President Gitman, aud by Professor
C A, Youyy, of Princceton College,  An announcement of the establish-

: * by the Trustees of cigliteen Ionorsry Hopkins Schok arships was

A by the Hon. (;wrgo Willisin Brown, (,lnurn..m of the Exceutive

Conanittee,

The degree of Doctor of Philosophy was conferred upon two Cmmmnl(‘a,
viz: .

I{n]";ioh'f"\'fitxul\uri (Ph. B., Yale College, 1870), wha.liere pursued
studies in Biolozy and has since been culn-d to the Protescorship of
Zodlogy in the University of Toldo, Japun,  Iis thesis on & The Structure
nnd Signifieance of somo Aberrant Torms of Lumcllibranchiate Gills,”
bus been published in the Monthly Journal of Microseopieal Science.

Bernatd I'. O'Connor, (Bach. es Lettres, Université do Franee, 187 1).
Iiis principal stud) was the Romunce Lunguages, the subordinate, Lutin,
Ho submitted a thesis on ¢ The Syntax of Ville-urdouin.”

The prmcxpnl unddress by the Hon. 8. Teuckle Wallis was a discussion
of the Jolins Hopkins University inits rel“tion to Baltimore.
been prmtcd in pamphlet form,

In tho evening, there was a social x1<<on1b]y of the oflicers and students
and their {riends. The library and halls of the Umvu-m) were throwa
open to o cOmpnny of gentlcmcn nud ludies, several hundred in number.

t had reachied .

had chn niade, .nl.;.\d,, of the very -

Jaltimore yiclded $543.8%, and o reading

‘It hus -

. {e

o
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