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UNITED STATES COAST AND GEODETIO SURVEY.

€

s T APPENDIX No. 16.

ON A MLTHOD F. OBSLRVING THL COINCIDENCL OF VIBRATION OF TWO PENDULUMS

]

‘ By‘ C. S. PEIRCE, Asststant 3 . :
e . 7 NEw Yoxx, August 2,
DEAR SIR I have made 8 full set of expenments with dlﬁerent; methods of obsery
comcldences of t\vo pendnlums. By far the mosb a.ccurate method i the followmg

T

THIS PAGE LEFT BLANK lNTENTlONALl;Y -

To tbe Wall A of a small chamber is ﬁxed a clock whxch carries on its pendnlum a bnlhantly
] “1llnmmated honzonta.l scale, sa.y ot' ha.if mllllmeters. B represents the mlddle poxnt of tlns scale. L

i8, mulmphed m a cert.am ratw, say r; in the other
- This is"a ‘well-known optieal principle. - The lens
) stops, 80, that 11; can be drawn af any ‘time from .,
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‘ oéc_illating at nearly the right amplitudé, the image of the scale will generally flash across the fleld
- of vision o rapidly that it can only be seen at the instant of reversing its direction. But as the

“pendulams approach coincidence it moves less and less, and if the -two amplitudes are precisely

oTin‘the nght proportion it finally comes absolutely to rest with the middle of the scale just on the

- --cross-wire of the eye-piece (i. e., just where it would be with the pendulums both at rest). Asa
., general rule, however, it does not come absolutely to rest, but finally gets over, say a millimeter in
la second, after which it begins to move faster. The approach to and departure from the minimum
I amp]xtude is not ver) gradual but rather sudden, so that there is no difficulty. at all in deciding
- ‘which is the minimum oscillation. - The obseryer hus to note ut, what second the minimum oseilla-

" “tion oceurs, and also what part of the scale is on the cross-wire at the turning points before and
T after this oscillation; then, by ‘tlie application of a formuld, the time can readily be determined to
" near‘rdrsth of a second.  The lens C is then pulled forward. to the position C’, and the observatlon

.ig Tepeated when the pendulum has diminished its arc of oscillation suﬁiclentl)

The formula wlnch applies is a8 follows: Let s be the apparent oscillation of the scale; then,
: - 8=a,; ¢08 (b;t+0,)—a cos (bzt+cz)

%—(ar1+a;) sin <Jj"b2 cl"“’l) gin D2y 01—02>

i+ cl+6‘z> co8 (b b;, t+ 05;92> N

~ Here a, and a are the amphtudes of the knife-edge pendulum and of the image of the other

: “Aformed at B’ and reduced in-the ratio ]E?H;l by and b, are the reclproca,ls of the penods of the two

e 'osclllatlons mulmphed by 180°; ¢; and ¢, depend upon the initial conditions. Sm(,e bl and b, differ

b,
ver) httle in value (about tho), it follows that sin and cos ( ftly g cl+62> go through all their

T values in about two secduds, whxle siu and cos ( U t+ 2 ) go throngh thexr values in about

. five minutes: We thus see why the.scale should appear to oscillate back and torward in a second

‘.‘w1th 2 changmg amplitnde. If «;, did not change, the amplitude would go t;hrough its cycle of
: 'changes in five minutes.

Let us see what the amplitnde of oscillation of s is for @ partleulm v.zlue of - b

Consulemng this as ﬁxed the turning takes place when

(4 +az) cos b1+b2 c‘+_°f> sin (bl b’t+c‘"c?>

+ (a1 - a3) sin( +b’ cl'*’”’)cos(b‘ bzt+

b—’—+—l£ft+ 01+62)

__which ,is_'q,_ o

.-
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we see that the maximum value of s, that is, the value at the turning point, is
VORFHOY)

\/ (a,1’+ 2a1a.,+ a?) sm2 (b‘ b’ t+ 5 +(a1 —Oalaq+a~ﬁ) cos2

__\/al2+aq —Zalag cos ((bl—bz) t+g1_02>

This is the amplitude of the apparent osclllatlou of the scale:. Its greatest value i8-a;4a, and
its least value is a,—az A little calculation will show that sapposing a; to be one twenty-fifth
part larger than a,, the oscillation next to the ‘smallest hag double the amplitude of ‘the smallest.
If, therefore, we only sought to know the coincidence within one second (giving the time to y35th
of a second) no calculation- would be necessary; but we can find the time of comc\dence nearer
than a second. o

For this purpose we require the preclse condition’ Wluch defines the moment of turnmg It is

(—(ax+a2) I-’-‘—*-'-I?? ( | —a) ) ("l‘*‘bz £+ ?!:*:%) sin Pzt + cx—cz>
| b b, —b c —0,
+<_~(al+a‘3) _ﬁ__’_b_z _(al__ bx+b2 <b1+ 2p 4 61+02> cos< 1=b 12 )
= — (b +azb,) cos <b1+b‘ t4 0“”’) gin (b‘ ~b; t4 & ) .»
' —(albx—-a2b2) sin <b1+b2 ¢4 01+02> oS (bl bz t4 01--02)-0

bi+-0, 01+02 b+ b, b1 (51_—__0_2
tan ( t +‘ * )= b b, tan t+

. _tbitazb, tan <b“'b’ t4 inq—’) A
“bi+-by bz 01-*102); T ab—agh
- sin (

B b+ b, by—b, 5gz>
\/ 1+ a‘lbl—‘a‘zb2> ( t+ -

—b,

A e

e e
-\/(a‘bl - a-zbz)z cOSz &sz t+ '6‘1'2*"‘(?> + (a'lbl + a‘ﬁbZ)z Slp'z < ! t+ ~1—M~>

. <4

by—b,

(a,bl—albz) o8 bz t+ 5

01—02
> \/ a,,b;——a,zb \2 cos2 c’ + a1b1+a2b2)2sul2< e

Hence ) " ‘ by—1
(a,+a,)(a1b1}&qb2) sin? <~v-’:——’?t+ L > :F(a.,—az){aqbr-az_bz) cos?

8=+
J (ardy+azb,)? sin® br—--bzt‘i‘ 01—02>+(a1b|—02b2) cos?

The coincidence occurs when o _
: ) ’ bl—b2 :
.—.,__t+ .- ,

\

‘When the t\umng is mear comcldence, 80 tha.t thls is a very small quantlty, ‘

- ‘ ’ bl"bZ Cz_bl b2
o ) 4+‘2>_—>2d‘t
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(@1 —az) (a1 —ashy) + { (a,+af,,)(a1b1+azbg).—(al—’az)(aqbl;((sz) } @;—bg)—z(dt)z

e S, S S

\/(abl—-w;bz)’ + { (€D D) — (b — ahy)? } a’l%szz(at)z

a,a5(by 4D
(m—a)+ 32 0 ey

T L @biby
S —\/1+m(l)l bZ) (dt)

a/la'z(alblz_azbZz)(bl —b,)?
(@101 —az,)?

=+ {al—a,2)+ ()2 }

By observing the value of s on the turning points of the smallest oscillation the amplitude
will give (a;—a,), and the difference of amplitudes on the two sides will give d¢ to about a sixth of.
a second on substituting in the last equation the known values of a0y and b, and the value of q,
determined from the amplitude. This will determine the time to about Tooo of a second. '

My opinion, however, is, that the best way of making plendulum observations is with my .
relay described in my printed paper. : ' "

' Yours, very respectfully, : i '

.C. S. PEIRCE, Assistant.

C. P. PATTERSON, i ,
Superintendent Coast and Geodetic Survey.

NOTE.

Since witnessing Major Herschel’s experiments, I have done some additional worl with the
method of coincidences. I have used a scale of half millimeters pasted on the clock pendulum,
and brought to focus by a good lens, on the plane of oscillation of the point of a fine cambrice
needle placed vertically on the gravity pendalum. The correction for decrement of arc—an etiect
Major Herschel detected and for which Mr. Farquhar has obtained a formula—is considerable in
the case of the reversible pendulums. I have read off its value from a diagram constructed for
the purpose. :

FEBRUARY 20, 1883, /
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