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PREFACE.

THESE papers, the work of my students, have
been so instructive to me, that I have asked
an{, obtained permission to publish them in one
volume. ' ‘

Two of them, the contributions of Miss Ladd
(now Mrs. Fabian Franklin) and of Mr. Mitchell,
present new developments of the logical algebra
of Boole. Miss Ladd’s article may serve, for
those who are unacquainted with Boole’s “Laws
of Thought,” as an introduction to the most WOn-,

derful and fecund discovery of modern. logic.

The followers of Boole have altered - their mas-
ter’s notation mainly in three res

L. A series of writers, — Jewns
Peirce, in 1867;

]
indepindently declared in favor of using the sign
of addition to unite different terms into one aggre-

gate, whether they be mutually exclusive or not.
Thus, we now write

European + Republican,

to stand for all Europeans and Republicans taken
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orrether, without 1ntend1n<r to count twice over
the European Repubhcams Boole and Venn (his

sole’ living - defender) would iusist upon our writ-

ln0~

European + Non-European Republican, -

or
Non-Republican European + Republican.
The two new authors both side with the ma-
jority in this respect.
2. Mr. McColl and I’ find it to be abeolutely
necessary to add some new sign to express exist-

ence ; for Boole’s notation is only capable of

representing that some descuptlon of thing does.
not exist, and cannot say that anythmrr does exist.
Besides that, the sign of equality, used by Boole
in the desire to assimilate the algebra of logic to
that of number, really expresseg, as De Morgan

showed forty years ago, a complex re]atlon. To .

say that o

African = Negro
implies two things, that every African is a Negro,
and that every Negro is an African: For these
reasons, Mr. McColl and I make use of signs of

inclusion and of non-inclusion. - - Thus, I write

Griffin — breathing fire.

to mean that every .griffin (if there be such a

creature) hreathes fire; that is, no griffin not -

breathing fire exists; and I write
’ Animal ~< Aquatic,
to mean that some ammals are not aquatlc, 0
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that a non-dquatic animal does exist. Mr. McColl's

- notation is.not essentially different. . o R
Miss Ladd and Mr. Mitchell alao use two signs
. expréssive of simple relations involving existence

and noun-existence; but in their cholce of these
relations they dxveweig)oth from McColl and me,
and from one another. In fact, of the eight sim-
ple relations of terms signalized by De Morgan,
Mr. McColl and I have chosen two, Miss Ladd
two others, Mr. Mitchell a fifth and sixth. The
logical world is thus in a situation to weigh the
advantages and  disadvantages of the different
s') stems, ‘
. The third nnpb\tant modification of Boole%
ongmal notation cousists in the introduction of
new signs, so as to adapt it to the expression of
relative terms. ~ This branch of logic which has

- been studied by Lesl@ﬂis, De Morgan, Jo-

seph John Murphy, Alexander MacFarlane, and

- myself, presents a rich and new field for investi-

A part of Mr: Mitchell's’ paper touches
ﬂllb subject in an exceedingly interesting way.
The method of using the Boolian caludus——
already greatly sunphﬁed by Schrider and by
McColl — receives still further i improvements at
the hands both of Miss Ladd and Mr. Mitchell,
and it is swrprising to see with what facility their
methods yield solutions of problems more intri-
cate and difficult than any that have hitherto. been

gation..

- proposed.




vi o PREFACE.

The volume contains two oﬂler.pap_érsrxjelatiyg' o

1o deductive logic.” In ‘one of these Mr. Gilman
develops those rules for the combination of rela-
tive numbers of which the general principles of
probabilities are special cases. In the other, Dr.
Marquand shows how a counting machine, on a
binary system of numeration, will exhibit De
Morgan’s eight modes of universal syllogism.
-There are, besides, two papers upon inductive
logic.. In the.first, Dr. Ma;iquand&xplains the
deeply interesting views of the Epicureans, known

to us mainly through the work of Philodemus, -
TEPL ONuelwy kal omuedoewy, which exists in-a

“fragmentary state in a Herculaneum papyrus. ..
The other paper is one which, at the desire of
my students, I have contributed to the collection.
It contains a statement of what appears to me:to
be the true theory of th. inductive process, and

the correct maxims for the performance of it.
I hope that the thoughts that a long study has

suggested to me may be found not altogether

useless to those who occupy themselves with the
application of this kind of reasoning., = .

I have to thank the Trustees of the Johns
Hopkins University, for a very liberal contribuy-
tion toward the expenses of this publication.

3

C. S. PEIBCE.
BALTIMORE, Dec, 12,1882, ' f
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‘THE LOGIC OF THE EPICUREANS.

By ArLrax Marquaxp.

«

"WHEN we think of the Epicureans we picture a friendly
brotherhood in a garden, soqtlling cach other’s fears, and-
seeking to realize a life of undistirbed peace and happi-
ness. It was easy, and to their opjjonents it' became
‘natural, to suppose that the Epicurcans did not concern

. ‘themselves witlr Jogic: and if we cxpeet to find in their
writings a highly developed formal logic, as that of the
Stoics, our.search will be in vain. DBut if Wwe cxamine
the letters of Epicurus, the poem of Luc;‘et?us. and the
treatise of Philodemus? with a view to discovering the
Epicurean mode of thought, we find ‘a logic which out-

“weighs in value that of their Stoic rivals. This logic is

 interesting to us, not only because it is the kev to that
scl'x‘ool of Greek Philosophy which outlasted every other,
but because a similar logic controls a po#erful school

“of English thought. - . - '

The logic of Epicurus, like that of J. S. Mill, in op-
position to conceptualism, attempts to place- philosophy
upon an empirical basis. Words witli Epicurus are signs
of things, and not, as with the™Stoics, of our ideas of

v

! Gomperz: Herkulanische Studien 1. Leipzig,;, 1865. Bahnsch: Des
Epicureers. Philodemus Schrift [epi anueiwr xal onueiooewr.  Eine Darleg
ung ihres Gedankengehalts, Lyck, 1879, ‘

Co ! N
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things.1 TI]§1~é are, therefore, two methods of .inquiry :
One seeks for the hmauings"pf words ; the other, for a
knowledge of tHings.” The former is regarded as a pre-
liminary process; the latter; the only true aud necessary
way of .fcacl.zixfg a philosophy- of the  universe.

All our knowledge is 1v°he byquht to- the test of
sensation, pre-notion, and feeling.z_ By thege we do not,
understand three ultimate sources of knowledge. De-
mocritus 3 held to on.l-y ong source, viz., Feeling ; and Epi-
curus, who inherited his system, implicitly does the same.
But each of these niodes of feeling has its distinguishing
characteristic, and may be used to test the validity of our
knowledge. 1t is the peculiarity of sensation t§ reveal to.
us the external world. Sensation™ reasons npt, remem-

“bers not; it adds nothing, it subtraqi&s nothing. »~ What

it gives is a simple, self-evident, and true account of -

the external world. Its testimony is beyond-criticism. _ -
Error arises after the %ata of sensation become involved
in the operations of intellect. }f we should compare this
first {est of truth with Hume’s “ impressions,” the second
test, pre-notion, would correspond with Hume’s ¢“ideas.”
Pre-notions 3 were copies of sensations in a generalized or
typical form, arising from a repetition of similar sensa-
tions. Thus the belief in the gods® was referred to the
clear pre-notions of them.  Single effluxes from such re-
fined beings could have no effect upon the senses; but

repeated effluxes from deities sufficiently similar produce

in our minds the general notion of a god.” In the same

} The hypothesis of Aexrd, or of immaterial notions, was & conceptu-
glistic inconsistency on the part of the Stoics. The Epicureans and the
more consistent empiricists among the Stoics rejected “them. Sextus
Empiricus, Math. viii. 258.

2 Diogenes Laertius, x. 31. 8 Sextus: Math., vii. 140.

¢D. L, x 3L 5D. L, x. 33. ¢D, L, x. 123,124, .

7 Cicero: De Nat. Deor., 1. 49; D. L,. x. 139. . - b

7
-
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/

manner, but through the senses, the continded ob
tion of horses or.oxen

which we may refer o |
animal that moves before us.

The third criterion, Feeling
the ultimate test for- The. clementary

‘I.forms are the feeling of pleasure ang the feeling ‘of pain.
A fourth criterion was added, viz., The

serva-
produce in us general notipus,. to

T L { .
(in the limited sense), was
ethical maxims,

Imaginative rep-

Its use is by no weans
clear. '

~ Upon this foundation rises the structure of Epicurean
logic.” When we ledve the clear evidence of sénse we
Ppass. into the region of opinion, away from the stronghold
of truth to the region‘where errop
the mastery of our mings, A true opinion ! is character-
ized as one for which there is evidence in favor or none
against; a false opinion, on€ for which tl
dence in favoror some against.

is ever struggling for

ere i3 no evi-
The processes by which
general and complex forms of know-
Observation, Analogy, Resemblance, Syn-
By Observation, we come into contact with the
duta of the senses; by Analogy, we may not only enlarge
and diminish our perceptions, as we do in conceiving a
Cyclops or a Pygmy, but also cxtend to the unperceived
the attributes. of our perceptiong, as we do in assigning
properties to atomsy the soul, and the 2ods; by Resem-
blance, we know the appearance of Socr

ates from-having
scen his statue; by Syntliesis, we combine sensations, as

ledge are four :

- when we conceive of a Centaur.

As a matter of fact, Epicurus regards onl

y two proces-
ses,— Observation and Analogy.  Our kno

wledge, then,

L., x. 34, 51. Sextus: Math., vii. 211..
32, The Stoics held a sin_li]ar view; see D. L., vii, 59,
Y

oubt coucerning the nature of the -

v
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consists of two parts: 1 (1) The observed, or phenonyena
(- .y, ) 7
clear and distinet to consciousness; and (2) Tltxeu ll;m b.
isti hich are yet to be o
-ed 2 consisting of phenoggena w
setved,? consis wineh ye!
ved, and of hidden caugfs which lie forever beyppd
- ser ' e o e
our ob’servat.ion The function of logic .,co(;xsxs'tlb‘s1 in .
‘ : ser 1S W
' ed to the unobserved.
ference from the observ : ved o
called a sig[%-inference. ACCOl‘dll.lg to Epicurus the e
t eth¥s+ of makine such an inference; one resu S?~
o y i (planations.
i xplana
i i ' : the other in many e :
in a single explanation, ‘ . D htion
The fon?)er may be illustrated by the a%gumem(,i_d o
i i i e the void 1s regarde
is a sign of a void. Her . o
~only e;planation to be giyen of motion. In other C:Eth |
many esplanations are found equally in lxarmoug e
our experience. All celestial phenomena belong to
class. »That explanation which alone represents the truz
cause of such a phenomenon being unknown,‘ we must
he content to admit many explanations as equ.ally prob-
able. Thus thunder® is explained by supposing cither
that winds are whirling in the cavities of the clouds, or
that some great fire is crackling as it is fanned by the
3 y 1 3 Y,
winds, or that the clouds are being torn asunder or are
) ‘ -
rubbing against each other as they become crystallized.
t} N . )
In thus conpecting celestial and terrestrial phenomena,
Epicurus aimed only to exclude supernaturalistic expla-
nations. This done, he was satisfied. E
In the garden at Athens this logic took root and grew;:
and by the time that Cicero visited Greece apd saf at the ~
‘feet of Zeno,® he may have listened to that great repre-
" 1 Philodemus: Rhet., lib. iv., i. col. xix. s
T That is, o mpoauévor kai o §8hov, D. L., ‘x. 38 ‘
3 D. L, x 32 68 xal wepl Taw ddAwy dmwo TOv pawopévwy Xph) anpet-
. L, x 32
olofa.
4 Ibid., x. 86, 87. .
6 Ibid., x. 100. Cf. Lucretius, lib. vi. 95-158.

¢ See Zeller’s Stoics, Epicureans, and Sceptics. Londen, 1880, p. 412,
n. 3.
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sentative of the Epicurean School diseussing such ques-
tions! ag,---How may we pass from the known to the
unknown ? Must we examine every instance before
we make an induction? Must the phenomenon taken
as a sign be identical with the thing signified ?  Or, if
. differences e admitted, upon what grounds may an in-
ductive inference be made? And, Are we not always
liable to be thwarted by the existence of exceptional
cases? — But such questions had no interest for Cicero,
He was too much un orator and Metorician to recognize
the force of the Epicurean opposition to dialectic. The
Epicurean logic® to him was_barren and ewpty. It made
little of definition ; it said nothing of division ; it erected
no syllogistic forms; it did not direct us how to solve
fallacies and detect ambiguities. And how many have
been “the historians of philosophy who have assigned
almost a blank page to Epicurean logic!

With a supreme confidence in the truth of sensation
and the validity of inuction the Epicureans stood in con-
flict with the other schools of Greek philosophy. The
Stoics, treating all affirmation from {he standpoint of the
hypothetical proposition, acknowledzed the validity of
such inductions only as could be submitted to the modus
tollens. The Scepties denied the validity of induction
- altogether. Induction was treated as a sign-inference,
and a 'controversy appears to have arisen concerning
the nature of signs, as well as concerning the mode
and validity of the inference.. The Stoies divided signs
Lito suggestive and indicative. By means of a sug-
gestive sign we recall some previously associated fact:
as from smoke we infer fire. By indicative signs we
infer something otherwise unknown : thus motions of

! Philodemus wep anueldv, col. xix~xx. 2 Cicero: De Fin,, 1. 7, 22.
8 See Prandtl's Ges, d. Log., i. 458.
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the hody are sigus of the soul. Objectively a-sign was
viewed as the antecedent of a’valid conditional propo-

sition, implying a consequent. Subjectively, it was a

thought, mediating in some way between things on the -
one hand, and names and propositions on the other.

The Epicureans looked upon a sign as a plienomenon,

from whose characters we anight infer the characters of

other phenomena under conditions of existence sui-

ficiently similar. The Bigh Was {o them an object of

sense. ln considering the variety of signs, the Epicureans

appear to have admitted three kinds ; but only two are

defined in the treatise of Philodemus.! A general sign is

described as a phenomenon which can exist whether the

thing signified exists or not, or has a particular character

or not. A pfrticular sign is a phenomenon which can

exist only on the condition that the thing signified act-

ually exists. The relation between sign and thing sig-

nified in the former case is resemblance ; in the latter, it

is invariable sequence or causality. The Stoics, in devel-

oping the sign-inference, inquired, How may we pass from

the antecedent to the consequent of a conditional prop--
osition? They replied, A/L(t}ue sign exists only when

both antecedent and.consequent are true? As a test,

we should be able to contrapose the proposition, and see -
that from the negative of the consequent the negative of

the antecedent followed. Only those propositions which

admitted of contraposition were allowed to be treated 28

hrpothetical 3 o » .

On this propositional ground, therefore, the Epicurean:
must meet his opponent. This he does by observing
that general propositions are obtained neither by contra-
position nor by syllogism, nor in any other way than

1 Philod., loc. cit, col. xiv. 2 Sextus: Math., viii, 256.
' 9 Cicero:  De Fato, 6, 12; 8, 15. s

Sag
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by induction.! The contraposed forms, being general
propositions, rest also on induction.” Heunce, if the in-
ductive mode of reasoniiig be uncertain, the same degree
of uncertainty attaches to propysitions in the contra:
posed form>  The Stoics, therefore, in negleeting in-
duction, were accused of surrendering the vouchers by
which alone their generalizations could be established.?
In like manner they were aceused of im;ty generalization,
of inaccurate reasoning, of adopting myths, of being rhet-
oricians rather than investigators of Nature. Into the
truth of thesc accusations we .need not Inquire. It is
enough that they cleared the way for the Epicurcans to
set up a theory of induction. !

The first question whick Zeno sought to  answer was,

“Is it necessary that we should examine every case of
a phenomenon, or only a certain number of cases 77 4
Stoics and Sceptics answered, The former is Impossi-
ble, and the latter leaves induction insecure.  But Zeno
replied : “ It is neither necessary to take into considera-
tion every phenomenon in our experience, nor a few casds
at random ; but taking many and. l:(zz’z'qz/§;phenomena of
the same general kind, and having obtained, both from
our observation and that of sthers, the propertics that are
common to each individual; from these cases - may we
pass to the rest.” Instances taken from a class and
exhibiting some invariable properties are made the basis
of the inductive inference. A certain amount of variation
in the properties is not excluded. Thus from the fact that
the men in our region of country are short-lived, we may
- not infer that* the inhabitants of Mt. Athos®re short-
li.ch also; for “ men in our experience are scen to vary
considerably in respect to length or brevity of life”6

! Philod., loc. cit., col. xvii. TIbid,, colix. ol
3 Ibid., col. xxix. ¢ Ibid., col. xix. 13-15,
6 Ibid., col, xx. 80-col, xxi, 8, 8 Ibid., col, xvii. 18-90, °

.
N
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Within'limits, then, we may allow for variation due to the
influence of climate, food, and other physical conditions ;
but our inference should not greatly exceed the limits of
our expérience. But, in spite-of variations, there are
properties which in our experience are universal. Men
are found to be liable to disease and old age and death;
they die when their heads are cut off, or their hearts
extracled; they cannot pass through solid bodies. By .
induction we infer that these characteristics belong to
men-wherever they may be found, and it is.absurd 4o

sspeak of men under similar conditions as not susceptible

to disease or death, or as having the ability to pass through
iron as we pass through the air.! ‘
The Epicurean looks out upon Nature as already di-
vided and subdivided into classes, each class being closely
related to other classes. The inductive inference proceeds
fram class {o class, not in a hap-hazard way, but from one
class to that which resembles it most closely.2 In casethe
classes are identical, there is-no distinetion of known and
unknown ; and hence, properly speaking, no inductive in-
ference.® 1In case the classes are widely different, the
inference is; nsecure. But within a certain range of re-
semblance we may rely as confidently upon an inductive
inference as we do upon the evidence of sense.$ '
In speaking of the common or essential characters, the
basis of induction, it was usual to connect them with the

-subject of discourse by the words 7, ka8, or waps. These

words may be taken in four senses : & (1) The properties
may he regarded as hecessarr consequences; 50 we may
say of a man that he is.necessarily corporeal and liable
to disease and death. (2) Or as essential to the conceP—
tion or definition of the subject. This is what is con-

1 Philed., loc. cit., col. xxi. : .

2 Ibid., col. xviii. 20 ; col. xxviii, 25-20. 3 Ibid., col. vi 8~10.

¢ Ibid,, Frag. 2, 5-6. 8 Ibid., col. xxxiii. 83-col, xxxiv, 34,

¢
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veyed in the expression, ¢ Body as body has weight and
resistance ; man as man is a rational animal.” (5) That
certain properties are always concowitant. (4) The
.fourth sense, lost in the lacunw, appears from the fol-
lowing examples to involve degreé or proportion: ¢« The
sword cuts as it has been sharpened; atows are im-
perishable {n so far as they are perfect; bodies gravitate
in proportion to their weight.”

Zeno’s theory of induction may be formulated in the
following Canons : —.

C.\‘\O‘{ I.—1f we examine many and various instances
" of a phenomenon, and find some character *comnion to
them all, and no instance appears to the contrary, this
character may be transferred to other unexamined in-
dividuals of the same class, and even to other closely
related classes. o

Cavon IL —1If in our experience a given character is
found to vary, a corresponding amount of variation may
be inferred to exist beyond our experience.

The most important objection made to this theory was,
that'phenomeia exist in our experience exhibiting pecu-
liar and exceptional characters, and that other exceptions
might exist béyond our experience to vitiate any indue-
tion we may make. The following examples are given :?
The loadstone has the peculiar property of attracting iron
amber, of attracting bran; the square number 4 X 4, of
having its-perimeter equal to its area. Iixceptional char-
acters are fo;,nd in the Alexandrian anvil-headed dwarf,
Lthe I‘pldﬂfman hermaphrodite, the Cretan giant, the
‘premies in Achoris. The sun and moon also are unique ;
so are tine and the soul. Admitting such exceptional
phenomena, the Epicurean replies, that the belief that a
similar state of things exists beyond our experience can

1 Philod.; loc. cit., col. i., ii.

10 THE LOGIC OF THE EPICUREANS.

" be justified only inductively.! And exceptional phenom-

vena must be viewed not as closely resembling, but as

being widely different from, other phenomena. Induec-
tions concerning loadstones must De ctnfined to load-
stones, and not extended to other kinds of stones. Each
ciass of exceptional pbenomena offered a new field for
induction, and hence could be said to strengthen and not
to weaken the inductive argument,2 !

The correctness of all inductions could be tested by
the rule of Epicurus for the truth of opinion in general.
An induction is true, when all known' instances are in ils
favor, or none against; it is false, when no instances are
in its favor, or some against. When the instances are

partly one way and partly another, we cannot reach
universal conclusions, but only such as are probable.?

This theory of induction was completed by a considera-
tion of fallacies, summarized in a work called the “ Deme-
triac.” ¢ Theqe consisted in —

1. Failing to sce in what cases cOntrap051t10n is ap-
pmablc ’

2. Failing to see that we should make inductions not
ina hap—hazard way, but from properties which resemble
each other very closely.

3. Failing to see that exceptional phenomena are in
no way at variance ‘with the inductive inference, but on
the other hand add to its force.

4. Failing to observe that we infer from the known to
the unknown, only when all the evidence is in favor and
no shadow of evidence appears to the contrary.

5...The failure to perceive that general propos:tlons
are derived not by contraposition, but by induction.

When we compare the work of Zeno witK that of

1 Philed., loc..cit., col. xxv. 2 Tbid., col. xxiv. 10~col. xxv. 2.
® Ibid., col. xxv. 31-34, 4 Ibid., col. xxviii, 13-col. xxix. 24.

v




THE LOGIC OF THE EPICUREANS. 11

Epicurus, an important logical difference is brought to
‘view.® Both are occupied with the sign-inference, and
look upon inference as proceeding from the known to the
unknown.. Epicurus, however, sought only by means of
hiypothesis to explain special phenomena of Nature: Zeno

" investigated generalizations from experience, with a view '

to discovering the validity of extending them beyond our
experience. This resultedin a theory of induction, which,
so far as we know, Epicurus did not, possess. In the
system of Aristotle, induction was viewed through the
forms of syllogism, and its empirical foundation was not

held in view. The Epicureans, therefore, were as much

opposed to the Aristotelian induction, as they were to the
Aristotelian syllogism. It was Zeno the Epicurean who
made the first attempt to justify the validity of induction.

The record of this attempt will give the treatise of Philo-

demus a permanent value in the history - of ‘inductive
logic. o :

It is refreshing to see the formalistic and rhetorical
atmosphere which had surrounded the subject of logic
breaking away, and an honest attempt being made to
justify the premises of .syllogism. As yet, this had not
been done by all the moods of ‘the philosophers.

Tt is also interesting to find in the ancient world a
theory of induction which rests upon observation, sug-
gosts experiment, assumes the uniformity of Nature, and
allows for the variation of characters.

.

A MACHINE FOR E}’:ODUCING SYLLOGISTIC
' VARIATIONS. ' \

By Arnax MarQuaxp.

Frox any syllogism a number of logical variationg
may be derived. One operation by Whi(:]l‘ this may be
accomplished is contraposition. This operation consists.
in effecting a change in the order of the terms of .~
proposition, the state of things which the proposition is
designed to express being supposed to remain unchanged.
Thus the state of things expressed by the proposition
“every A is a B” may he expressed also by « every
non-B is a non-A,” or by the form, “there is a B for
every A.” | ‘

We proceed now to apply this principle to the eyllo-
gism. For our notation let us take letters A, B,.C,
ete. for general terms, and express their negatives by
writing dashes over them, A, B, C, ete. Let a short
curved mark over a letter indicate that its logical quan-
tity has been changed; thus, A, B, C, ete. A general
term will be thus made particular, and a term already
particular will be made general. Let us use the sign -
=< for the copula! We may then express the syllo-
gism Barlara in the form '

A—<B
B<C
~A<C

2 This notation is that used by Mr. C. S. Peirce, ““On the- Logic of
Relatives.”” Memoirs Am. Acad. of Aris and Sciences, vol. ix, 1870,

t
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From this as a starting-point we may produce formal

-vartations by various modes obf contraposition.  The ex-

hibition of two such forms will suftice. )

(1) We may regard the lorical quality of the terms
and contrapose. The form A -< D then becomes
B~ A, or, “every non-B is a non-A."

(2) We may regard the logical quantity of the terms
and contrapose. The form A -<B then becomes
B—< A The latter form we may take to mean, ¢ there
is a B for every A, or “ the B's include all the A's.”

Applying these two kinds of contraposition to Burbara, |

we obtain the following variations:—

« Qualitative Vanations,
T<X T<X A<B I[<X A<B

Fundamental | B=<C T<H B=<t B<C¢ (=<5
Form.

A<D

. 9
Al
B-<C <X A<n T~<X A< B<i ax<nd
-~ 1 ~s ~ ~r s ~ ~
wWA<C pcp U<F T<B  B<C B<C U<V

SLA<C o, SA=EC L C=<A L C<Y A C=<X .. T

Quantitative Variations,

cA<O S A<C S A=<C o U<X 0<% 0<X 0<%
7 : : :

. These may be classed as two figures according as the
conclusion has the fundamental or contraposed form ; or
they may e classed as four figures according as one or
other; or both, or neither premisle has been contraposed ;
or as eizht figures, if*we regard merely the relative posi-
tion of the terms. The number of such variations may
be indefinitely increased hy admitting other modes of
contraposition, or by starting from other syllogistic
forms. All these variations may be easily produced
by a mechanical contrivance. In order to secure this

I have constructed a machine (Fig. 1) which pre-.

sents to view three flaps in which are inserted cards
containing the premises and conclusion of the syllogism
which is to undergo transformation. Each .flap, on

14 A MACHINE FoRr SYLLOGISTIO VARIATIONS,
making a half-revolution, pr

esents its proposition in i
_ v Ition in a
contraposed form.

" . ’
The flaps terminate on one side of

;

Fie, 1. .

Bcale { in,
the machine in one-inch brass friction wheels. = These

.are marked a, b, and ¢ in Fie. 2

' . 2. The wheels d, e,
a?d S are, respectively, one, two, and four inches in
diameter. Upon each of these wheels is fitted the sec-
tor of a wheel of like dimensions. Wheel d has on its
outer side a sector of 180°; wheel ¢, 0n its inner side,
one of 90°; wheel f, on its outer side, one of 45°. The
friction of these sectors against the wheels q, o, ana ¢
causes the half-revolutions of the three flaps. By turn-

LY
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tended so ‘as to pro- -

. ameter. We should -

Jogism, 2"—1 varia-
~tions for each kind
.of contraposition.

§

A MACHINE FOR SYLLOGISTIC VARIATIONS, 15

»

ing a crauk attached to wheel d, the propomhon A<B

is contraposed at the end of ev ery turn, B-< C at.every -

alternate turn, and A < C at the end of every fomth
turn. Eight turns of - Fic. 2
the crankw.lll exhibit .
seven variations, and
restore the fundamen-
tal syllogism to view.
This mechanism
could be readily ex?

duce variations in a
Sorites. A -Sorites of
n propositions would
requxre to contrapose
1tsc0m:1uslon awheel
of 2°~1 mches in di-

secure, as in the syl-

' Scale } in.
. NOTE. — The Syllogistic “Variation Machine will unfold ,to view
the combinations of three logical terms and their negatives; or if we
take the letteés B—CA—U,D— T, we obtuin the words

B C. B ¢C
‘A A U
T T T

NOTE ON AN EIGHT-TERM LOGICAL MACHINE.

;

I BAVE compfeted the desmn of an 8—term Logical
Machine, of which- a 4-termn model is now nearly fin-
ished. If the premises be reduced to the form of the,
combinations to be excluded, as suggested by Boole- and
carried out by Venn, the operation of excluding these™
combinations may be performed mechanically by. this -

« machine. * I'have followed Jevons in waking use of keys,

but require for the 8-term machine only eight positive .

and eight negative letter keys and two operation \keys. (:;'& '
The excluded combmatlous are exhibited by indicators, -

which fall in the’ squares of one of my logical diagrgms -
(Phil. Mag. ON. ’81) from the perpendicular to a hoyi-
zontal position. The non-excluded combinations, which

* constitute.the conclusion, are exhibited by the mdlcators

WInch are left standing. .

.}

"
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~ ON THE ALGEBRA OF LOGIC,

By CHRsTINE LaDD,
R
i

" THERE are in existence five

which the later ones are a]l modifications, more or less
slight, of that of Boole. I propose to add one more to
the number. It will bear more resemblange to that of
Schréder than to any.of the others; but it will differ
from that in making use of g copula, and also in the
form of expressing the conclusiop.! T

ON IDENTICAL PROPOSITIONS.

~ The propositions which logic .considers are of two
kinds,— those which affirm the bidentity of subject and
.predicaté, and those which do not. Algebras of loeic
may be classified according to the way in which tlfey
€3press propositions that are not identities. Identical
propositions have the same expression in all. Of the
logical theorems which are identities, I shall give those
which are essential to the subject, and for the most part
without proof. T

- (1) The sign ='is the sign of equality.- a=1b, a
K .equals b, means that in any logical. expression ¢ can
1 The substance of this paper w

as read at a meeting of the Metaphysical
rsity, held in January, 1881, ‘

algebras of logie, — thoge .,
of Boole, Jevons, Schrider, McColl, and Peirce, — of -

\ :

BN

P
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be substituted for &, or & for ﬂa,"\x:’ithOut‘ change of value.

- It is equivalent to the two propositions, “ there is no a

which is not 4, and, “ there is no & which is not a.”

(2) The negative of a term or a proposition or a
symbol is indicated by a line drawn over it. ¢ = what
is not a.

(3) e X b=what is botha | (3°) a4 b= what is either
and . Asa class, it is what [ @ or . As a class, it takes in |
is common to the classes a and | the whole of « together with
b. As a quality, it is the | the whole of 5, what is om- .
combination of all the quali- fmon to both being: counted™

ties of @ with all the qualities | once only. It has the qu\a.lity" -
of 5. When relative terms|of either @ or &, and hence . -

(XXI)! are excluded from |the quality of the entire class

cousideration, ab may be writ- | is the quality common to ‘@-

ten for a X 0. . . |and . The only qualities pos:
: ) gessed by every member of the\

class “lawyers and bankers” are the qualities which lawyers

and bankers have in common. C

When arithmetical multiplication apd addition are to
be considered at the same time, logical multiplication

.and addition may be indicated by enclosing & and X in
" wcircles. The addition of logic. has small connection

with the addition of mathematics, and the multiplication
has no connection at all with the process whose name it
has taken. The object in borrowing the words and the
signs is to uilize the familiarity which one has already

acquired with processes which obey somewbat similar -

laws. There would not be the slightest difficulty in

inverting the operations, and expressing logical multi-

plication in terms of addition, and logical addition in
terms of multiplication. The essential processes of sym-

bolic. logic are either addition or multiplication (for - S

greater convenience, both are used), and negation. The
1 References in'Roman numerals are to the titles at t.hevend.
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latter process renders any mverse processes which might

correspond . to subtraction and division quite unneces-

sary, and it is only .on account of a supposed resemb-
lance between the logical and the mathematical processes
that an atempt to introduce them has been made. -
@) aae = a. 4% etat... =a
(%)  abo = bea = ¢cba: © (5% atbte=btcta= c+d+a.
6) a@+c)=ab+ac (6°) a+be=(a+0b) (a+0c).
The symbol represents the universe of discourse.
(Wundt, Peirce.) It may be the universe of conceivable

things, or of actual things, or any limited portion of -

either. It may include non-Euclidian ‘n-dimensional
space, or it may be limited to the surface. of.the earth,
or to the field of a microscope. It may exclude things.
and be restricted to qualities, or it may be made co-
extensive with fictions of any kind. .In any proposition
of formal logic, « represents. what is logically possible ;
in a material proposition it represents what exists.
(Peirce.) The symbol 0 is the negative of the sym-

bol e ; it denotes either what is logically impossible, or .

what is non-existent in an actual universe of any degree

of limitation.

(7’) . ad= 0.

(8) & =a o=a(3+8)(c+3)...

(9 o =a+ o=a+(b+8)+...

(10') ab + ab + ab + ab
=(@+a) (+0) =0

The first member of this equa-

tion is called the complete development of two terms. The

() e+ ad=o.
(8°) e=a+0=a+b5+ci+...
(9°) 0=a0=abbec ...

| (10°) (a48) (a45) (a+5) (a45)

=ad+bb=0.

complete .development of » terms, (a + a) (B+3) (c+ ) J
- consists of the sum of 2 combinations of 7 terms each. ..

(11’) atabtabet...=qa

[ (11‘?) a (a+b) (atbd+c). .. =a.

This is ¢alled by Schroder the law of absorption.

T

\
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The only process which presents\any difficulty in this
calcuﬁ% is the process of getting the negative of a com-
plex expression; and that difficulty is very slight if the

right method is selected. There are three different ~ -

methods, of which the lust is of most frequent use.
The first proceeds from the consideration that ab +ab +
@b + db is a complete universe (10'), and that what is

not one portion of a universe must be sou{e-other portion,
A it exists at all. It {ol]ows that ‘

ab = ab++ ab + ab,
(12) b+ ab = ab + al,
A+ al ¥ b= al,

and the process is the same for the coi‘np]ete‘develop-
mepg of ‘any num%;er of terms. This is the only . rule
made use of by Boole and by Mr. Jevons Tor obtaining a
negative. If certain combinations of ten terms gre
given as cicluded, to get those which are not excluded
it is necessary, by this method, to examine 1,024 combi-
pations of ten terms each. ' : o

The second method is contained in ?e,following :
formule : — ' '

3 : 13)  a+i=ab
A o, a+ b= ab.

That is, the negative of a product is,tl}e sum of the'
negatives of the terms, and the negative of a sum is the
wproduct of the negatives of the terms.! For example,

! Professor Wundt (XVIIL, P- 257, note) makes the singular mistake

"o supposing that because z (y + z) = ay + 2=, the parentheses must be
removed before performing any genersl operation upon an gxpression.
The negative of & product of the form (@454 c)m, he eays, is not‘ . .
abe -+ 7, but (¢4 m). (54 m) € +m); and in working his problems he
actually expresses it in this way, performs the indicated multiplication,
obtaining &nc (@4- b 4-¢) 71 -+ 71, and then reduces this expression by
- the absorption law (11) to Goz -} 7.

A
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atlerdg=al+n)@+e%]). .
) "This rule was first given by De Morgan (“On- the
*Syllogism,” No. IIT., 1858). It may be proved in the
following way : —

by (12, . Cri=aQ+ D+t @t a)b
ab=ab+uab+ab+ab | =ab+ ab+ ab
=a(+b)+(a+a)d = ab,
= a+b. by (12)..
It appears that with the use of the negative sign the
sum and the product are not both essential to complete

% . .
expression. A sum can be expressed as the negat)ﬁzf .

a product, or a product can be expressed as the negative
of a sum. The dualism which has been pointed out by
‘Schroder, and which he indicates by printing his theo-
rems in parallel columns, is, then; not an essential quality
of things, but merely an accident of language. We prefer
to say “ what is either black or blue,” to saying ¢ what
18 not at the same time both not black and not blue;” but
one is as easy to express symbolically as the other. It
would not be difficult to develop the whole subject in terms
of multiplication alone, or of addition alone ; but the gain
in simplicity is not equal to the loss in naturalness.
The third method of obtaining the negative of an ex-
pression is by means of the following equation : —

(14)  pab + qab + rab + sab = pab + gab + 7ab + 5ab.
That is, consider any number of the letters as the

clements of a complete development (107), and take the

negative of their coefficients. The reason is the same

as for (12),—the two expressions together make up a
complete universe, since '

pab + pab = ab, ete. v

Tt is necessary to observe that if any part of the develop-
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ment is wanting, its coefficient is 0, and the negative of
its coefficient is .. For instance,

P + g +7) ay + strj + uwvuZy '
=pyrzy + (S +8) af + (@ + 0 + @) Ty + &7,
The entire numher of combinations excluded by the
first member is 7.2° 4 26+ 95 and that included by
the second member is 2 + 8.20 4 7.25+ 98 and together
they make up 1024. This rule is given by Schrider only .
(XIV., p. 19). It is mueh easier of application than

(12) or (13), except when the given expression bears no
“resemblance to a complete development.

(15) An espression may be said to be in its simplest
form when it is represented by the smallest possible
number of letters. It does not follow that it is then in
its least redundant form. For instance, in ' '

’a:i-b,,za+zib, =ab+ 10,
a+b is simpler than either of the other expressions,
but it is redundant. It is
e @+0) + (a+a) b,
which contains the combination ab twice; while
a+ab,=a @+10)+ ab, - :
contains each combination once only. The reduction

of an expression to its simplest form may usually be

accomplished by -inspection. Take, for example, the
expression '

a+be+ ald + aed.
We have “r

a+a@+5)d=a+ i,
and v _ -
be + qu:bc +d.

Hence the whole expression is
i S ‘@ +be+d.




%

ON THE ALGEBRA OF LOGIC. 23

If the. reduction is not efident, it may be facilitated by
taking the negative of the expression, reducing it; and
then restoring it to the positive form (XVI., vol. x.
p. 18). - o <

" ON THE COPULA. 7

I'shall adopt the convention by which particular pro-
pdsitions are taken as implying the existence o.f their
subjects, and universal propositions as not ymplying the
existence of their subjects. Mr. Jevons would infer that
the two propositions

The sea-serpent is not found in the water,
The se%-serpent 13 not found out of the water,

are cbntfadictqry; but Mr. McColl, Mr. Venn, and Mr.

Peirce would infer that the sea-serpent does not exist.
With . this convention, contradiction can never exist
between universal propositions nor between particular
propositions taken by themselves. A universal propo-
sition can be contradicted only by a particular propo-
sition, and a particular only by a universal. The above
premises are inconsistent with

The sea-serpent has (at least once) been found.
2

With this convention, hypothetical and categorigal pro-
' positions receive the same formal treatment. If ‘a, then
b=all ais b=a implies 5. (Peirce.)

Algebras of Logic may be divided into two’ classes., a?:
cording as they-assign the expression of 'fhe “ quantity
of propositions to the copula or to the subject. Algebras
of .the latter class have been developed with one copula
é)nly —the sign of equality ; for an algebra ?f the
former class two copulas are necessary,! — one universal
a 1 Every u]gégm of logic requires two copulas, one to express propo-
sitions of non-existence, the other to expresa propositions of existence.

This necessarily follows from Kant's discussion of the nature of tbe‘afﬁr-
Tuation of existence in the ¢* Critik der reinen Vernunft.” — C. S. Priree.
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and one particular. " The following are the prnpositional
forms which have been- used by the principal récent
writers on the algebra of 'logic:1— '

4 S
Boole Jevous : *
Traditional, | and . aud Grassmann, |MeColl,
Schroider. | Grassmunn, ,

Ail e is bla=vila= a+b=0

a:bla~<b
No a is bla=vla=adl a+d=0la:lla-<l

Somea is & va:vb“ca:cab cat+d=dbla+lla—<l

Sowe a isnotd va =17 cq=—cal cat+b=bla=bla—<y

‘visa special symbol, used to denote an arbitrary,
indefinite class. Tt is immediately eliminated from the
universal propositions, which then appear in the forms
ab=0,ab=0, respectively. “In particular propositions
“v s not quite arbitrary, and therefore must not be eli-
minated ” (111, p. 124). Jevons makes no distinction
between an indefinite class symbol, ¢, and any other
class symhol.  With My, McColl, every letter denotes a
statewment. By a: b is meant that the statement ‘that
any object is a implies the statement that it is also 5
but this does not affect the working of the algebra.
The negative copula, <, is the denial of the affirmative
copula, :, and @+ ¥/, or, as he also writes it, (a : vy, is
read ““a does not imply non-5.” Mr. Peirce’s symbol for
the same copula: is a modification of S, a=< bis the
denial of @ < b, and is read, “a is not wholly contained
under 8.’ g and b may he either terms or propositions.
The copula —< has an advantage over : in that it ex-
presses an unsymmetrical relation by an unsymmetrical

1 Mr. Venn has collected some two dozen whys in which ‘¢ ig 5" has
been put into logical formi. ‘ ’
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symbol.” @ —< b may be written & > ¢ and read, “ &
contains a.” ,
This quantified copula (—< or :) 18 positive for uni-
~ versal propositions, and negative for particular proposi-
tions. Another kind of quantified copula is possible, —
namely, one which is particular when positive, and uni-
versal when negative. Instead of writing
: 4—< B
;o4 i‘;}iﬂi B} and { 4 i's-not-wholly B
or 4 is-partly-not B,
we might write ’ ‘

AVB - { Avz
4 is-wholly-not B 4 is-partly B,

and it will appear that this latter plan has certain advan--

tages. It comes perhaps a little nearer to common use.
The sense “wholly” is usually attached to both 73 and
3-not, but somewhat more strongly to the latter than to
the former. Wa say, for instance, “flowers are fra-
grant,” meaning that flowers are nearly " always fra-
grant; but “leaves are not blue” means that leaves
are absolutely never blue. « Knives are sharp” would
be taken as true ; “knives are not blunt”
opposition in the mind of the hearer.

The sign V is a wedge, sign of exclusion. AV Bisto
be read “ A is-not B,” or ¢ 4 is excluded from B.” The
. sign Vis an incompleted wedge, sign of incomplete ex-
“clusion. AV B is to be read “ A is in part B)” or
'~ “4 i3 not-wholly excluded from B.” V is made into V

by the addition of the negative sign;’what is not not
" wholly excluded from anything is wholly excluded from
it. AV Band 4V B are contradictor
each.simply denies the other.

‘The eight propositions of De Morgan are then,—

would excite

Y propositions;
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AV B | 4 isnot B; no 4 is B.

AV B | Aisin part B; some 4 is B.

AV B | 4isnot not—ii; all 4is B.

4V B | 4is partly not-B; some 4 is not B,

4V B | What is nt 4 isnot B; 4 includes all .

AV B | Whatis not 4 1s in part B; 4 does not include all B.

4V B | What is not 4 is-not not-B; there is nothing be-

_ sides 4 and B.

4V B | What is not 4 is in part not-B ; there is -something

‘ besides 4 and B, — - '

where V connects terms that exist, while V connects
terms which may be non-existent. Only six of these
propositions are distinct, since there is no difference of -

~ form between AV B and AV B, nor between AV B
“and AV B,

Propositions expressed with the copula : or —< are *
called inclusions; propositions expressed with the cop-
ula V may be called exclusions. Exclusions with an
even number of 1iegletive signs are positive (affirmative)
propositions; those with an odd number are negative
propositions (De Morgan, “ Syllabus of a Proposed Sys-
tem of Logic,” p. 22). But the distinction, as Professor
Wundt and others have pointed out, is unimportant. The

only division of propositions which is of consequence is

the division into universal and particular. The copulas.
V and V are intransitive copulas,—a kind of copula of
which De Morgan. proposed to investigate the characters
(“Syllabus,” p. 81). They are symmetrical copulas, and

- the propositions 4 V B, AV B, may be read either for-

ward or backward.: It is from the fact that there is no

~ formal difference between subject and predicate that the

advantages of this algebra follow. Therﬁ is, however, a
slight difference in meaning between 4 V Band BV 4;
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the subject of the proposition is more evidently the subject
" . of discourse: - The propositions, “no men are mortal,”
.and “there are no mortal men,” convey the same infor-
mation; but the first offers it by way of information
about men, and the second by way of 4 description of
the universe. Information may be given about a pre-
dicate by the use of a different kind -of copula; as in
“ no lack of hospitality s found among Baltimoreans.”

An inclusion is changed into the equivalent exclusion

by changing the sign of the predicate. When an exclusion
13 to be made into an inclusion, it is a matter of indiffer-
-ence which of its terms is regarded as predicate ; every
exclusion contains within itself wo inclusions, of which

each is the converse by contraposition of the other.
That is to say,

- With this copula, therefore, the consideration of the con-
version of propositions is rendered unnecessary. So also
is the consideration of the quantification of the predicate.
With the copula — the subject and . predicate have un-
like quantity, or, more exactly, the quantity of the
subject is universal and that of the predicate is indeter-

 linate; —< means either equal to or less than. But
- with the copula V the quantity of hoth subject and pre-
~dicate is universal, and with its denial V both subject

.and predicate are taken in part only.

The copula —< must be taken in an inverted sense
according- as subject and predicate are taken in exten-
sion or in intension ; but the copula V possesses the same

- mcaning, whatever interpretation one gives to the terms

- Which it separates. The proposition men are animals
means that all the individuals, an, are contained among
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the individuals, animal ; but that the qualities which dis.
tinguish an animal are contaived among the qualities
which distinguish & man. The proposition u0 stones are
plants means that the objects denoted and ihe qualities
counoted by the term stone are inconsistent with the
objects denoted and the qualities connoted by the term
plant. 1t is to be remembered that every term is at
once a sum of objects and a product of qualities. = If
the term a denotes the objects a, @, a;...and con-
notes the qualities «, ¢y, «; . . ., then

e=(4H+a,+.. 2 gt .
and the full content of the proposition no @ 4s b is
(a4 . ) quey ... Vi +04+ .. )88 ...

But the full content of the proposition all a s b can be
expressed only by the two statements

gtayt.. .+ a;—< b+ 0,4 b+ ... and Bife- B —< wyay. ..

" where the 7 objects a are identical each with somc one of

the objects & and the j qualities B are identical each with
some one of the qualities q. '

1f p denotes a premise and ¢ a conclusion drawn from:
it, then
pVe (m)
states that the premise and the denial of the conclusion
cannot go together; and ’

JAKE (=)
states that the premise is sometimes accompanied by the
falsity of the conclusion. 1t is hardly necessary to men-
tion that (m) is satisfied by either the truth of the con-
clusion or the falsity of the premise, and that (n)
implies that hoth the premise and the negative of the -
conclusion must, at some time, be true. g
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* The word inference (or consequence) implies proceed-
ing in a definite direction in'an argument, — either from
the premise to the conclusion, or from the negative of the
conclusion to the negative of the premise.” The argu-
ment p v ¢ may be called an inconsistency. It is a
form of argument into which the idea of succession does
not enter; it simply denies the possible coexistence of
two propositions. An inconsistency between two propo-
. sitions is equivalent to. each of two equivalent coise-
quences, and a.consistency to cach _of two equivalent
Inconsequences ; or .

PVC=p<i=c—<p,
PVe=p—< c;'c?p.

5

The copulas V and Vv with the symbol oo give me\ans for *

expressing the total non-existence gnd the partial exist~

cnce of expsessions of any degree of complexity. Pro-

positions with the symbol 0 do not occur in this algebra,

(16) =Y o = “z does "(16%) z V o = “g i3 at
not, under any circumstances, | least sometimes existent.”

exist.” A particular proposition
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A7) eYb=aby- - |(17°) aVb2apV

acy=aylc=cayb=...

To say that no a is b is the
same thing as to say that the
combination @l does not ex-

aicV=aVilic=caVb=...

To say that some @ is b is
the same thing as to say that -
the combination ab does at

A universal proposition does
not imply the existence of its
subject ; therefore 27/ 0 = %z
(if there is any ) is ot
non-existent,” — a proposition

does imply the existence of its .

subject ; therefore 2V 0 =« 5
exists, and at the same time
does not exist,” — a propo-
sition which is false whatever"

ist. v least sometimes exist.

The factors of & combination which is excluded of‘\u’)‘t
excluded ma¥ be written in avy order, and the copula
may bE-insérted at any point, or it may be written at

- either end. The proposition abe 7 de may be read “ abe

is-not de,” “ecd is-not abe,” “ abe is-not de,—that is, is
either not d or not ¢,” ete. Any 0,1, 2, 8, 4, or 5 of the
letters may be made the subject and the others the predi-
cate, and the positive or the negative universal copula
may be used; or there arc in all 2.32, = 64, djﬂergnt

ways of putting the above proposition into words.
-, If aisaproposition, a ¥ states that the proposition is

not true in the universe of discourse. For several pro-
positionss abe  means that they are 16t all at the same
time gruc; and the way in which they are stated to be
not all at the samp time true depends on the ¢

of the universe. it be the universe of the logically
possible, then py p, ¢V states thiat p; and p, may be
taken as the premises and ¢ the conclusion of a valid

- syllogism. Tt is the singlé expression in this system for

a proposition which in the system of inclusions appears

which is true whatever z may | & may be.

-t

De. o

Since the symbol 0 will not appear at- all in proposi-

" tions expressed with these copulas, it will not be neces-

- sary to write the symbol . I shall therefore express
“there is no 2 simply by z 7. )

-in-the several forms -

np=<e c<p +“]_72: h<cetp, Tp <Py
from the premises the conclusion follows ; if the conclu-
sion is false, one at least of the premises is false; from

. one premise may be inferred either the conclusion or the

contradictory of the other premise, and from one pre-
mise and the contradictory of the conclusion follows the
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7_contra(hctory of the ~other premise. If the universe
which is understood is the universe of what is possible

in accordance with the laws of nature, then ab J\L/ denotes -
‘that the sunultaneous truth of ¢ and b 18 a contradiction .

of those laws. That z and ; J stand ip the relation of

cause and effect may be expressed by z7 . If zisa’

certain position and y. its ‘attendgnt acceleration, the
above proposition states -that - the position and the ab-
sence of the aceeleration are not fouad together ; that
.from the position ma; be inferred‘the acceleratlon, and
from the absence of the ‘acceleration may be inferred the

absenceof the position. If aV I means that Greeks are -

brave, and ¢y d means that the megatherium is not
extmct then ‘

(av 5)"V (0 v d)
affirmg that the co-ex1stence of these two propositions is
excluded from the universe of what is actually true. In

< like manner, according to the character of the universe

of discourse, @ V.5 denotes exther that the two proposi-

. tions are logically cdnsistent,” or that they are possibly

co-existent, or that they have actually been at some mo-
ment of time both truel - °

ALGEBRA OF THE, coP'm.‘
By the deﬁmtlon (1), we have
sy @fw—mvmwv&

Since also ;
(0_5)._(0,\/5 a b,
it follows that ) (27 )

(19 (a= b) =(@=1).
In partlcnlar, . ‘

). (ab = 40) (ab—oe) (alfv oo),

! The thorough-going extenswn of the idea of a limited ‘universe to the -

relations between pmposmoms is due to Mr. Peirce.

content, or syllogism. .
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for the exclusions to which-cach equation.is equivalent -

e @V ) @V 0),.
and ab V 0 is a proposition of no content. \

The principles of contmdxctlon and excluded mlddle
are therefore completely expressed /by

@ leavy. [ () -~ a+aV.

In any symbolic logic there are three subjects for con-
sideration, — the uniting and separating of propositions;
the insertion or omission of ths, or immediate infer-

ence ;” and elimination with -fhe leastrpossmle loss of

On wziting'and‘ séparatihg Proposit’ions.,—'—From the .
definitians of logical sum and logical product applied .-
to terms and to pr opositions we have the followmg iden-

tities : —

@1, (@ v)(lf )= (a+bv);
for thc first mémber of the
equation states that a does
not exist and that & does not
exist; and the second mem-
ber states that neither a nor
b exists.

(1) @)HEV) =(4 V),
for the first member of the
equation states that either a
exists or & exists; and the
second member states that -
either @ or b exists. ’

In hoth cases, a and b may be logical expressmns of

any degree of complexity.

A combination of any vum:

ber of universal’ propositions, or an alternation of any

number of particular propositions, is then expressed as a

single proposition by taking the sum of the elements of
the separate propositions. This is the only form of in-
ference (if it shouldbe called inference.at all) in which

~ the conclusion is identical with the premises® The equa-
“tions (21) and (21°) are not in reality two distinct

5
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equations ; they are, by '.(19), one and the same equa-

tion; since, by (13), the negative of (a¥y) (bV) is
(@V)+ (b V), and the negative of ¢ +8 is a+bV.

0y

34 ' ON THE ALGEBRA OF LOGIC.

of something, as ab, is inconsistent with the existence of
some part of it, as ab which is e. They are not two dis-
tinet inconsistencies, however ;. either may be derived as

They are each equivalent to the two ingon#istencies,

&

€2y

(V) (V) V(e+bv)

(ftv)+("v)v(a+bv)

There is no sxn«vlc expression, in this alvebxa for 2 sum
of universal proposltlons or a product ‘of particular pro-

positions.

- To express that the propo-
sitions, some « i3 & and some ¢
,13 d, are not both at‘the same

‘hime true (ot that it is true-

throu«rhout the universe of dis-
course that either noaisbh or
else no ¢ is d), we must write

To express that neither of
the propositions, no a is 6 and
no ¢ is d, is true (or that it is
true throughout the universe

of discourse that both some @

is b and some ¢ i3 d), we must
write

a consequence from the .other. These inconsistencies,
when put into the form of inferences, become —

@2) If a+b+cy,
“then a +0V;

@3 I ay,

then aloV;.

That is to say, given a uni-
versal exclusion, factors wmay
be introduced and parts of a

_sum 1ay be dropped, but not

without loss of content.

(22°) I a+bV,

then a+0+¢V;
@3 If  abev,

then ab V.
That is to say, given a par- -
tial inclusion, factors may be

dropped and parts of a sum -

may be introduced, but not
without loss of content.

As a particular case of hoth of the inconsistencies

(22) and (23) we have

N

(1v ) (cvd) ¥, (@Vo)+(cyd)y.
And the expression for the corresponding particular
propositions which follow from these universals is

@V )+ (cVd) v; (@Vb)(cVd)V;

. that is, there is some time: that is, there is some time
. when either no @ is & or else “hen both some « is & and
no ¢ is . . some ¢ i3 d.

. f\
On inserting and dropping Terms. — The follomn" in-

consistencies are immediate consequences of the defini-
tions of the sum and the product : —

G bWV (@t by,
(23) " (abev) T (ab ).
The first asserts that the total non-existence of several

thm«rs is inconsistent with the existence of some of
them; the second asserts that the total non-existence

»

.(a\/b)(cvd)V(ach+d).l I
If into the- expression which is affirmed not to exist,
ab 4 ed, we introduce the factor ¢+ a; and if from the
product, ach + acd + ab + ¢d, we drop the parts of a sum,
ab+ ed,—there remains ac (b+ d), the existence of
which is inconsistent with the non-existence of ab and
ed. Since there is no difference between subject and
predicate,

@YD (VAT e+ ovid)

is an inconsistency of quite the same nature as 1. For
the expression of . in words we have —
L. Tt is not possible that what is common to several ‘
classes should have any quality which is excluded from
! In its affirmative form, ““if @ is & and c-is d, then ac is bl,” this is

Theorem 1. .of Mr. Peirce’s paper on the Aleebra of Logic (XXL). As

pointed out by Mr. Venn, it was first given by Leibnitz : “Specunen de-
monstrandi,” Erdmann, p, 99,
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one of them. If, for example, no bankers are poor and

_no lawyers are honest, it is impossible that lawyers who
are bankers should be either poor or honest.
In this way the theorem is put into words in terms of
a quality which is excluded from a class.
perty of the negative copula that it lends itself equally
well to the expression of propositions wholly in exten-
sion and wholly in intension, and also with the subject
taken intensively and the predicate extensively. We
should have in words, in these cases respectively —

Z,. If several classes are respectively excluded from

several others, no part of what is common to them can
be included in any-of the others; N

I. If several qualities are 1ncon51steut respectwely
with several others, their combination is not consistent
with any of the others.

I, It is not possible that a combination of several
qualities should be found in any classes from each of
which some one of those qualities is absent. If, for
example, culture i3 never found in business men nor
respectability among artists, then it is impossible that
cultured respectability should be found among either
business men or artists. '

The inconsistency I is the most general form of that
mode of reasoning in which a conclusion is drawn from
two premises, by throwing away part of the information
which they convey and wniting in one proposition that
part which it is desired to retain. It will be shown that
it includes syllogism as a particular case. The essential
“character of the syllogism is that it effects the ehmma-
tion of a middle term, and in this argument thele is no
mididle term to be eliminated.

When combinations of any number of terms are given
a3 excluded, a proposition with which they are inconsis-

»

It is o pro-
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tent can be formed by taking any number of terms out
of each and uniting them as a sum and denying their
co-existence with the product of the terms which re-
main. If _
acy,  plhV,

affirm that no American bankers are uncharitable and
that no Philadelphia lawyers are dishonest, then it is im-
possible that any Plnladelphm bankers are either un-
charitable Americans or dishonest lawyers; that any
uncharitable and dishonest lawyers are either Philadel-
phians or American bankers; that any bankers who are
also Philadelphia lawyers are either uncharitable Ameri-
cans or dishonest, ete. Any, none, one, two, or three,
terms from the first premise may he taken to form the
sum with any, none, one, two, or three, terms from the
second premise; there are, therefore, sixteen different
conclusions to be drawn in this way from these two
premises, — of which abéphl is the least, since it has
dropped the most lm”ormatmu, and abt + plhy is the
greatest, since it has dropped none of the information.

The inconsistency . may be put into an inference in
four different ways, according as both universals, one
universal, one universal and the particular, or the parti-
cular alone, is taken as premise and the negative of what
remains as conclusion. There are, therefore (when L'
contains the smallest possible number of propositions),
four distinct forms of inference, or progressive argu-
ment, with no middle term, in each of which the con-
clusion is a diminished conclusion. The factors of I
are, in general, one particular and any number of uni-
versals. The number of distinct forms of progressive:
argument which can be made out of an inconsistency
between » propositions of which n—1 are universal, by

. taking 1, 2,.. or n—1 of the universal prqpositions with /
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or without the particular proposition as premise and the
negative of “what remains as conelusion, is 2 (n—1).
Argument by way of inconsistencies, therefore, what-
ever may be thought of its naturaluess, is at least

2(n—1) times more condensed than argument in the-

usual form.

When I is made into an inference in such a way that

one conclusion is drawn from two premises, we have,

if the premises are both uni- ! if the premises are one uni-

versal, versal and one particular,
(24) ayb (24°) avyb
evd : acy b+d
caeGbh+d soeyd

If o bankers have souls| Ii no Africans are brave
and no poets have bodies, then | and some African chiefs are
no banker-poets have either i either brave or deceitful, then
souls or bodies. | some chiefs are deceitful.

On Elimination.—In (24') there is no elimination,
and in (24°) there is elimination of the whole of the
first premise and part of the second. The most common
objectin reasoning is to eliminate a single term at a time,
— namely, one which occurs in both premises. Each of
these inferences gives rise to a form of argument, as a
special case, by which that object is accomplished, —
the premises being on the one hand both universal, and on
the other hand one universal and the other particular.
The inconsistency I becomes, when d is equal to 5, and
hience 4 + d equal to oo, ‘

@Vd) (VD) (acym»y, -
or

(@Vo)(EVeoieya)y. 1L
Given any two of these propositions, the third proposi-
tion, with which it is inconsistent, is free from the term

e

F)
38 " ON THE ALGEBRA OF LOGIC.

common to the two given propositions ; a, b, and c are,
of course, expressions of any degree of complexity.
The propositions mayy z + y, Zy v e+n, for instance,
are inconsistent with ma V ¢+ 2 ; any number of terms
1y be eliminated at once by combining them in such a
way that they shall make up a complete universe.

Wlen any two of the inconsistent propositions in 17,
are taken as premises, the negative of the remaining one
is the conclusion. There are, therefore, two distinct
forms of inference with- elimination of a middle term,

speciul cases of (24) and (24°). I we write z for the

middle term, we have
251 avex 5° AVE
by E ’ bVzx

ooaby. ~oba v,

The premises are

a(h+T) 2y _
(0 +d)037; - bz (ax+az) V,

The second premise is

and together they affirm that | which becomes, siuce there is

- no azx,

ab (z+7) + alz + alE vy, bx (a4z) V,
. - or .

ab + abr + abz v, bxaV.

Dropping the information ¢on- | Dropping the information con-
cerning z, there remaing cerning 2, there remains

ab . aV.

or

The information given by the
conclusion is thus exactly one
half of the information given
by the premises (Jevons).

This conclusion is equivalent
to
baVz+x;

but the premises permit the

conclusion .
baVz;
hence the amount of informa-

tion retained is exactly one half of the (particular) infor-

mation given by the premises,
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Elimination is therefore merely a ?articu]ar case of
dropping irrelevant information.

When @ and b are single
terms, (25') is the doubly uni-
versal syllogism, and it is the
single form in which that
syllogism appears in this alge-
bra. When it is translated
into syllogism with an afirm-
ative copula, it is necessary
to consider the four variations
of figure which are produced
according as z or £ is made
subject or predicate. The
eight moods in each figure
correspond to the eight varia-
tions of sign which may be
given to a, b, and z.” All the
rules for the validity of the
doubly universal syllogism are
contained in these: —

(1) The middle term must
have unlike signs in the two
premises.

(2) The other terms have
the same sign in the conclu-
sion as in the premises. .

When a and & are single
terms, (25°) is the universul-
particular syllogism, and it
1s the only form of that syllo-
gism in this.algebra. It can
be translated into eight differ-
ent forms of syllogism with
unsymimetrical copula, accord-
ing as z is made subject or
predicate of either premise,
and according as @ or b is
made subject of the conclu-
sion.  The eight moods of the
major and minor particular
syllogism in each figure corre-

spond to the eight variations

of sign which may be given
to a, b, and x.  All the rules
for the validity of the uni-
versal-particular syllogism are
contained in these : —

(1) The middle term must
have the same sign in both
premises.

(2) The other term of the
universal premise only has its
sign changed in the conclu-
sion.

Those syllogisms in which a particular conclusion is
drawn from two universal premises become illogical
when the universal proposition is taken as not implying

the existence of its terms.!

! MeColl : Symbolical Reasoning, — Mind, no. xvii, Peirco: Algebra
- of Logie, — Am. Journal of Math., vol. iii.
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The argument of inconsistency,

@vd)@ve)(cv.a) v, I

is therefore the single form to which all the ninety-six *
valid syllogisms (both universal and particular) may be
reduced. It is an affirmation of inconsistency between
three propositions in three terms,— such that one of the
propositions is particular, and the other two are univer-
sal; and such that the term common to the two universal
propositions appears with unlike signs, and the other two

~terms appear witli like signs. Any given syllogism is

immediately reduced to this form by taking the contra-
dictory of the conclusion, and by seeing that universal

* propositions are expressed with a negative copula and

particular propositions with an affirmative copula. Thus
thessyllogisms Baroko and Bokardo,!

Al P is A Some 2 is not P,
Some S is not A, . Al is S
< Some § is not P, . Some S is not P,

are equivalent respectively to the inconsistencies

(PV X)) (SV ) (SV.P)V,
(MV P) (VY S) (SV P) V..

L If there were ever any occasion to use the mnemonic verses of syllo-
gism, it might be worth while to put them into a form in which each word
should bear the mark of its figure, as well as of its mood and.its method
of reduction. By some slight changes in the words, the first, second,
third, and fourth figures might be indicated by the letters 7, 7, 7, and n -
respectively : —

(7) Barbara, Cegare, Darii, Ferioque prioris.

{t) Cesate, Camestes, Festivo, Batoko secundre.

(1) Tertis, Dalipi, Disalmis, Dalisi, Felapo.

‘(1) .Bokalo, Feliso, habet ';"qum-ta insuper addit,

{n) Bamanip, Camenes, Dimanis, Fesanpo, Fesison.
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" It is then possible to give a perfectly general rule, easy
to remember and easy of application, for testing the
validity of any syllogism, universal or particular, which
is given in words. It is this:—

Rule of Syllogism. — Tuke the contradictory of the con-
clusion, and see that universal propositions are expressed
with a negative copula and particular propositions with
an affirmative copula. If two of the propositions are
universal and the other particular, and if that term only
which is common to the two universal propositions has
unlike signs, then, and ouly then, the syllogism is valid.

For instance, the syllogism — ,

Only Greeks are brave,
All Spartans are Greeks,
Therefore all Spartans are brave,

is equivalent to the inconsistency —

’
Non-Greeks are-not brave,
Kl Q.
Spartans are-not non-Greeks,
Some Spartans are not-brave,

which fails to stand the test of validity in two respects,—
the term brave appears with unlike signs and the term
Greeks with like signs. The syllogism —

All men are mortal,

Some mortals ure happy,
Therefore some men are happy,

is cquivalent to the inconsistency —

Men are-not immortal,
Some mortals are happy,
Men are-not happy,

- and it is not valid for the same reasons as before, — the
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term mortal appears with unlike sigus, and the term
men with like signs. ‘

When, a, 3, and z are expressions of any degree of

complexity, (25') and (25°) still furnish the only means
for the elimination of z. For instance, if

¢ (@b+ed)xy
and . *
(@+c)z+1rv,
then » . \
(ab +2d) (@ + ) + 01V,
or
abe + aed + bf v,
is all that can be said without reference to z. - And if
_ @+ E+ify
and
(@+c)zv,

then the conclusion, irrespective of z, is

A(ab+ed)ya+ e+ of v,
L+ d)+ify.

If the premises consist of propositions about proposi-
tions, then any proposition which it is desired to drop
may be eliminated in accordance with these two rules.

Syllogisms are the inferences, with elimination, which
are obtained by taking two of the propositions of/\I. as
premises and the other as conclusion. When one p Op/o-
sition only is taken as premise, the conclusion is an
alternation of propositions; and, as a special case, a

single arbitrary term (instead of two or none) may be
introduced. We have —
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26 - avyh,

s(aeV - d)+(evd);
or, in words, if no « is 4, then
either no ac is either b or d,
or else some ¢ i3 4 If no
Africans are brave, then either
some chiefs are deceitful, or
else no African chiefs are
either brave or deceitful.
When ¢ ==z, d =10, this be-
comes
10 avyb

~(@va)+(Ova).

If no Africans are brave, then

(26°) acVb+d;
(e v )+ (e Va);

or, in words, if some ac i
either b or &, then either some
@ is b or some ¢ 13 . If some
African chiefs are either brave
or deceitful, then either some
Africans are brave or some
chiefs are deceitful. Tvhen
b = d == z, this becomes

21°%y acV
oo (o ) + (c‘V Z).

If some lawyers are bankers,

either no Africans are Chinese | then either some lawyers are
or else some Chinese are not | honest or some bankers are
brave. - dishonest.

Inference from Universals to Purticulars. — Dimin-
ished statement and that particular form of diminished
statement which is syllogism are the only reasoning pro-
cesses that are valid when a universe which contains
nothing is included among possible universes,— that is;

when it is taken as possible that both z and Z may be at -

the same time non-existent. When that universe Is ex-
cluded, — when the postulate “z and non-z cannot hoth
be non-existent” is taken as true, —one other form of

reasoning is possible. That postulate is expressed by

@V)VEB P.

which is equivalent to the two inferences, “if = does not
exist, then nonz does exist,” and “if nonz does not
_ ¢xist, then z does exist;” or, from the total non-exist-
ence of any expression whatever may be inferred the
existence of some part at least of its negative. If

: ‘ ' : o
44 . ON THE ALGEBRA OF LOGIC. k’w

©a(b+co)y,thend + e V,and if ¢ + 5 v, then a (b+¢)V;

or,
(a@+0)V)V (@+7).

- If z is a proposition, a V b, then non-z is its denial,

a7 b; and the postulate states that a proposition cannot
be both true and false at the same time.
From the proposition-
- aby/
follows, in this way,
ab v ; thatis, @+ V. ’

The complete convention in regard to the existence of
terms is therefore: the part?cular proposition a V b im-
plies the existence of both a and &; the universal propo-
sition a ¥ b does not imply the existence of either a or b,

- but it does mmply the existence of either g-or 5. The

necessity of the convention (if it should be called a con-
vention) is even more evident when a and b are proposi-~-
tions; in that case it is equivalent to saying tbat two
propositions cannot be true together unless each is at
some time true, and that they cannot be not true to-
gether unless one or the other is at some time false.

Mr. McColl has pointed out that from *all a is 8,”
“gome a is 5 does not i‘gllow, because there may not

" be any a. But from

ab
it does follow that

abV; thatis, ab+ ab+ abV;

or from “all ais §” it does follow that one at least of .
_ the propositions “some a is 5,7 « some not-¢ is b,”
“gome not-a is not 3,” is true. From any universal prop-
osition follows some one at least of the three particular

propositions which it does not contradict. If a is known
, Y

N
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to exist, then “some a is 57 follows from “all: {‘-1 is 57 -

by a syllogisi : — o
"aa‘\'/ o ' »
cayv

o

From “no sea-serpents have gills” ‘e’ cannot infer that

there are some sea-serpents-which are without ‘gills, un-
less it is known that there are some sea-serpents ; but
we cuninfer that either ‘there are,sowme sea-serpents

without gills, or there are some things, with orwithout ~

gills, which are riot sea-serpents, or else there is nothing
in the universe. o . :
4. RESOLUTION OF PROBLEMS, -
- Rule. ‘;Express universal propositions with the nega-
. tive copula and'.particular. propositions with the affirma-
tive copula, remembering that a = b is equivalent to
ab 4 ab vy,

and 'thvat its contradictory, a is ndt'equal to b, is equiva-
lent to
ab -+ b V.,

From a combination of universal propositions, the con-

clusion, irrespective of any term or.set of terms to be
climinated, z, consists of the universal exclusion of the
product of the coeflicient of z by, that of the negative
of z, added to the excluded combinations which are free
from z as. given. If the premises includé an alternation
of particular propositions, the conclusion consists of the
partial inclusion of the total coefficient of z in the par-
ticular propositions by the negative of that of z in the

universal propositions, added to the included combina-:

tions which are free from.z as given.

¢

e
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* If there is any reason -for expressing a universal
conclusion with: an-affirmative ‘copula or a particular

¢onclusion with a negative copula, it can be done by T

taking any term or set of terms as subject. and tlie.
negative of what remains as predicate. o
The premises may also contain an alternation of any.

number of universal propositions. If either R

©. B . (pVa)or (gVa)or (ryz),
and if at the same time .

,

' amV x; ‘
then '

am (5 +g+7)V ,
is the conclusion irrespective of z. When a combina-
tion of particular propositions is included among -the
premises, thesconclusion consists of g combination of
the same number of particular propositions. From
(pva) (gVa) | e
(aVaz)(Ve),
may be inferred the two propositions,

@V 3p) (0 V5]).

From particular propositions by themselves no con-

clusion {ollows, otherwise thag by simply dropping un-.
necessary information. - '

Particular premises may be attached to the universal .
premises by the conjunction or instead of the conjunction .
and. In that case no elimination is possible (except

-+, what can be done between the universal propositions by

themselves), and a conclusion can be obtained only by
~means of the postulate, L. If either (a3 b and ey d)
or (gylandiV J), then the conclusions are gh+aby,
G+abV, gh+edV, if+edV. In general, then, the -

" premises may consist of ‘g combination or an alter:

-
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na{{isn of universal proposititns (two ‘cases), or of par-
ticular propositions (two cases), or a combination Jor
an alternation of universal propositions united as a sum
or a ’prohuct to a.combination or an alternation of
particular propositions (eight cases). b

1t is apparent that logical notation would be improved
by the addition of another sign, by means of wln?'ix an
alternation of universal and a combinatiop gf partigular
propositions might be expressed as a single propo-
sition, — a sign such that '

(p + ) sign qy sign 12y ‘
should mean that some one of the expressions p-+ 25995
rz, is totally non-existent, and its contradictory,
. (p + z) sign gy sign rzV,

should mean’ that all of these are, at least in part,

existent. . 1 N
The plan of treating a set of universal premises ‘
command to exclude certain combinations of the terms

which enter them is due to Boole; no adequate exten- -

sion of his method so as to take in particul.ar propo-
sitions is possible, without the use of some device wh;c;h

" shall be equivalenthit‘o_ a partlcula'r copula. Bf)(-)es
method of elimination betweer universal Proposn‘l?ns
is to put z first equal to 0 and then to 1 in the given
function, and to take the prpduct of th'e results so ob-

* tained. The only difference betwe?n’:tlus" rul,e ar}d that
which T have given (which is Prof. b‘clu.'uder $) is that
it first introduces z into those terms W¥11(3h a're‘ah'eady
free from it, and then proceeds to eliminate it from all.
The value of the function :

az + bZ + ¢, or 'az+bf+0(x+é)r

for z;—.b (in' this case & +¢) is the coefficient of ;, and
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its value for z=1 (in this case ¢ + ¢) is the coefficient
of z. I have shown that the method is not an invention

of modern times, but that it is nothing more than g rule

for working the \]syllogism,
Al isrx, No a is z,- .. Noaisy,

when a, &, and z arc not restrieted to being simple
terms. With.the@n&ymmetrical copula, there are four
different forms of pairs of universal propositions which

make possible the elimination of 2 (XXL, p. 39), and -

for its elimination between a universal and a particular
proposition it would he necessary to counsider “eight
different forms, corresponding in all to the twelve dis-
tinet forms of syllogism.

If the result which remains after elimination is of the
form

am+ i+ ¢y (c)
(where m is the term in regard to which information is
sought, and, where all the letters are expressions of

any degree of complexity), and if there is any reason for ¥

being dissatisfied with the conclusion as it stands,—
“nomis a, no b is not my and there is no ¢, —m may
be made subject and predicate respectively of twoaffirm-
ative propositions, “all biis m, and all m is ¢ If it

be desired to express the conclusion without any repe-

tition, then we must first state what is true without
regard to m, —in this case,

ab+ ¢y,
“there is no ab nor ¢,”

must be used to diminis]
identities

—and then this information
1 the propositions in m. The

a:a(ab+c+ab+c) (8!)
[’=b(ab+c+ab+c) o
become, when there is no g3 +e L

’
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a=a.abtc= aEE,/,‘
b=b.ab+c=bac /
and hence, instead of -
aym, - by 77&,
it is sufficient to write :
: alc Vl m, bazvy 771, '
or, affirmatively, .
 AMlmisb4c+a e,
All bac is m. ‘
Prof. Schréder expresses in terms of m such a con-
. clusion as

N

am + b + ¢ (m+ m). =0,
by means of the formula
[@+¢)m-+ (b +c)m=0]
=[m=all (b+c)+somea+c][ab+e=0].

The first factor of ‘the sécond_ member of the equation is
equivalent to the propositions,

All mis b+ ¢+ at,

All (b 4¢) ism,

Some a + ¢ i3 s

.C.

that is, it contains the p;opositions of the ﬁrst/member
(the first diminished by ab 4 ¢ = 0 and the sgcond ggt),
but it contaihs in addition the particular proposition
“gome a+ ¢ is m,” which is a legitir};ldte inference
from “no (a+c¢) is m” only if a + ¢ is known to ex?st.
A more condensed equational form 9£ the conclusion
am + bin + ¢\, is /
(m = all baz + some baz) (ab 4 ¢ = 0).
Boole reaches the same conclusion, (), but he does

~
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it by an extremely circuitous route. Nothing could well
be simpler of application or more evident than this
rule of Prof. Schrider’s, and there is no reason why
one should not place implicit confidence in it, in an
algebra in which particular propositions are not taken
as implying the existence of their terms. It contains
the solution of what Mr. Jevons calls- the inverse log-

ical problem,” and which he solves by a process “ which . _

is always tentative, and consists in inventing laws and
trying whether their results agree with those before us”
(XXIL, p. 252). Tt makes all reference to tables and
machines quite superfluous. It seems to lLave been
overlooked by the latest expositor of Boole’s system, —
Mr. Venn. He says that Boole’s method of getting his
conclusion is “a terribly long process;ra sort of ma-
chine meant to be looked at and explained, rather than
to be put in use;™ and that if ever we do fec] occasion
to solve such a problem, it can be done most readily
“by exercise, so to say, of our own observation and
sagacity, instead of taking, and trusting to, o precise

‘rule for the purpose of effecting it” (XXIIL., p-,316).

But Boole’s form for the conclusion (besides being
not quite legitimate in this algebra) is not that which
is most natural or most frequently useful. It is, more-
over, suited only to a logic of extension, and it would
be difficult to interpret intensively. The . very simple
device which may be substituted for it is to make use
of the same metliod for getting back from excluded
combinations to affirmative propositions which was em-
ployed in passing from the given affirmative propositions
to the excluded combinations: if

Al b is m = b i,
then

by m=all §is m.
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In this way the conclusions are given in the form which

has been adopted by Mr. McColl. Complicated prob-

lems are solved with far more ease by Mr. McColl than
by 3r. Jevons; but that.is not because the method of
excluded combinations is not, when properly treated,
the easiest method. A method of implications, such
as that of Mr. McColl, is without doubt more natural
than the other when universal premises are given in
the affirmative form, but the distinction which jt pre-
serves between subject and predicate introduces a rather

greater degree of complexity into the rules for working .

it. An advantage of writing abe ¥ instead of abe =
is that the copula can be inserted at any point in the
excluded combination, and that elimination can be per-
formed on the premises as they are given, when they
have been expressed negatively, without first .trans
posing all the members to one sjde, *Without some-
thing corresponding to a contradictory copula, particular
propositions cannot be treated adequately, and gompli-
cated propositions of either kind cannot be simply
denied. With it, the contradictory of “all ¢ is all b,”
that is, &it is not true that all a is gl b isab+ab v ;
" that is, ¢ either some @ is not & or some & is not g’
And the contradictory of '
. abe + abe + ahey;
is
abe + ale + abe v

that is, some one at least of the given combinations is -

in existence.
EXAMPLES.

1. (By Mr. Venn in Mind for October, 1876.) The
memb\ers of a board were all of them either bondhold-
€rs or share-holders, but no member was bond-holder
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and share-holder at once; and the bond-holders, .as it
happened, were all on the board. What is the relation
between bond-holders and share-holders ?
Put
a = member of board,
b = bond-holder,
¢ = share-holder.

The premises are evidently

a ' be + T,

by a;

and taking the product of the coefficient of g by that of
a, we have

b (be + %) v,
or-

be .

The required relation is, therefore,

No bond-holders are share-holders.

2. (EXIL, p. 283.) What are the precise points of
agreement and difference between two disputants, one
of whom asserts that (1) space (a) =three-way spread
(), with points as elements (¢) (Henrici); while his
opponent holds that (2) space = threeaway spread, and
at the same time (3) space has points a8 elements ?

(¢ = be) = (ad + az + abe V), ™
e=10] =[al+ab(c+72)V], o
T at V. )

They both assert that
ab + at 4 ale v,
and the second asserts in addition that

abe 7 ;
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that is, that a three-way spread which had not points as
elements would be space.

3.\ (XVL, vol, x.p. 21.) From the premises
Ve (d+7)
bz T+ g)e
aAdyE(d+e)c
a+b+cyii

deduce a proposition containing neither z nor Y.

The term y does not occur at all; hence J can be

climinated only by dropping the parts which contain it.
There remain
‘ atd + ab (d + ) 7,
bede \ x5
and fakixlg the product of the first members we have

alids .

4. (XXIIL, p. 310.)
TY=a
fZ =

fiven j , find 2z in terms of ¢ and g,

The équations are equivalent to the exclusions
xyd + Ta + ja vy,
YRt ge+ Ze v
and after elimination of y there remains '
Fa+ Ze + xdc + i .

Collecting the predicates of zz and &z, we have
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Prof. Schroder’s formula, ¢, p. 49,
If m = and 7V 7, then m=all y + some Z,
gives, in this case,
zz = all a¢ + some (ac + @)
= all ac 4+ some @z, l
If it were required to find 23 + Zz, we should have
=z + Tz ac, ’ .
zz + IZY de + az;
whence ’ -
xZ + Tz =2all (ac + at) + some (a@c + ¢a + ac)

= all (@c + at) + some .

It is evident that (») cannot be inferred from Q.

5. (Educational Times, Feb. 1,1881, 6616. By W. B.
Grove, B.4.) The members of a scientific society are
divided into three sections, which are denoted by a, b, c.
Every member must join one, at least, of these sections,"
subject'to the following conditions : (1) Any one who
is & member of @ but not of b, of & but not of c,orof ¢
but not of a, may deliver a lecture to' the members
if he has paid his subscription, but otherwise - not;
(2) one who is 2 member of a but not, of ¢, of ¢ but not
of a, or of & but not of @, may exhibit an experiment
to the members if he las paid ‘his subscription, but
otherwise “not; hut (3) every member must either
deliver a lecture or perform an experiment annually
before the other members. Find the least addition to
these rules which will compel every member to pay his

subscription or forfeit his membership, and explain the
result.
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“Put z = he must deliver a lecture, = he must per-

+ form an experiment, and z = he has paid his subscrip-
. tion. Then the premises are
aey . (a)
ab+ 06 + ca 2z ’ ' (1)
a+catabyyz : (2)
7. (3)
It is required that 7 be excluded from all that part of
the universe from which it has ‘not already been .ex-
l cluded ; namely, from the negative of
| (ab+ e + ca)x + («€ +ca+ wb) y + abi + 77,
which ié', by the second rule for getting the negative,
(ahe + abe + &) (ab 4 ac + j) {(t+b+¢)(x+ ),
or . o Co
abezx 4 acky.
" Tlence the-desired “ least addition to the rules” is
abex 't acky Y E,
or, « f\:o one who has not paid his subscription can be
a member of all three sections and deliver a lecture,

.50p.0f @ and ¢ and perform an experiment ywithout lec-
- turing.”

6. (IIL, p. 237. Proposed for sixhpler solution by
Mr. Grove, Educational Times, April 1, 1881.) A nufn-
ber of pieces of cloth striped with different colors were

submitted to imspection, and the two following observa- -

tions were made. upon them: —
(a) Every piece striped with white (~sz) and green (g)
was “also- striped with' black (3) and yellow (y), and

vice rersa. -

“

1
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(8) Every piece striped with red (d) and orange (7).

was- also striped with blue. (%) and yellow, and wice
rersa.

<1t is requifed. to eliminate yellow, and to express the
conclusion in terms of green.
The premises are
wg = by, dr = uy;
and by (18') they are equivalent to the exclusions
wg O+ §) + byirg 7,
dr (@ + §) + uydr ;.
Collecting the coeflicients of y and 7 we have
bwg + wdr g,
vy +dryg;

and taking the product of {he left-hand members we
have

wwgdr + bdr @+7)v,

whicl is to be added to that part of the premises which
does not contain y; that is, to

why + drig V-
Concerning g we have

9V w @+ udr), Wryg;
or, with the affirmative copula, by (30),
§~< % + b2 + udr, bdr < g.

The first is equivalent to Boole’s conclusion when that

is reduced by drz =0. For the second Boole gives only
bdruwn — g

To solve this problem by Mr. Jevons’s method, it
would be necessary to write out the onc hundred and
twenty-eight possible combinations of seven terms, and
to examine them all in connection with each of the
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premises. As Mr. Jevons himself says: “It is hardly
possible to apply this process to problems of more than
six terms, owing to the lurge number of combinations
which would require examination” (XIIL, p. 96).

1. (HI., p. 146). From the premiseS
IO+ uy+wpHy
vaw (yZ+ §2) V
z(w+y) e+ zZo)y
(F+E7) (zw+ Zw) v
it is reciuired, first, to eliminate v; second, to express
the conclusion in terms of z; third, in terms of 5

fourth, to eliminate z; fifth, to eliminate Y.
The terms which involve v are

TZ+aw Y2+ §2) + 7 (30 + Zw) ¥ 3, (2w + Zw) Vv

whence, taking the product of the left-hand members,

we have only
xzjw N, - (e)
which is to be added to that part of the premises which
does not contain v,—namely, to
Tz (wy + TJ) + wy (zw + 7) + & (=0 + Zw) V.
. Collecting the parts which contain z and z we have
T\ 2w+ yEim, .
TV 50+ Zw + Eiwg.

The negative of the second member of (c) is, by (14),
2w + zicy, hence, by (18'), these two exclusions are
¢quivalent to the identity ,

& = £+ Zuw + 70, (@
or

T = zw + y3.

P
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No part of the conclusion has been dropped in (3) -
and (¢); hence the propositions which concern y may be
taken from them. They are ' :

a yVaiw, — meVg, (e)
y—<T+ 2+ w, 2w —y.

These exclusions yield nothing upon the elimination
of y; hence the only relation between z, z, and w is,
from (&) and (c), ‘

or

Zzw + 220 + TEw . (N

These conclusions are the same as those of Mr. MecColl,
and they are equivalent to those of Boole and Schréder.
Prof. Wundt (XVIIL, p. 356) accidentally omits (a)in
getting the couclusions in regard to g, and they are in’
consequence altogether wrong. e remarks that Schri-
der has treated the problem‘in],) a partly coincident

manner. I do not find that Mr. Jevens has treated it
at all. :

¥

8. Six children, a,, ¢, d, ¢, f, are required to obey
the following rules: (1) on Monday and Tuesday no
four can go out together; (2) on Thursday, Friday,
and Saturday, no three can stay in together; (3) on
Tuesday, Wednesday, and Saturday, if & and ¢ are to-
gether, then a, b, ¢, and f must remain together; (4).
on Monday and Saturday & cannot go out unless either
d, or ¢, ¢, and f stay at home. & and f are first to decide
what they will do, and ¢ makes his decision Lefore a,
d, or e. Find («) when ¢ must go out, (8) when he
must stay in, and (y) when he may do as he pleases.

Let @ be the statement that @ goes out, and & the

statement that he stays in, etc. Then we have for'thg :
first two premises
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M T abed+ bedo+. .. (1)

ThtF+8Gaet+ad+.... =~ (@)

The’third prémi’se ‘excludes. from certain days the com-

bination-in' which 4 and ¢ are hoth out or both in, ox-

» cept when a, b, ¢, /ancl S are together ; that 1s,
) T+ W+ s V2 (ZT + be) abef + (753_7'
‘ V@) (@45 EF) (e kb e+ f)

' ) VZE((L%—Z;-{-_G-{—f)+bc(&+ﬁ_—{-6+f);
or, finally, : '

T4V + S.V ZEEL + bie + ZT;}‘-}- bea + bc + bef'

The last premise is, for Monday,

MV b (c+ e+ f). : O

On Saturd:ny, ¢, ¢, and f cannot all ”stuynt home, by
(2); therefore, this part of the premise is

- S N (U

The first thing required is the elimination of a, d, anil

e. That part of the premises ‘which is already free from
. those lelters is - L '

' Th+F+ Syoef - . ()

T+ WA ST bef+Tif.- (3t

“Nothing can be eliminated hetween (1) and (2), because
MTh="0,etc. : ‘

For the same reason, d cannot be eliminated between ©

4.(4) and (2); and therefore the premise &) must be
simply dropped. @ and ¢ can be eliminated at onc: by
combining (8) with (1) and with (2). From (3) and
(1), we have respectively ’
T (T+W+8)bey a+,

A+ T)let+ced+...)V ae;

AY

- which with

]
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and taking thé‘productAof the right-hand members and
the sum of the left-hand members, we have ~ ~ o
| T @)
From (8) and (2) we have respectively .
(T+T+8) 6 7ate,

(Th + I+ S) (5+a+d+f)» v ag;

whence, in the same way, | .

S@ v T ®)

| By combinilig 4H ‘Witlv1 that part of (2) which does not .

contain. g, ¢, or U, and does ‘contain d,— namely, with

we obtain

I
The conclusion required is then contained in (2’), (3’);
(8), (6), and (7). But-ihe.information given in regard

to .S and 7 may -be somewhat simplified by collecting
their predicates. We have -

8 Uef+ Taf + U6 + bef + bif,
SYl+if : (8
TYbe+lif; - () .

and

Th+Fyaf, - (2
B S € )

form the entirz co‘hclusion. Collecting the subjects of
-cand ¢, we have ‘ ‘ :

(Th+ FYIf+ (T+ Wy if+ G55 (@)
T+ Wify ¢ @
SbfV, . () .
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where the last proﬂomhon is ulready independent of ¢

-and where ¢ cannot be eliminated hetween () amd (&) / ho -

/

“The conclusion may he e\pxesaul i words in this way (
{«), if on lhu’mlav © Priday & and f are hoth 'at /
howae, or if on/ luexdm or Wednesday f voés out wi N/
out b, or if &, ¥tays at home on Saturday, then ¢ 1 11>t/ /
go out; (,6’)4.11 b gues out on Tuesday, or if & gock
mthout S on Wednesday, then ¢ must stay at

(), whether ¢ goes out or stays in, & dees not e
\ without £ on Suturday. |

The nnm wr of (nnﬂ»m.lhon-; in thu com
nwersof » terms is 2%

V{v’[o dm dup—

I any actud] univyrse ot t,nf 173,

any one of these Ull]l})ln\ttlt)ll\ may be ei {101 pw\y,nt or

absc ;5 hence the number. of Qtferent iy in \),{n(h a ‘
universe may be made up out of » t} ngs’is 27 The L
followinu Table ¢ives the sixteen pos: lble com/tltutmns ‘

of the universe With respect to two tfrms! lhe wrn 1

ndicates the presence of the combj atinn at the Tpad |

of which it ‘stands, 0 its absence With fhe il of

the dual notation, applied to logical: .11'rn/bn by e

Franklin,! cuch caze may be defiged by a xrumlw r; itis

only necessary to attribute powefs of twol.l\ weights to”

the different combinations, and th denh[i’ cach arrange-

nient by the sum of thy iveights of tbw COllll)lI'dt\()nnf}l" - |

- which are present in it. /I{ w c/ take tl (v/combumtmm of

a and b in the order ab ah, &7 ab, Ill/‘)in 4, or 0100, f\e«

Jictes that the combination ¢b is proﬁ‘ent and nothing )

else; O or 1001, that fib anfl ab are )reaent and ab and
ab are ubsent, etc. / /?

f
I

1 Johns Hopkins; Univerbity Circalal April, 1951, -
‘ {

i’
@ : i /5
. / / “/f"

universe in which nothing exists.
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b l ah ‘ @b ab ’
8; 4 2 1
0 0 0 0 ' 0 _
. 0 0 0 1 1 /\
0 0 1 0 2
0 0 1 1 3
. 0 1 0 a
. 0 1 0 ™M 5
AT
1 o 1 1 0 6
;0 1 1 1 7
1 0 0 0 8
1 "0 0 1 9
" 1 0 1 0 10 ¢
‘ Tt o0 1 1 1
1 1 0 0 12
1 1 0 1 | 13
1 1- 1 0 14
1 1. 1 1 | 15 ‘

/

If @ is animal and ¥ is black, then the 5th case is that
of .2 universe made up of black animals and animals
which are not black; in the 12th case the things which
are wanting are black animals and black things which
are ‘not animals, —that is, there are no black things in
thisfiniverse ; the 15th casc is the actual universe with
resjact 1o the terms animal and'black ; the O-case is &
erse Ii the material tini-"
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verse is the subject of discourse, and if @means maiter

and & means indestructible, then the existing stute of

things is described ly 5 indestructible matter exists,

“and what is not indestructible” matter does not exist.

This Table is given by Jevons (XIIL, p. 135); but he
does not take account, of non-existent terms. and lence

all but seven.of the sixteen cases Gl but 6,7, 0 11,7

13,314, 15) are-considered by him to be logicul absurdi-
bJ ) ot v o A

ties: If a.and b are propositions, then case 9 is a

universe in which thev are true together and false to-
gether, and in which the time during which « is true
is identical with the time during whith 6 is true, cither
logically or extralogically. The O-case is o universe in

which no proppsition is trae. Two cases the sum of
whose chur:xcteﬁ&@mmhbm I3 15,—as 5 and 10, or
0101 and 1010, —Nave Teen eqllod hy Prof. Clifford
complementary cases: what exists in one is what does
not exist in the other. A

To exactly define the constitution of any universe, it
Is necessary to state, in regard to each combination, thag
it is present or that it is absents The simple laws which
every two terms obey arve therefore four in number,
being partly universal propositions and partly particu-

lar; except in the 0-case, where all the universal propo-
-~ sitions are true, and in case 15, where gl the particular

propositions are true. e perfectly symmetrical wni-
verses are thus the smiverse in which there is nothing
and that in whjel there is some of cverything.  For
cuse 8, we have :

» (a0 (@g)(ay D) (ay D,
and for case 13 . '

(e v O) (17 0)(avT)(avi).

When two simple or compound statements cannot be

v
’
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converied into each other by any interchange between
the” terms which enter them (including negatives of
terms), they are said to belong to different types. The
universal propositions in two terms are of six different
types.  Noue, one, two, three, or four of them may be
true, and it is only in the case where two a1¢ true that a
difference of type is produced by the way in which the

~'propositions are selected. Those two may be taken so

that one letter has the same sign in both or not. Thus
we may have either,
abi+al G, .

- that is, ' ¢

av;
or
e ab+ by,
that is, -
a =20

The following Table gives the six types, the proposi-
tions which define them, and the universes which belong
to each type: —

Type. | . Unirersal, . Particular,

(aVb)(.aVb)(aV(?)(aVZ) 15
@V (aVI)(@vey | 84,21
@vi)@viy  |12,310,5
(aVb)(dVB)_.-”: 6, 9
V. at+ly avy ¢ 17,11,13,14

VL lata+0+47y| . Tl L 1

I. and’,YI:' are compl‘éiﬁentary trpes; and so arc IL and

V. The universes complementary to III. and IV. are
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of types IIL. and IV. respectively. Six is the number

of types of a universe in two terms, when all the par-

ticular propositions which the universal propositions do
not deny are known to be true.  1f one tokes aceount of
combinations of altrnations and alternations of com
binations of both particular and universal propositions,
the number of types is laraely inereased.

A race of beinus which always completely defined its
universe woull luwve the above four-fold statements for
its forms of expression.  The cight propositions which
are used by the race which exists are not complete
definitions of a universe, hut they are symmetrieal ;
each has an cight-fold <lwrve of ambiguity. “Nua s 07
denies the existence of the combination ab, Tt it Teaves
it doubtful whether, of the rem: uning wmhmdhon\ none,
any one, any two, or all three exist. “ Some « is b
which -aflirms the existence of the combination ab, re-
stricts the universe o some one of the c¢icht cases, — 1

S0, T, 0, 11, 13, 15. 1, 110\\(‘\#‘ propositions  arve
talwn in the other sense, — if pmm\e (affirmative)
propositions ave tuken as implyving the existence of the
subjeet and necative not, — then they do not include »1i
possible states of things with symme try.  The negative
universal sud the positive particular propositions cover
eizht cases cach, as bifore s hut of the positive universal
ayl takes in the four cases 1, 3, 0,11, and a3 & the
SN eases 1,45, 0,12, 13 only, and thmr contradictories,
the n(-f:ntno particular, have respectively a twelve- Iuld
and a ten-fold deoree of ambiguity.

On the other hand, a race of beings which had the
greatest possible variety of expression would be able to
speak with any degree of ambiquity at pleasure. It
would have a distinet propositional form for restricting
the universe ‘to any one, one of any two, one of any
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three, ete., of the possible cases; or its entire number
of propositions in two ferms would be 21° or 21817,
according as one counts or does not count the case in
which nothing is said.  All the 65,536 or 65,535 things
which can be said without using any other terms than
theologians and scientists, for instance, the existing
race is able to say, without very much difficulty, by
combinations and alternations of its Aristotclian uand
Morganic propositions.  To say that either no scientists
are theologians (0, 2, 4, 6, 8, 10, 12, 14), or some theo-
logians are not scientists (3, 7, 11, 15), or some of those
“who are not theologians are scientists and some are not
scientists (13), or else everybody is a theologian (1), is
to make a slatement of fourteen-fold ambiguity, —to
limit the cpnstitution of the universe under considera-
tion {0 some case exclusive of 5 and 9. The contradic-
tory of a statement of the form

@)+ @vh+(avl)(@vh+@V)
is, by (13),
(@VI@T(aTT+avh)(FEV);

and to affirm that there are some theologians who are
scientists, and that there are no theologians who are
not scientists, and that either all scientists or else all
non-scientists are theologians, and that not everybody
is a theologian, is to affirm that either 5 or 9 furnislles
the complete description of the universe with respect to
the terms scientist and theologian. {

In three terms the number of combinations is 28, the
number of possible universes is 2% = 250, ang the num-
ber of possible propositions with all degrees ofl ambiguity
is 2%6, The types of universal propositions/have been
given by Mr. Jevons (XIIL., p. 140), but the/ number is .
increased when single terms as well as cqmbinations
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are permitted to be non-existent. Prof. Clifford's
method . for obtaining types (¢ Essavs and Lectures, —
On the Types of Compound Statement involving Four
Classes ™ ) is not diflicult when applied to these terms.
1t takes account of terms which do not exist, and the
number of types which he gives for four terms, 3¢ 06,
would be different on any other hypothesis.  The pmb—
- lem would certainly be extvemely difficult if such state-

ments as Mr, Jc.\Ulla calls contradictory were excluded.

Prof. Clitford's solution takes account of combinations
only of universal propositions. The number of types
of alternations only, and of alternations and combing-
tions of particular pmpmmuns only, is also 306, and
the entire number is in this way raised to 4,306 ; but
the determination of the vamber for mixed um\emll
and particular propositions and for mixed alternations
and eombinations of them is still in the region of un-
solved problems,

I three terms, the number of types of comlin: ations
ol universal I)l(\p«)\lﬂ()n\ Is twenty-six,—six four-fold,
Cetrhit less than four-fol d, and cicht more than four-fold.
The types of more than four-fold statement may be
obtained by taking those combinations which are not
excluded by the types of less than four-fold statement.

Less Tuax Four-ToLp.

0
ahe
abe -t abe
abe - ali
ahe L ah;
abe 4 ule + abe
abe + alF + ahe
ahe L alg + abi

ON THE ALGEBRA OF LOGIC.

" Four-FoLp.

abe + dbe + abe + al
abe + abe + abe + al
albe + abt + ale 4+ ale
, dhe + alic + ale + alg
NII1. abc + als + abé + abe
XIV. abe + ale + ale + ale

When condensed, these exclusions appear in the fol-
lowing form. The Arabic numbers give the correspond-
ing types in Mr. Jevons's Table.

- 0 ] xXIL.. 1

sl ae XXL | .| etb+to

2 ab XX .. a+b

V. 12] (ab+al)c XIX. .. ab+ab+e¢

11|  abe+ alec |XVIIL al + U8 + ca

7 (e+10)c XVIL L. . ab+c¢ ‘
9 ab + ale XVI al + ab+ abe
131 abe 4 (ab + ab)e XV. (a+0)e+ (al+ ab)e

XL : ab + be+ ca
X. .. a
X1 ac+ 0C
XII. ab + &b
XIII. / a(be+e) +a (le + UE)
XIV. abe+ (@a+0)¢

The exclusions

IV, XVIIL, XI, XII, XIII, XIV.

arc equivalent respectively to the identities

ac=le, a=b=c, ac=0U; a=l, 'a:._bo+56, ab = c.
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*

In these Tables, the letters may represent propositions
as well as terms; of the 256 ways in which tlnce propo-
sitions may be put together they give the 22 which are
of distinet type. Case V., for instance, Js the case in
which three propositions, py, py, py, are affirmed to be nos
all at the same time true and not all at the sume time
false; or, in other, words, it'is known that some one of
them is true and some one of them is false. In case
XVIL, p, and p, are’ not true together, and p, is not
true at all. When the universe under discussion is the

logical universe, the Tables serve to enumerate the 22.

possible types of nr"ument between three propositions.
In case IX., py, py, py are propositions so related that
from the truth of any one the falsity of the other two
can be inferred; in case XL, they are such that if two
of them are both false or hoth true, the third is there-
fore false; and, conversely, if that is false, the others
are therefore either both true or both false. The syllo-
gism pyp,p; 7, is of the type II. The argument “if
either some animals covered with fur are black or some
black things not covered with fur are animals, then
‘some animals are black,” — that is,

(abz V) + (alw V) V(ab V),

which is of the form (p, + p,) 7, V>, — belongs to t)pe
VL ; and the identity, .

@vd)(eVd)=(ab+cd V),

belongs to type XIV. In order to find actual arguments
of all the 22 types, it would probably be necessary to go
'into some hyper-universe where the laws of thought are
different from those under which we reason.
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Note. —In the foregoing article ““combination” has been used 2s
synonymous with ‘“multiplication.” In the following article, ©combi
nation™ is used as including both mulsiplicution aud addition.
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B
‘

By O. O. MircHELL.

Tre algebra of logie which T wish to proposc may be
briefly characterized as follows : All.propositions — cate-

gorical, hiypothetical, or disjunctive — are expressed as

logical polynomials, and {he rule of inference from a set
of premises is: Tuke the logical product of the premises
and érase the terms to be eliminaled. No set of terms
can be eliminated whose erasure would destroy an ag-
gregant term. So far as the ordinary universal prems-
Ises are concerned, the method -will be seen to be simply
the negative of Boole’s method as modified by Schrider.
The reason is, that the terms which the propositions
involve are virtually all on the right-hand side of the
copula, instead of all on the left-hand side, as‘in Boole’s

‘method.

Attention is especially called to the treatment here
given of particular propositions (of which there is intro-
duced a variety of new kinds) which is homogeneous
with that of universals, the process of elimination being
precisely the same in each case. For the sake of clear-
ness it may be well to state at the outset that I use
addition in' the modified Boolian sense,—that is, z+ y
= all that is either z or y.
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§ 1. Logic has principally to do with the relations of
objects of thought. A proposition is a statement of sucl,
a relation.  The objects ofsthought, smong which rela-
tions may be conceived to .exist, include not ouly class
terms but also propositions. The statement of a rela-
tion among propositions is a proposition about proposi-
tions; which Boole- called a secondary proposition. But
every proposition in its ultimate anabysis expresses a
relation among class terms. The universe of class terms,
implied by every proposition or set of propositions, may
be limited or unlimited. Two class terms, a, b, are
defined as the negatives of cach other by the equations

(l)-{-ll:[],
(11):0

)

where U is the symbol for the universe of class terms,
Two propositional terms, a, 8, are defined as the nega-
tives or contradictories of each other by the equations -

¢+ = oo
i =0,

where oo is the symbol for the universe of relation, or
for “th¢ possible state of things.”  Mr. Peirce uses o
indifferently as a symbol for the universe of class terms,
or for the universe of n@ation, but in the method of this
paper it scems most convenient to have separate SVIN-
bols. We can speak of «all of " or “some of 7 U, but
hardly, it seems to me, of “all of” or “xome of” the
-universe of relation ; that is, the state of things. Tor
this reason oo seems an especially appropriate symbol
for the universe of relation.

The relation implied by a proposition iay be con-
ceived as concerning “all of” or “some of” the uni-
verse of cluss terms.  In the first case the proposition

v
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is called universal; in the second, particular. Tho rela-
tion may be conceived as permanent or as temporary ;
that is, as lasting during the whole of a given quantity of
time, limited or uulimit-ed,~tl)c’Universe of Time, — or
as lasting for only a (definite or indefinite) portion of it.
A proposition may then be said to be universal or par-
ticular in time. The universe of relation is thus two-
dimensional, so to speak ; that is, a relation exists among
the objects in the universe of class terms during the
universe of time.

The ordinary propositions neglect the element of time;
and these will first oceupry our attention. )

Let 27 he any logical polynomial involving class
terms and their negatives, that is, any sum of products
(ageregants) of such terms. Then the following are
respectively the forms of the universal and the particular
propositions ; —

All Uis F, here denoted by F,,
Some U is F, « “ F,.
These two forms are so reluted that
B+ Iy = o,
I, =05
that is, £ and 7, are negatives of each other; that is,
(Fy=F,. - The two propositions F) and F, satisfy the
one equation _ ) )
. FF = 0, ’

and are “‘contraries ” of each other. Whence, by taking
the negative of Loth sides, we get

o+ I, = o .
that is, F, and F, are « sub-contraries ” of each other.

The line over the ¥ in the above does not indicate the
negative of the proposition, only the negative of the
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predicate, . The newative of the propozition £, is not
I, but (£, which, according to the above, = 77
The*Aristotelian propositions are represedted in this
notation as follows : — ‘
V(E+h), = Al cof Cise7 LeNo g ia U
(ethy Someof 7755 ub = Some ¢ is by .. .. L
(), =Al o Ulsd+0=A1 «isx N
G, = Soweof Uisab = Some « is not o, . | 0.
By substituting @, b for «, b throuchout we vet the four
cotitplementary propositions of De Morean,  If these
- bwo forms beapplied to the sixteen possible sums of ab,
ab, iib, b, there vesulrs the Jollowing

o

CTaeee or ProposiTioss,

(b + b + ah + aby, . ;

(117) -ah (/7,)
(ih - (ihh »{-w/:),
(1,’); [ oh .- (_'l‘v,’)l

<nf| Loy -+ al)
(ah aly 0oL (itbot-
O S (vt -+

- 1)71.)1 e e, (/7}/ -+
wh L ANy (i 4

(l/l)l T (1

‘dt))l....,......‘..(.II(TI%—
. (1771 -+ alb
< (b ab 4 ab),
. (177; + ub + lzZ)u
. (b + ab -+ ah),

(b 4-"ab + ab + ab),

| )
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Opposite propositions are hegatives of e!fch other,

The Table reduced to its simplest form beconjes

‘REDUCED TaBLE.

), . ;‘ R (0).

(@ + E)l N N (O

@+ . . .Y . (ul),
- (e - E)l e e oL, o - (ab),

(@) o o 0oL (aly,

ey, oo (@),
Oy o @),
(ehtal)y oo (@b at),
(ab +aby, . . . . . . (ab + ah),
: (V)
(@)

Aa+0),
(@ +0),
N ((l + E)U
e+ b),

N

16 e e e e (U

If three terms be treated in a similar way we get
2.2%,= 512, different propositions. With n terms the
total number is 2.9%",

The propositions (0), and (0), assert that there is no
universe of discourse, and are false in every afgument,
since a universe of class terms greater than zero is to be
pre-supposed.  Their negatives (U7),, (U), are there-
fore true in every argument. The eight propositions of
De Morgan occur in lines 2, 3,4, 5 of the Table.
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Since the. universe of class terms is supposed greater

than zero, the dictum de omni gives T
F, “‘< F,;

that is, *all U is F” implies * some U is.F.”
. Tosay “no Uis " isevidently the sume as to s2
- Uis F;” that is, F, = £, and since a proposition
suffix is 0 is thus expressible in a form with the
equal to 1, each suffix used will be supposed greater than
zero. The suffix win £, is taken to be a rfraction on part
of U less than the whole: that is, = some of 7 U In the
proposition “some U is £ it is not denied that all
U may be F, but the assertion is made of only ajpart
of U. Thus u is taken as greater than zero and| less
than 1, or U. _ When u is written as a suffix of différent
propositions in the same argument, it is not meant | that
the same part of {7 is concerned in each case. Fis Lvrit—
ten for convenience instead of 'F,r. Sometimes 1",‘ will
be written as a form inclusive of both the forms Fy and

F,; that is, e will be considered as having cither o'l“thc j

two values 1 or u. w

For inference by combination. of such propu)sition‘s we
have the following simple rules: —

The conclusion from the| Tl conclusion from the
product of two premises is the ! sum of two premizes is the
product of the predicates of | siom of the predicates of the
the premises affected by asuf- | premises affected by o suflix
fix equal to the product (in | equal to the sum (in intension)
éxtension) of the suffices of | of the suffices of the premi-
the premises. Thus ses.  Thus

F,Ge ~< (FG)e Fo+ Go—< (F+ Dere

* This is Mr. Deirce's sien for the copula of tnclusion, beingan abbrevia.

<

tion of Ty It is read “is,” “'is inefhided under,” or *“implies.”  The
following &rmnlm are sometimes made use of in this paper: (@ —< b}
= (< 4) = (b = 0) = (» = d + V), where ® = the universe of dis-
course. Also, (2 < b) (z < ¥) —< (ax —<0by).

- . : -
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\_Vhon both premises are -( universal 1’(]

. t S DO
the { product ) (leI‘ icular J ‘ . |
e B J,and the conclusion is equality ;

1e relation be-

tween
sun

otherwise, the relation is <, an implication. Thus

)y F6 =6, | F+G = (F+6), 1)
() FG, < (FG)., Fo+ G =< (F+ 0, (2
(3) - G, — P+ G =< (F+G),. (3

Fhese formulie are so evident us hardly to need explana-
tion. (1) means

(U=F)(U=6)= (U= Fe),

and 3t follows from the definition of Jogical multiplica-
tion. By taking the negative of both sides, and chang-
e G to £ Gy we get (1), The law of the suflices
m (1) is w4 w = u,or some + some = some. (2) wmeans

(U=T) (u=G) = (u=FGQ),

and follows also from mnltiplication. The law of suf-
fices is T = that is, Uwe = v, Since G <G, (2)
) . e\~
follows from (19. The Taw of the sufficestis w+1 =u;
that is, “all of ” or “ some of ” =« gome of,” which is ad-"
dition in an intensive sense. In formula (3) there can
l.«, no inference when nothing is known about the rela-
tion of the two suflices; that is, G, < w. Ifitbe
kn'mvu that » and «' have any common part, then for -
this c'ommorn part £, G —<C (F@)y Thusif u= 30,
andu'=1E then 7, Gy~ (FF)yn,where u' = un'=3U.
Since we evi .
e @ idently have (F@), < F,Q,, we get by
contraposition the formula (3'), which means in words
iny s 1 1

citherall U= F, orall U = ¢’ implies ¢all U = either
ForGr”

Having regard to (1) and (17), it will be seen that
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the most- general proposition under the viven conditions
is of the form ‘

M(F, + XG), or N(FIG),
where F and ¢ wve any logical polvnomiols of cluss
terms, IT denotes a product, and 3 denotes @ sum.

If Fand ¢ he any of the sixteen polynomiads involv-
ing two cluss terms o, b, it is interestine to notice that
any proposition, 3¢ £ ITF), can be reduced to (e <um
of products of the cicht propositions of De Morman,
Thus, referring to the Table on page 76, any proposition
Fyin the first colimn is equivalent (1) to the product
of one or mare of the propositions 2,35 4,5 —that is, £,
A, B A (the two universal propositions added by De
Mmg:m to the elassic two heing represented hy F7 (1)
and any proposition (7, of the seeond colimn is cquivas
leng (1) to the sum of oneor more of the proposiions
L0, 1', 0, the two accented letters representine tle
particular propositions added Ty I)o. Movaan.  Thas
Fo=Te, and IIT(F, = H‘,} == N3, where a is one of
the four universals of De \[uwm, .lllll 3 iz one of the
four particulars. Thus

S (FIG) = S (MeSHB) = 3 (ellf).
Thus, for example, the proposition
(@0, (ab +aly, = (ah), 4 (), (a+ )y,

when reduced, ]N‘N:nn's
{(‘11[/)“ +4- (117)).‘ + ((_l/ﬁ)”} (77 + /;)‘ (it 4 Z)l
+ (a+ E)l (@+ ), (e + 0y, + {(ah) + (aZ)“} (0 +0);
e AAT+ ALO+ L0+ FAL'E + E'T+ E'O. ‘
In like manner it may be shown that if F, G, cte. be
lozical functions of any number of class terms, q, b, ¢,
ete., the general proposition

I (F,+3G), or S(FIG,)
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may be reduced to a function of the elght propositions
f De Morgan of the form

Sy,
where g, ete. are the eight propositions.

Propositions united by + form disjunctive propo-
sitions. A hypothetical proposition, “if a, then 3, or
a ~B, where a and B are themselves propositions, is
evidently equivalent to the purely disjmetive propo-
sition g 4+ B. Thus “if a is be, then éd is ¢” weans

((Z + bc)x'< (¢ + d + ")13
which is the sume as

(el +a)y+ (0 +d + ¢),
which muy he put into words in one way as follows
“rome a ix either non-b or non-e, or all d which is non-¢
15 ¢.” The preceding formuke are examples of @uference,
by comdbination of propositions ; that is, of inference from
a product or from a sum of propositions.

Interence by elimimation will now he considered. Tt
will only be necessary to consider the fundamental form
Loy where e muy be either Tor w. If F be a polynomial
of the class ferms, a, b, ¢, .. . 2, 9, 2z, then z, v, z may be
climinated from . by erasure, provided no aggregant
term is thereby destroyed.  That is,

]:‘c —< 1":’;
where J7 is what remains of # after the crasure.  Thus
(@x 4 bery -+ dez + c?b) - (a@ + be + de + (76)(

The reason is obvious. To say that « (all or some) U
is dr, or beZy, or ete,”ds sayving by an obvious implica-
tion that « (all or seme) U is @, or be, or etc” F,

means (all or some) U —<C F, and the erasure of a fac-
tor of a monomial term of #' simply increases the extent
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of the term ; therefore the predicate Z' is not diminished,
and (all or some) U — F',—that iz, F. is a valid in-
ference. ~F" is really the sum of the coeflicients of z, y,
z in F, and is obviously a factor of #. The other factor
of Fis F+ F'; for F'(F+ F)= F.and F+ £ is scen
to contain no factor independent of x, y, z, since on

erasing z, y, z, the result is '+ £, = . If one of the

aggregant terms of F contain no letters except those to
be eliminated, then its coefficient is {7, and £ will in
this case be a nugatory result. Thus from (i + bed),
b, ¢, d, be, bd, or ¢d can be eliminated, but not a, ai, ad,
ad, abe, abd, acd, or bed.  As already stated, this alee-
bra is the negative of Boole’s as modified by Schriider,
o far as unirersal premises are concerned.  Thus Boole
multiplied propositions by addition, and eliminated by
multiplying cocfficients.  The method here emploved
multiplies propositions by multiplication, and climinates
by adding cocfficients. When many climinations are
demanded in a problem, the advantage in point of
brevity of this method over Boole's is of course greatly
increased. )
Before considering some illustrative examples, another
kind of inference is to be noticed ; namely, inference by
predication; that is, the finding what a civen proposition
says about a given term, simple or complex. The rule
s Multiply F by the given term, m. or add w to F. The
resulting éoejﬁcicnﬁ&f m in mF, or the residue of F after
adding m and reducing, will be the predicate of m. Thus

F.o< (m:mF).,
or F. << (m+ F),.

The first means, “if U= F for all or some U, then
m = mF for all or some U,” and the result is obviously
obtained by multiplying both sides of U = F by m. The
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second relation means, « if e U V
then =i + F for all or ;
obtained by adding 7 to hoth .

U+in= U Wehave, of course,

sult is
ciunering that

(m 4+ Y= (in + mEY = (m = mI)..

I now give the solution of ihe well-known problem of
Boole, “ Laws of Thought,” p- 146, The premises are,
rewembering that (v = §) = (@+0), (a4 b),, ‘

(¢ 4+ =+ vy + Ly,
(0 +F+ @+ y= + 7)),
(F 4+ 7Tj + wz +wz) (ay + vr + wr 4 wz),.
Multiplying the premises together

, and dropping v from
the result, we et

(wirZ 4 wlz + oz + wryj + @wryz),, = say F,.
" A ’
The four results asked for by the problem are
(1) (T + w? 4+ 7z + 7y,
(2) (0 + ws 4 @z + 0 + wyz),ioe (U),
(3} (J + €Iz + Wz 4 wiz 4 wxZ),
(4) (Tx + @ + % + wiz),l
The first gives the predicate of z in terms of Y, 2, w,
being the same as z —< w3 + wz + wy, and is obtained by
adding 7 to # and reducing. The second is the relation
among y, z, w, and is oblained by dropping z from F
glld reducing. The result (I7), shows that no relation
1s implied among g, z, w alone. The third gives the
predicate of y in terms of z, z, w, and is obtained by
adding 7 to Fand reducing. The fourth is the relation

“implied among z, z, w, and is obtained by dropping y

from I and reducing. The relation (3) is not in its
simplest forw, since the implied relation (4) among z,z,w
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has not yet becn taken into account. Since (p. 81)
we have F=F' (F + F"), where F' is what remains
of F after erasing y, and '+ F' is that factor of
which containg no factor independent of y, we get

F, = FI(F+ F),. The first factor £/ is (4), and from”
the second factor we get (7 + F+ £7), as the simplest .

form of (3), that is,
(7 + zu+i + ).

Ordinary syllogism appears ii this method as follows:

The mood Barbara becomes
(@+5),F+0c), = (ab+ ac+be), < (@+¢),
b being eliminated by dropping it. The moods Darii,
Datisi, Disamis, and Dimaris are all
(ab), (B + ¢), << (abe),—<< (at)y-

The premises of the mood Darapti are

(7 + p), (i +8)y, = (4 5p)y5

.~

but there is no conclusion independent of the middle ,

term m, since m cannot be eliminated. . In inferring the
conclusion I from these two premises logicians have
virtually included a thivd premise (m’,, that is,** some
of U is m,” or *“ there is some 2. This with the pro-
duct of the other two gives ** some s is p;~ that is,

(m 4+ sp), (m), =< (spm), << (5p)u-
In the same way, the premises of Felapton and Fesapo
are g
(m+ p)y(m + 8), = (in + Py
and m cannot be climinated here.  With the additional
premise (m), we get “ some 8 is not p; 7 that is, |

(m 4+ sp)y(m), =< (spm), ~< (P)u-
The premises of Bramantip are
(B +m), (W + s), = (P + sm + 0p), < (s + D)3

OF LOGIC.

N
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that is, the conclusion is not “ some s is p,” but « all pis
s, or “alls is 2, the proposition 4. Here, again, the
cg-nc]usiuu ‘““some s is p 7 has been reached onllvy b}" the
virtual inclusion of a third premise,  there is some p,”
that i‘g, () Then we 11:1\'9 ’

(s 4+ s+ ), (), << (smp)y < ($42)u-

'I]ns. 1s the same thing as {o say that a particular con-
ClllSlOl} cannot be drawn from universal premises, since
2 particular proposition implies the existence of it’s sub-
Jeet, while a universal does not.!

As another illustration of the method, I sol\'(,.r the

roblem in Boole’s ** Laws 5y \
p. : soole’s *¢ Laws of thought,” p. 207. The
prewises are

(i + zjz + Fyz + 1j2),,
(7 + pyr + pyr +- _’7”77’>n
(7 + 77 4 D)y,
(4 f)“ )
(4 ).
Theie preduct is
- (— - pu— . — -— s —— v
g + 3 (7 o+ pri + Jigr) + o7 + Tz + 7y= (pjr + 5gr
s J_"}r)é +wd (pggz + prgx + paryz});, say F,
which contains everything implied in the premises. "The
results as\»d {or are
1. (r+¢ + I whence © t—<r+ 2

2. . (7‘+Z~{-3j)”' “ t<<r4+7
S (U)y,

1 Mr, Peiree and others. ° /

<&
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@+ ), whence t < T
(P+q+ Do “ y<pt+1
yE<r4t
T —< 2

2 << yr
Ty <t

t< U
{y: + 72 <
The relations in the first column are cach obtaingd b?
dropping from F| the letters not concerned in the quiesi-
tum. Each predicate in the sccond column is obtained
by multiplying its opposite 2" by its subject. The re-
sult 4 disagrees with that obtained by Boole.

The two examples taken from Boole have dealt ex-
clusively with universal propositions.  The following is
of a different kind: — . )

What may be inforred independent of x and y from
the two premises, “ either some w that is X ts nat v, or all
d 28 both x and v ;" and *either some y 3 both b and x,
or all x 18 either not y or ¢ and not b ?

The premiscs are

' (az7)u + (1 + 7y),,
(bxy), + (F + 7 + L),

By multiplication we get

G+ gz + yzr),, whence

7. (t + = + yZ),,  whence

(azf)u (bey)u+ (bry)u + (az]), + (dE + d7 + Ted + Texy),

Whence,-dropping z, y and reducing, we get
(b + a)y + (14 T,

which may be interpreted in words, ¢ there is some b, or
. b
a, or else all d is ¢ and not b.

v
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From this result we may further eliminate . Tlimj-

nating ¢, we get
G+ a)+ (@ +17),
which means * cither & or 4 exists, or no d is 0.”

The analogy between class and propositional terms. —
Hitherto in the consideration of £ and . the polynomial
2" has heen regarded as a function of class terms a, b,
ele. Suppose a, 0, cle. to be propositional terms like
Frand £, and call the resulting polynomial no longer F,
but @, Then the suffices of ¢, and 9, cannot be in-
terpreted any longer as referring to the universe of class
terms, sinee the pPropositional terms F F,,ete., of which
¢ is a function, are supposed o have already suffices -
with this meanine.  The suffices of ¢, and @, can only
be interpreted then as refe

rring to the universe of the
time during which {he

complex or secondary proposition
@ is supposed to be frue. Then, if 7 denote the uni-
verse of time,

@ meims S, during all 7 or “ull T o,

¢, o« b, some F,7 or “rome V—< ¢

In otlier words

$; means  “d gy always true,”
¢, o« “Q s sometimes true,”
where ‘afivays ™ refers to the universe of time, V.
Owing to the similarity between class {erms and propo-
sitional terms with respect io the operations of multipli-
cation and addition, it follows that all that has been
said in regard to inference from propositions like 7, F,
holds equally witl) P, and ,. Thus

¢V, = (), D, A W, = (¢ + U)oy
P < (¥¥),, P+ W, < (D Y.,
Y, < oo, P+ ¥ < (® + ).




© ON A NEW ALGEBRA OF LOGIC. ST
So in -resard to elimination, any set of terms can pc
eliminated by neglect, provided no ageregant term is
thereby destroyed.

§2. Propositions of Two Dimensions.
2. PO )

Let 7 stand for the universe of class terms, as l:o[ore,
and let J7represent the universe of time., Tt ‘]' be a
polynomial function of class terms, «, b, (rtc.. .'lhen let
us consider the following systewr of six propositions:

I, meaning “some part of ) during some part of 1 is
)& « “some part of 77 during every part of 17
uly .
r « “every part of 7 during some part of T
YD) e
r ¢ e same part of U during every part ot 1715 £
W'y ' v
. . A Y AR
I “every part of U during the sawe part of Fis F)
i’ v ' . N

. . R N AP
,'“’ It « every l\:”‘t of { y (llll'”lg every I"“‘t of | y 18 L

By thus introducing the clement of time, three varicties
ni: the proposition £, ave (115(111}:111»111)«[,?—,1'.',1:., ., 1"",,.
Thus inespeaking of the people ol a certain village ’kllll'llli_';
a cortain summer (07 = village, 17 = sumner ), some
of the Browns were at the sea-shore during the snum-
wer may neean either that some of them were there
durine o {»m‘t of the swmmer, or that some of them were
there durving every part of the summer. — not necessarily
the save persons,— or that the same persons were there
during the whole sunimer. These three meanings arve

here denoted 1'(‘*[“‘“.1\'“1." b»\' U“"")"M (0)n, (»]"\:)”"' Three

A . o - Al
vavicties of  F) are also distincuished, — £, Fy Fi

Thus = all thé Browns were ill duving the year” may
nean cither that every one was il during every, part of
the vear, or that everggone was il during some part of
the year, — not necessarily the same part, — or that every
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one was ill .during the same part of the year.
threc meanings are denoted fespectively by (0 + 1)),
O+ Dy @+ -

\ . . } . .
The dictum de omni. gives the Tollowing relations
among these six propositions : —

i

I —~< B\ LI FF,,, and Pyt Bt Fp+ 7+ Fa<F.;

uv )

and since same is included under some, we have

];'lv’ -'< 1"111 lll]d 1’-‘"—1 —_< Ful'

The following pairs of propositions,

N 75 AT o
Fand £, T and Iy P and 77,

satisfy the two equations

e+ = w,
Tuaf3 =0, . :
and the members of ¢

or contradictories of cach other. Thus if F — b+14, itis

seen that (00),. and () + 2y are contradictories ; {hat is,’
“either some of the Browns were not, ill-duri
part of the year, or they were all i1l
of the year,”

ng some
during every pars
and both cannot be true. An ex mple
of the second pair is (), and (@ + Dy ; that is, “ cither
some of the Browns were ill during every part of the
year (not necessarily the same persons during the whole
vear) or al some particular time none of them were
L™ and both cannot be true.  An example of the third
pair is (D), and (5 4 7),, “either the same Browns
were il during the whole year, or it was trye for each

* The nnfur:ﬁ?ﬁmt thought is that Iy, Fu, Fiy, Fue form a system of

propoasitions by themselves, hut it is ceen that Py und Fypmust be-added
to the systew, in order to contradict Faand M. Mr Peiree pointed out
to e that thes propositions are really friple relatives, and are there
six in number,
v

fore
£y, for lustance, meaus *“ # is a description of U during
See the Johns Hopkins Cuniversity Circulur, August, 1882, p- 204,

These -

ach pair are therefore the negatives

b VRl b oadiwd 883031
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Apart of the village during some pzirtof the vear that none
of the Browns were ill,”” and both cannot be true.

Since from A < £ we get A+ B= oo aud AL =0,
so from I, < F,,

we geb Iy, + F,= o,

and - F =

¢
hence F, and #, are ““contraries ” of each other, and
F,,, F, are™ sub-contraries.” In the same way Fy, —< £,

gives Iy Py = o
and ~ F.Fy=0;

that is, F. and 1_'2,1 are contr:irics;, and £, I, are sub-
contraries. The line over ' affects only I7 not the
suffices. Thus the negative of F, would be \\ntteu
(L), not L.

-To say “no U is F, during V7 is evide ntly the same
as to say “all Uis Jff, during #7377 that is, ’

Fy=Tyl
co]"_.l

10 10

=T

Since every proposition with zero as one orboth of the
suffices is thus expressible in a form with no suffix equal
to zero, cuch suffix nsed will be suppused greater tlian
zevo.  The suffices u, v are also supposed less than U, ¥,
just as w was supposed less thau U in the preceding
section.  Flg will sometimes be used to include all six
of the fundamental propositions: that is, a will be con-
sidered as having.any one of the values™l, u, or «'; B as
having any one of the values 1, v, or #/,
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For* ¢uference by combination of such propositions we
have the following simple rules, which are séen 1o be the
same as.in §1:—.

The conclusion from the The conclusion from the
product of two premises is the | sum of two premises is the

cproduct ol their  predicates | swm of their predicates affected

affected by suffices which are | by sufiices which are the swms

the products (in extension) of | (in intension) of the suflices

the suflices of the premises. | of the premises. Thus

Thus )
jﬂﬂﬁGv\# —~< (‘F'G)W\, [:7- T Faﬁ+ Gz\y"< (F+ G)a—}-/\,ﬁ-}-u" :

When «ll the slffices are 1, | When none of the sufiices are
the relation bfween the proz | 1, the relation bLetween the
duct of {hp~Premises and the [ swm of the premises and the
conclusion is equality ; other-
wise it is —, — that is, impli-
cation. Thus

J“(,u_ (FG),, 1 Fu+ Gu=(F+ G,
Fulc'“ "< (11 G)ul} ‘ Ev + Guv—< (Z"'i‘ G)uv!

ete. ‘ ete.
But, by an exception to the '

rule, do not have I, Gy, < (I'G),, since @, is not of the

form (G)),.

These formulx really follow at once from thosc in § 1.
Thus £, may he written (Z7),; hence by §1 \vc\}m\'e

(‘Fl)l (G = (Flax)l :‘.((FG>1)1 = (I'GQ)yy,

CUR), ()= (Tt G )L._((r+ o= F+ G-
SO m "‘011(‘1(11 we have ’ )

(F)p(Gn < (FaG)pwy < (FG)ar,pus -
and

N < Tt C)ppu < (F G)atr, 840
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the addition of the suffices beime taken in the same sense”

- asin §1; that is, )
\ 1+4+1=1, 14w =,
o1 =, u—%—;’,:'u,

w4 =1 w' =

with like cquatiops for », »'. The second set of equa-

tions means

Al - of + sam/e part of = same part of

?
) g ) y )
Some - of + sume part of = some part of;

Same part of + same part of = same part of,

and a little consideration wif show that the formule
hold as well for the accentdd suffices as for the unac-
cented. _

The following formula Ndvident: —

(I'G)og ~< Flatiag.,

For inference by elimination we have only to consider
the general form Flg, and the rute is precisely the same
as the rule for climination given in § 1, viz:: Any set of
terms may be eliminated by erusure provided no agyregant
term 7 (hereby destroyed. Thus

(o + 0T 4 &dry + eY)ag ~< (@ + b+ cd -+ ©)a3, )

and the reason of the rule need not he repeated.

The rule for inferemee by predication is also evidenily

the same as that previously given.  Thus

<ﬂ+b+~’ % ~< (e <+ b+,

m(l., in "cuu al,
‘.’
S e (F)ag < ( NS nzfj 5
' N

If, after the nmltlphemon has bee ,' §
* Ghen we hasis

. Ve
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<«

Since propositions of the forin F,, can be multiplied

~ without loss of content, and propositions of the form £,

can be added without loss of content, the most general
proposition involving the six fundamental elements 1s of

*the form

S (Full Gulnzf,ﬂ1;K,,nL,,mz;u),

or I (SZ’-'“ + EGul + E][u'l + SA?IV + E-le + ﬂl:n:);

where I, G, etc. are logical polgnomials of class terms.
‘But to the six élements- just considered we may add as °

elements the forms 45,, &, considered at the close of § §1,
where @ is of the form P,+ 3¢, or P,ITQ, (sce page
79); so that @,, &, will be of the forms

(L + 5Q,),, (PTQ), .
It is clear that (P + 30D, =P, + X Q,L, and that
(PII1Q), =P, IIQ,, ; but for the two forms of o, P,
just given, no such reduction can be made. The suﬂices
within the parentheses of ¢,, &, refer to the universe of -
class terms, those outside to the universe of {ime. If
the relative meaning of these suffices be reversed, so that
the suffices inside the parentheses refer to the universe
of class terms and those outside to the universe of time,
we have two other propositio > .- Thus in
order to distinguish the meanink’ suﬁices clearly,
it will he necessary to use the tters U, V, and

rite the four forms just consnde :

V’ \I/t‘) hU’ Q
or, in full,

(Purt SQu)r, (PIQL),, (P, + 2@)v (PVTIQ)

, The negative of @, is @, which i is of the form ¥,. So the
‘negatite of X, is X,, which is of the form £, As ex-,

amples of @,, X, suppose the universe of class terms -
to be plane figures a, b, etc., on a blackboard, and the
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universe of. timeé ‘to be an hour. Let P =ab, and
Q=i+ d; then :

{(eh)u+ G+ D)}y
means “ during every part of the hour, cither some «
is b, or no ¢ is d,”’ while -

A+ G+ D)) v
means ‘“ for every part of the blackboard, it is true that
. it is either sometimes both a and &, or never botl ¢

and d.” Bo, as ¢xamples of ¥, and {2, we have, re-
spectively,

~

$(ad) (c + (Z),,}v,

which means “at some time during the hour, all.the
blackboard.is ab, and some of it is ¢+ d,” and

{(e0) oz + D)y, o
which means “some part of the blackboard is always
ab and sometimes ¢ + .

Adding the four propositional elements just described

to the six described previously, we see that the most

general propositim\g is of 'the form ‘
RSO S b S S0, 4, FSh A0 8, 1 0),

To illustrate the method of inference from propositions

like the foregoing, consider the solution of the following
problem : —

Siz plane fiyures, a, b, c, d, e, £, on a blackboard are
constantly changing their size, shape, and position during
an hour under i‘/wfollowiny restrictions : —

L The area of ¢ and d together is always included in

oo the area of o and b together, or else, during' a certain
porton of the hour, e is equal to the part common to d°

and f.

. . ' {ON]

«

[
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II. The part of a which is not e is always included
under the part common to d and £ which is not b, or e se,
during the whole hour, it is true for some part of the
board that all b is both ¢ und c. L

UL Either a and A are non-ezistent and e always:
covers the boutd, or else it s always covered either by b -

or by c. A » ‘ .
What may le inferred (1) about the relation among

3, ¢ ¢ and {, independent of b and d; (2‘) about the re- .

lation among a, ¢ e, mdependent of b, d, £?
The premises are 4 _
L (@bt @y @+ ot T
I1. ((‘7 + ¢+ T”]f)n + @+ )
OL o @y + {0+ (e},
From the product of the first two we infer

(@ + acd 4 ac + Te + ede + abdf),, + (def + ade + dé]')l;.
+ (@b + Ted + ace + bee)y + (Udef + 0de + Tef + edef)u;

&and mu]ﬁp]ying this proposition by the third premise

according to {he preceding rules, we get as an inference”-\

(abde + a@de),, + (alide+ abede), + (bdef + abds + abef)
+ (cdef + aeds + dacif ), + (ale + ace + bee) +{(cdef + bede
+ 0¢eF) o + {(@b + be)y 4 (abe + ace + bee + abedf),} o,

three of the com;_)ilex'eleﬁaents reducing to'_simple ones
according to the formule,

(IFU + GU)v"'< -Flo' + Gh/)
(Fu+ Gu)Vz (F+ G)ul} !

= B 6L =T O

Dy)ping b and d_from the above proposition, we get
@)y + (@0)u + (@ + of )iy + (dcé + cof)y + (ac + ce)a

S | A Pt (@t gt G0+ ot Yo}
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But in a sum, any term may be dropped which implies,
or is included under, another term.

(ue)n -< (@e),, and (@ce + cef )iy =< (@& + ¢f s

therefore the above reduces to

(@ b (57 4 Y + (00 e (654 1)t (54 o)
+(('C+ e+ c¢f) e},

~which is the first quaesitum, and may be read in words
“either it is always true that some e is not @; orata
particular part of the hour all a ise, and all e is fior
during each part of the hour some ¢ is either @ or ¢}
or at some part of the hour some # is cither £ or not e
or during each part of the hour either all ¢ is e, or the
whole blackboard is ¢ and all « is either e or £
Dropping f from this result, we get

((U))ul + (@ + 9)1; (e + ce)u -+ (¢ )m + l(“+ &)+ ( D }

But (e + C(’)ul—< (e).. and §(i+ P\L + () —(a+e)y,
+ () therefore we get as the second quasitum,

(ue)nl F(@+ )+ (D

which means “ either it is always true that some e is not
@;-or during some particular p'ut of the hour all a is e}
ov there is sometimes some ¢.” In like manner any
otlier set of terms can be eliminated by dl()pplll”’ them
from the product of the premises.

\
.

Propositions qf more than two dimensions. If the
universe of relation be supposed to consist of three di-
mensions, U, ¥, W, proceéding just as before we should
find that the number of fundamental’ propasitions with
three suffices; o

o ’ By Fany Foy Fuy, cte.,

is twenty-sm The lomc of such proposmons isa“hyper”

)
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logie, somewhat analogous to the geometry of “liyper”
space. In the same way the logic of a universe of rela-
tion of four or more dimensions could be considered.
The mle\ of inference would be exactly similar to tho:e
already given.

Allusion has ahead\ been made to {hc fact that the
propositions considered in this and the preceding section
may be regarded as relative terms.  In the first section,
the two fundamental propositions, I, and F,, ave dual
relatives.  Fy means “J7 is a description of every part of
U;” and F,means “F is a description of somp part
of U7 ' Thus Fy and F,-correspond to the two fuwnda-
mental dual relatives. 80 in §2, F, is a triple relative
tefm, meaning “J" is a dcscrzptwn of every 1):11'5‘51’ U
during every parf of 17 Thus the six fundamental
pr oposmons of two d11ne11<1ons correspond e\'u,ﬂy to the

§3. On Certain Otl

The propositions 4 and O in I\h.. J’r, notation ~

“are, respectively, \

X<y,

I<7 : >
Mr. McColl expresses them in a similar way, using a
different symbol for the copula. Both Mr. McColl and
Mr. Peirce have given algebraic methods in logic, in
which the terms of these.propositions arc allowed: to
remain on both sides of -the copula.

In the method of §1 (of which §2 is an extensio‘n),
the propositions 4 and O are expressed as follows : —

(X+ Y),, equivalentto oo -< X+ ¥,
(X7 “« @ XYIK0;
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a

that is, all the terms of the universal proposition are

transposed to the yight hand side of the copula, while
those of the particular proposition are transposed to tlu,
left-hand side.

If these propositions be explesaed in the rev erse W av
namely, — :

IV < 0,
o< X+7,

-

the rules of inference become the exact logical #aFitives
of those in §1, addition taking the place of multiplica-
tion, and vice versa. X1 — 013 equivalent to (X)),
meaning “none of I is XY, as has already heen ex-
plained. o< X+ Y _may he represented by (X'+ 1),
meauing ““ some of ¢, is nob X + 1,7 or.¢ there is some-
thing Lesides X + ¥ Thus T, and F, are the two
fundamental forms of proposition in this method, and
the rules of inference by combination are

F,G = (F+ G), G = (T,
Fo Gq -< (F’*' G)fz Fq “}; Go -< <FC")7
G < »n. I+ ) < (F(7),

Llimination is performed by multiplying tocether the

co-cfficients of the glantities to be eliminated.
Boole’s method, as simplified by Schrider, has been
extended by Miss Ladd, in the foregoing paper, so as to

" - express particular propositions without the use of Boole’s

-objectionable  arhitrary”” class symbol. She las es-
pressed .4 and O as fOllOWb —

XYy, cqun 'ﬂnnt to ]Ci =<0,
CxFy, . o« o« X¥IZo.

Thus I, and F, are the two fundamental forms of propo-
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' N

sition in her method, and thc rules of nference

combination ar e

FLGL = (F 4+ G), P+ G=(T+6),
F é}' (F&), . - = Fo4 G, —< (F+ Q).
(,“ —< o o Fi+ G, < (FGY,

. Elimination from _F, is performed by multiplying co-

eflicients ; from I, by adding them,
One more method remains to he noticed,— the negative "~

of Miss Ladd's method, in which 4 and O arc expressed

as - . S
' o< XY+75,
< i+Y .,
and where F, and I arc thus the two.fundamental fords *
of proposition. The rules of inference by combinatioii are
PGy=(F6), |\ F+ 6,=(FG),
FxGo‘_<(17'}'G)q Fq+GJ"<(F(7>q .
I,G, 50, 'I’+G"—<(F+ G)y3
and elimination from F, is performed by addition of co-,
efficients ; from F,, by multiplication of coeflicients.

§ 4. On a special notation for De ]lforgan’s' Light Propo-
sitions, with an extension of the same to szmzlar propo-
sitions of three or more terms.

It is proposed in this section so to change the notation
previously given for De Morgan’s eight propositions that
the elimination of the' middle term will be performed by -
an algebrqic multiplication of the premises. Denote by
1, E', 0, A' what I'E, O, A become when each term

is,replaced by its negative. The propositions 1, F, 0, 4,

and their complementaries I', E', 0/, 4’ have already
been represented (see pagé 76) respectively by

’ (ab)us (@+10),, (ab)u, (@+ b>1; (‘25)5&7 (@ 0)yy (@), (a+ 6)13

\J
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and also, si.nce.F1 =F, by ) . _
(@B)ay,(ab)o, (aB),, (@B, (@), (aB, (ab)s, (aB),.

Let these be now changed to ' c
(aB),(@b)™,(ab™), (ab™)™, (a75D), (a81) 1, (a™8), (a~18),

where the negative of a term is now denoted by affecting

”

it with the exponent —1, and the negative of a propo- .

sition is denoted in the same way. Thus
(ab™") meang “some a is not b:;’, ’
(@)« «all g is b7 eto,
With this notation there is the following simple -

RuLe"or IxrERENCE. Ercluding products of two par-
ticulars, the conclusion from a set of premises i3 their
algebraic product, with 'the convention that the appearance

of a middle term in the result indicates that there is na
conclusion. . . -
Thus, Barbara is
) X (em < ()
- and Darii is ‘
(mp™)7! X (sm) ~< (sp);
but from 4 and O as premises we get

(mp) T X (om) < oo,

the middle term not disapfearing from the produet. ,

From the nature of this notation, just as with that of
§1, the order in whith the two terms of a ‘proposition are
written is indifferent, and consequently -the figure of a
syllogism is indifferent. Thus, (mp) is the same as
. (pm),_ Thus Celarent and Cesare are - :

| ) x (e < (i)
Darii and Datisi are .

X (om) o< ().

Bokardo is

eyt [P |

1
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Ferio, Festino, Ferison, and Fresison are

(1;12';)“ X (sm) —< (sp™). %0

Camestres and Camenes are _
“(p"’)”1 X (sm)™! —< (sp)L
(pm)7 X (sm)< (sp™).

Barolko is

Disamis and Dimaris are

(mp) X (ms™)=1 -< (sp). A

(mp™) X (ms™)7 —< (pY).
This rule of inference is seen to accord with the now

recognized invalidity of the moods Darapti, Felapton, and
Fesapo.- Thus the premises of Darapti are

(mp™)7 X (s

S

- from the prddlict; of which m does not disappear, and

there is therefore, according to the rule, no inference.

The same is true for Felapton and Fesapo. The premi-
ses of Bramantip are

(pm) X (ms), which < (s7p) o
The following Table gives all the valid moods from
De-Morgan’s eight propositions : —

s ey (i) (pm) () (pim) (pimel) (pm)
Emiy (g ) iy |
(stm)? | (slp)? (sl RSN
(st : e @1 e

(om ) T
V(S"L):TL) g7 4
() B
(m)
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" There are twenty-four valid moods, but if no distinction
be made hetween s and p, these reduce to the twelve in
cither half of the Table, the Table dividing itself sym-
metrically along the diagonal from left down to right.
The unsymmetry of the Aristotelian system is seen from
the fact that the fifteen valid moods of the Aristotelian
system comprise only eight out of the twenty-four of the
Table, and these eight select themselves very unsym-
metrically, being those underscored by dotted lines.

Irom the three formule

(m7 x () =< ()7

= (sm) X (pm)? —< (sp™),

(sm)™ p (pm) < (s7p),

"the whole twenty-four syllogisms of the Table may be
-obtained by substituting for m, s, and p their fegatives
in all possible ways, each formula yielding eight.

Mr. ITugh McColl, in his papers on logic in the ¢ Pro-
ceedings of the London Mathematical Society ™ (Vol. IX5
et. seq.), has been using a notation for the copula identi_—\
cal in meaning with that of Mr. Peirce, He uses a colon
to denote implication, instead of —. Mr. Peirce has
recently told me that Mr. McColl justifies his use of the
eolon by its mathematical meaning as a sign of division.
Thus Barbara and Celarent are

m:p
s m
s ip SeSip,

and the analogy to division is obvious. But this analogy

,
4
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exists only in the two universal moods of the ﬁrst ﬁgure.
Thus Cesare and Festino are

P p:m
s:m s+=m

s P )

where = is the negative copula, and ‘the analogy to
division is wanting. In the notation of this section the
analogy of the premises to ratios, and of tlie conclusion
to their product is more nearly complete.

Extension of the preceding.

P
»

Let- (alc) denote “a, 0, ¢ have something in éommon,”

and (ale)! « a, b,¢  mothing «  «

By substituting for a, 3, ¢ their negatives in all possible
wa{s, we get sixteen propositions concerning three terms,
thus seen to be analogous to De Morgan’s ex«rht concern-
ing two terms. In the same way we may get {hirty-two
propositions concerning four terms, and 2.2" propositions
concerning n terms. The formule of inference from
propositions lile the ahove are

(ab...gh..l) (h...lm...q)7 =< (ab...g) (m...g)7,
(ab k) (..

In the first, where one premise is particular, inference -
can take plqce independently of any number of middle
terms, provided each term is positive in both premises,
or negative in both. In the second formula, when both
premises are universal, inference can take place inde-
pendently of only one mlddle term, and this must be of
different quality in the two premises. By an obvious sub-
stitution these two formula are reduced to the formulz

v




.
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previously given involving only two terms in cach pre-
mise. Thus

() (=) < (=),

()™ (g7 =< (@)
That is, the premises of the first mean ¢ that which is
common (z) to a,b,...g, has something in common
with the common part () of ,...7;” and ** the common
part (y) of %,...7 has nothing in common with m,...q.”
Whence the inference is (J:y*‘), or (ub...g)y(m...q)™"
The premises of the second meun ¢ whatever may" Le
common () to a, b,... %, has nothing in conimon with
[;” and “ whatever may be comion (2) tom,...q, has
nothing in common with non-.”  Whence the inference
is (@) or (ab.. Tm. .. gt

(abe) means (ab) (ac’)~ (be),
_ (abc)“ “ o (ab) T (ac) Tt (be)N

Thus any one of these propositions is reducible to a
function of De Mor gan’s cight.

§ 5. Note on De Morgan’s Twenty Propositions.!

It is proposed in this section to consider a simple
method of deriving and writing De Morgan’s Tienty
Propositions. Let A = all of 4, a =part of 4, A4 =all
of non-iA, and @ = part of non-4, where part of is under-
stood to mean less than the whole of. Lect a second term
B Ve modified in the same way. Then, by affirning
and denying identity between each modification of the
first term and each modification of the second, we get
thirty-two propositions, of which, however, twelve are
duplicates.” That is, the process yields twenty di7tinct

1 See his ““Syllabus of Logic,” §§ 24~62.

' This is simply the denial of the proposition 4B. 4%
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proposxtlons, and they are easﬂy seen to be the twenty
of De Morgan. Let the aflirmation of identity between
two terms Le denoted by their juxtaposition, and let the
denial of the same be denoted by a line extending over
Loth terms. Then we have the following

TapLe oF DE Mor6ax's TwENTY PROPOSITIONS.

4B, or AB | AB, or AB | 4B, or 4B
Ab, “al | db, « o | b, «

aB, « 1B, b | eB, «

ab ab

ab ab

Thus, 4B means ¢ the whole of A4 is identical with the
Who]e of B It is obvious that A7 is equivalent in
meaning to 4B. The second proposition, 4b, means
“the “hole of 4 is identical with a part of B” (that is,
all 4 is B, and some B is not 4). It is clear that
@B, or “apart of non-4 is identical with the whole of
non-B,” is the same as 4b. To take an example from
the other side of the Table, 45 means “it is not true
that'the whole of 4 is identical with the whole of B.”

means “it is not true that the whole of A is identical
with a part of b, a simple denial of 4b.

The propositions below the horizontal line of division,
which. ate differentiated from those above the line. by

containing only small letters in their symbols, are De
Mor"an s eight “ simple ” pr0p051t10ns.

.

4//

L
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N
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(A part of A is a part of B
Some A is L.
__ (It is not true that a part of 4 is a part of B}
TANodisB .
_ { A part of . is a part of non-22}
ab= 1 Some A is not I )

- .4

{It is not true that a part of A4 is a part of non-B )
Aldis B o

ab =
A /
The remaining four of these eight are derived from these
four by the negation of their terms. This notation for
the eight p‘l'opositions differs only slightly from that
emploved in previous sections. .

De Morgan derived his eight  simple” propositions
by applying the Aristotelian forms A, £, 7, O to the four
pairs of terms .V, V; X, V; X, V; X, Y. This process
gives sixteen propositions, of which. eizht are duplicates.
The other twelve of the twenty he called ¢ complex,”
because they are compounded of the eight simple propo-
sitions, as follows : —

v

ab AB=ab + @

X b ;15 =a5+¢%-

aB = ub X ab (T—B:EZ—;—(Yb

Zl) :(:16)( y; :&5_"—“_/;

@B = ab X ab =ab + ab-

The following Table gives the conclusions from one
hundred out of the possible four hundred combinations
of two premises from this system of twenty propositions:
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PIA Pm pA pm pin PA Pm 231 i

SPIsP|Sp|sp|sp|SP, sP Sp | osp
|

Spisp|Splolsilofolo Sp

sPlsPisp|sp| o o | o

o | sp o

sp| o

[e] o]

[e] o]

(o) (o] (e}

—

o e

Py sp s o o

spo|sp | Sp & °olo |§io

By applying the sicn of negation first to ihe S, then to
the P, then to both the § and {he P, the remaining three
hundred are obtained. According to De Morgan, who
postulates that every term and its negative is greater

than zero, there are two conclusions not given in the
Table, namely : —

vem X p_m-< 3p,
s X]"Ti/:L < sp,

and from these are obtained six others by applying the

sign of negation to s and p- But according to the

definitions of Mr. Peirce and others, already alluded to,
these arévinva]in conclusions ; since, Being particular,
they imply the existence of their subjects, while the
Universal premjises do not. |
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" OPERATIONS IN RELATIVE NUMBER WITH

APPLICATIONS TO THE THEORY OF PROBA-
BILITIES.

By B I. Groyax,

Tue purpose of this Paper is to deduce the formule
for the addition and multiplication of Relative Number,
and to apply ‘them in demonstrating the well-known
fundamental theorems of Probabilities, according to Mr.
Peirce’s method of dealing with the subject. .

Il a relation ‘be that which we perceive when a group
of objects are viewed together, but which we do not
perceive when we regard cach separately, then any act

of comparison will bring to 'view a rclation. If the -

objects compared are two in number, the relation may
be called a dual one.

Such a dual relation may be viewed in two lichts, or
we may say it splits into two clementary forms, accord-

ing as one or the other object is our starting-point in -

comparing the couple. The two are called the ‘direct
velation and its converse. Thus, what is ordinarily
termed a relation may be said to have ends, being based

on a comparison having a direction. One of these ends

is called the relate, the other the correlate.
A relative number is 2 number obtained in either of
the- two following ways: first, by dividing the number

{
}
/
)
!
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of instances in which a given relation has a relate in a
certain class of oljects hy the number of objects in the
class; or, second, by dividing the number of instances
in which ja given relation has a correlate in the given
class by the number of objects in the class. Hence, for

‘a given relation p’ we have two such relative or aver-

age numbers,— one, the number of instances in which
p' has a relate of the class g, divided by the number
of %’s; and the other, the average number per y of P
whose correlates are y's. The former might be called.

* the relate-number of p', the latter its correlate-number.

But if we extend the class y to include all {he objects
in the universe, since the number of instances in which
the relation p' occurs having a relate which is ¥n object
in the universe, is equal to.the tetal number of times : -
p' occurs at ull, and the same thing is true of the number
of occurrences in which it has a correlate which is in the
universc: it follows that for both relate and correlate
numbers we get the average number of relations p’ per
object in the universe. That is, any relation p' has but
one (what we shall call) general relative number.

Denoting each object in the universe by a certain
letler, each possible different couple of objects (con-
sidering those couples as different in which the same
elements occur in a different order) will be symbolized:
once, and only once, in Mr. Peirce’s scheme of pairs,
as follows: —

A A A:B

B:A
C:A
D:A
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Now if in this scheme of pairs we assume the 1ehti03
~ direction to be constant, say from left to right,— thut

is, that the nght-hand members of the pairs ave the cor-

relates, —it will <follow that any sinele instance of any.
b < o

relation must subsist between some one, and ouly one, .

of the paips. DMarking in any way, as by a circum-
scribed circle, those pairs between the uomponenta of
which subsists the relation p'; and marking by a circum-
scribed square instances of the relation p”,—we shall
have in general some pairs surrounded by circles, some
by squares, and some by both.

Whenee if p' and p"” denote respectively the number
of individual relations comprised in the geuneral relations
p'and p", we shall have .

p"+ p" = number of pairs surrounded by circle alone + num-
ber of pairs surrounded by square alone + twice
the number of pairs surrounded by both circle and
square = p', p" + p", ' + 2 p', p"!

_in whieh p/, p’" denotes the nunber of pairs concerning

each of which it cau be said that it is in both the rela-

tions p' and p"; and p', p" denotes the number of pairs

which are at once in the relation™p' and mot in the

relation p”.  Again, :

p' -+ p" = number of pairs in circle, or square, or both + num-
_ ber in both= (o' p") + o', o',
in which—according to Mr. Jevons’s notation—(p'J- p™)
denotes that class of pairs concerning each member of
which it can be said that it is either an instance of p' or
of p'" or of both. Now, since a zeneral relative number
is the total number of individual instances of a relation,
divided by the number of objectsin the universe, if we
indicate the number of objects. in-the universe by oo,

% will indicate the general relative number of the rela-

-
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tion p'.  Symbolizing this quotient by [¢'], and dividing

* both sides of the above equations by oo, we have

07+ (=614 0,70+ 206 0" = [ )+ [, 7]

We thus have r€ached two formule for the addition
of two relative numbers. Similarly, we have for the
addition of three relative numbers

']+ [P"] + " =1/, 5" 7+ [, 7, //] + [pm 7,5
+2[pp 5120, P, 120" 61 5T
+30ehe" ")

= [P | P” | PI“] + [P P” ,‘)I'I] ‘h[p PIH f_)”]
+ [, p™, /] +2[p, Lol

Similar formule may bhe deduced for the addmon of n
relative numbels, as follows: — v

DT+DQ+{MG+ A |
._- I:P I’ . I)'L:I + [P”, Plyf_)”" .. ﬁu] + . ‘-+ [p"’ﬁ’. . B"“A]]'
+ 2 ([P’,p”,’_)”l . I‘;n] + | [pn—l Pn ;—)I . {-)"-;2])
+ 3 ([P’; P”7 p”lho :|+ + [P" .J =1 pmﬁ cae /-)"“3]) .
oo E FTD
_{_ 7 [pl i . P"], R .

: ["f"',i"’.;l;""' T Cael
Y 1 [ PR +[p‘1 u};r i

*ZWVW/'-M+-+W3wwm.”%ﬂ
+ ‘ . . :

+ ("—1) [ol,p" -p"-]t

. This 'lut\ter‘ formula gives, when the relations are
mutually incompatible, — that is, when 1A o of them

can subsist between the same pair,—a much sunpler
resulf : —

[I+0" T+ + [ = ,Eb’-r~ P . 17

all the other terms reducing to zero.

-
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To obtain a formula for the multiplication of relative
numbers we notice that . u

o o]

l:;)(e’—,:: -1—:, or_ i X[p"]:[.’c].

Let z, wlnch may be ‘my number, signify the number
" of different existing groups of three Ob]e(,ts such that
the first is to the second in the 1c1atlon p'and the second
to the third in the relation p”. Such a oroup may be
called a relative sequence, and may be denoted by p'p”
without the- comma. Then .

2 X 101 = )

If how

the formula becomes
L] "] = [Pp"].

In this case, therefore, the proifuct /of the relative
‘numbers of the two given relations equals the relative
number of the sequence formed from them.

Multlplymf* numeratorlP and denommator of £ by the
number. of objects in-the "universe, 1t become%p X

- The numemtor of this fraction i3 a number cqual to the
number of different triplets obtained by combining each
p' with every.object in the universe. Between the second ~
and third members of these triplets either the relation
' or p' must hold ; and no relative sequence of" the form
p'p" or p'p" can exist which does not appear- among the
Hence the number p' X o equal§ the sum of the ném- -
bers of p'p" and p/p". The denominator being the square

of the number of obJEcts in the umverse is equal to the

;-
. D . .
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numbex of possible paus, and each of these is either
p'or p'l. Hencc

and

That ’3: the aversge number of sequences p'p!! per

“each p'" is the camc as the average number of . sequences

p'p'" per cach p”.  Henee, W]lCthCl the relations in which

anv given 'individual slands to the others in dle uni-

~verse are all 5"y or one or more p” and {he rest 3 p", will

make no. difference on the arverage in the number of -
relative sequences whose first member is p' of which it

. is the intermediary. The number of such sequences in
lic case of any individual being the number of the ob-

jects standing to it in the 1e]at10n p' multiplied by the
number of objects in ihe universe, it follows that the

* . number “of oh]ects standing to any given individual in

the relation p' is not aff,ected by the circumstance of its
Dbeing p to one or-more objects,

’ ’
umllarly from P2 — £ we may get 20 ” LAy whence
o =?

I r " -t )
pp’ + e e P,

PE = BE PP o PP PR that is whether an obj ect
p + i p P/ ’ 7. ]

“is conelate In any relations p' or not, will make no

difference on the average in the- number of p”‘ of which
it is the relate.

For instance, letting p mdlcate the relntlon borrower
from, and p" the relation trusteb of, this condition ex-
presses first, the fact that 2 man’s being a trustee makes

\ no diffegence on the average in the number of borrowers




OPERATIONS IN RELATIVE NUMBER. 113

from him ; and, second, that a man’s belmg a lender or
not makes no difference on the average in the number
of funds which he controls as trustee. Such relations,
from one of which nothing can be inferred regarding
the presence of the other, are called “independent re-
lations. Hence for independent relations, ’

(0 % [ = 1)

The expression p'p” lere denoting the mumber of
relative sequences of that form, if we define 2 ¢ompound
_relation to be a combination of such relative seguences
as have the same individual object as relate, !, ':?N also
the same individual object as corrclate, , we shall have
each compouil=ielation consisting of as many sequences
as- it has intermediary objects. Henee, in order to ex-
. press the number of p/p'’s in terms.of compound relations
of that form, to the total number of compound rela-
“tions we shall have to add the number of those which
~have two intermediarics, since they cach contribute an
~extra sequence; and to this sum we must further add
twice the number of componnd relations having three in-

-

termediaries, three times those having four, ete.  Ilence

we have for the number of relative sequeuces expresse
« in terms of compound relations,
'é':‘ 2 3 " m
PIPII e P/PII + P/P/I+ 2[.)/17/[ + ... (n._ 1) ])I_I)N
A

o

+ wherein PP deriotes the total number of compound

- relations of the form p'p" having whatever number of

2
intermediavies; 2/P" denotes the number of such com-

- pound relations having two intermediaries, cte. Whence,
dividing through by o, we have '

o] =LPPY) + PP 4 um) (21

,a,
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and the following formula results for the multiplication
of independertt relative numbers : — '

2— 2 '3 L e 1
(1" =[PP+ (PP +a[ppiy. ., (n—1) [P”P/”].
By a somewhat different and a longer process of proof,
it can Le shown that for independent relations the follow-

ing formula liolds for the multiplication of » relative
numbers : —

o

(T -3[()"] =[P.]. P+ [ P{ tL
TFIP P o [P P

Here it is to be noted that the superscribed numbers do
not refer to the number of intermediaries, but to lic de-
grec of connection, the number of ways in which xelate !
and correlate " are connected by chains of relation.

The continued.product of {he numbers indicating the

“simultaneous intermediaries at the successive steps, it

is easily seen, cannot be less than » nor greater than
7"~ when the connection in the given relation is an
r-fold one. Since permuting the multipliers does not
change the left-hand member, the’ right-hand member
remains constant in whatever order the elementary rela-
tives are compounded. . - ,

Through tlie addition formula we have reached what
we may ‘call polynomial relative numbers, of the form
(o' -p" <o 4 p*] which expresses the relative number
of that class of pairs, each one of which is an instance
of some one or more of the relations pleo.p" In the
case of incompatible relations we have the equation

S D T = T B ).
Whénce the multiplicatiox\of polynomigl relative num-

bers reduces in the case of incompatible relations to that
of monomials. e "

Nl
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\

The involution of a monomial relative number gives
the ordinary result of multiplication, except that all the
elements of the resulting compound relation are the
same. If we involve an incompatible - polynomial, we
.shall get a result according to the multinomial theorem,
consisting of monomial powers and products.

In order to apply these results to the theory of proba-
bilities, we shall require to make a supposition in regard
to the character of the relations we are to consider. If

a relation-is perceived whenever we compare objects, it
follows that a relation will be noticed when we think -

of an object as existing at successive times; for this
. involves a comparison between its aspect at one time
and at another.

This relation between objects which differ, so far as
we see, only in existing at different times, we call iden-
tity. The pairs in the principal diagonal of the relative
scheme exist in this relation only, since what we call the
same or an identical object is both correlate and relate.

The relative number of the relation of identity is evi-
dently unity, since it occurs once, and no more, for every
individual in the universe. Now we can, if we please,
agree to bring the various individual relations, — that is,

relations subsisting between individual objects,— which v

together make up the total extension of the general re-
lation identity, into warious classes according to the
character of the objects they identify. This will create

. as many kinds of relation of identity as there are classes’ '

of objects in the universe, and their relative numbers will
. .vary from % up to unity, and. will express the propor-
tion of objects of the different kinds in the universe.

* Further, we may agree to take for the divisor of our
relative number, for qur y, instead of all the objects in
the universe, some limited portion of them, say the class
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0. This will be a return {o the special relative number -
menticned at the beginning of the paper; but it is evi-
dent that since the relation whose relative numher we
seek is a relation of identity, every instance of it which-
has iis relate in the class b will also have its correlate
in that class, and vice versa; so that the relate and cor-
relate number of the relation will be the same, and may
De- called simply its relative number. Such a relative
number will mean the number of identity relations of
the form a to he found among the relations pertaining
to the individuals of the class 0 divided by the number
of those individuals; that is, the number of «’s among
the I’s, divided by the number of ’s, or, in other words,
the proportion of the wenus b that.is of the specics a. .
If we rezard events as the objeets: hetween which the
relations we are considering subsist, an identical relative
number will express the proportion in which a certain
species of event exists in a genus.  With this ratio will
vary the expectation” with wlich we shall look fo see a
case of the genus 2 case also of the species; it may be
said to measure the value of the genus as a proof of the
species, —to measure, that is, the prafe-ability, or proba-
bility, of the species from the standpoint of the genus.

On this view of probability it has to do, not with
individual events, hut with classes of events; and not
with one class, but with a pair of classes,—the one
‘containing, the other contained. The latter being the
one with which we are principally concerned, we' speak,
by an ellipsisy of its probability without mentioning the
containing class; but in reality probability is a ratio,
and to define it we must have both correlatgs given. '

An identical relative number, then, when the identities
considered are cvents, will be tlie ratio of a specific to a
generic occurrence ; and this ratio is called the proba-

/
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bilit}) of the species with respect to the genus. The
mathematical combination of pluxul)lllll(}a will therciore
take place in '1cu)1(hme with the formule for relative

number already reached, with such modifications as re- -

sult from their application to relations of identity.

In establishing by these formule the fundamental the-
orems of probabilities, let the individuals in the wni-
verse we are considering be events: and let @ denote a
certain kind of relation of identity between themn, — that
Is, a certain class of events, —and a the 1emamm<v rela-
tions of identity, that is, all the rest of the events in the
universe. The general relative numbers of ¢ and a—
that is, the general probabilities of @ and ¢ in the uni-
verse — will be denoted by [«] and [a].

From the addition formula we have

fa] + [(ij =[a|a] + [a,a].

The first term of the right-hand member is the relative
number of that class of pairs, cach of which exhilits
either or both of the rclations @ and @ ; and the second
term of ‘the right-hand member is the relative number
of that class of pairs, cach of which exhibits hoth the
relations @ and @ DBut since by definition @ is a part
and ¢ the rest of the existing relations of identity, no
event'exhibits them both, and [«,@] = 0; while the num-
ber of relations @ .. @ uluala o, and hence [a . @] = 1.
Thus we have

(e +[a]=1

[a)=1—[q] (1)
or, the probability of the negative of an event equals
unity minus the probability of the event. .

The relations @ and @ ave incompatible relations; that
is, they cannot subsist at once betwoen the same pair,
Incompatibility means, therefore, in the case of rela-
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tions of identity between events, that no one event can
be of hoth species 5 the species are mutually-exclusive,
—the events, as we say, caunot happen together,  Such
events may be called exclusives, and we may denote
by the term alternatives specific events which together
wake up a genus; that is, exclusives one or other of
which must happen if the generic event happen at all.
The generic event consisting of the occurrence of any
onc of a number of exclusives may be called an alter-
natmﬂ event. «

)g abridged form of the addition for mula, when the

,‘Pelﬁimns arc incompatible, gives the following as the,

probability of an altcmatmg event: —
e bedepn] =[ed + DI+ [+ + [2] (D)

That is, the probalility of an alternating event is-equal
to the sum of the probabilities of the exclusives of x;‘?ch
1t is composed.

‘The expression a,b,e,d... % denotes an event which is

o

at once a,b,¢, not d...and not 25 and {a,b,e,d... %] .-

denotes tho probalnhty of such a compound event. If we
have certain events of known plobablht), abye .. .n
whichi are not exclusives, and wish {o obtain the proba-
bility of the occurrence of some one, and only one, of
them, the desired expression reduces to a sum of such
cowmpound probabilities. For the event in question will
be either (a,b, . ... m,m), or (@,b ... @,n), etc,
or (@,b . . . m,m); and these compounds being mutu-

ally exclusive, the event is an alternating one, and ;ts
probability is expressed as follows : —

(el dbo. o @, inyn] =
‘ (e, q]+[@b...0]+ ...+ [a...7,n)

This result Deing in terms of the probability of compound
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events, to make it available we must have means of cul-
‘cult}/ting compound probabilities from simple ones.

The formula obtained above for multiplying relative

numbers expresses the result of suah a fwultiplication in

terms of the relative numbers 'of compound rclations.

. In the case of identical relations, these would be cow-
pound relations of identity. But since no object cr
event is in the relation of identity tp more than one ol-

. . . <
ject or event, — that is, itself, — each compound relation

-of identity must consist of a single relative sequence:
accordingly all the terms after the first in the right-hang

‘member of the miultiplication formula disappear, the re’

maining term being the rclative number of a relation
“of identity compounded of all the’ multiplied factors.
But since all the objects concerned in this compound
relation from relate ! to correlate * are one and the same,
it is no lonuer a sequence of relations, but a”_coexistence
of special identities, —a coexistence of characters ; ani
its relative number is the relative number of such co-
existences, —of objects or events in which coexist ali
the given special identities that belong at once to all the

given species. The condition that the relations should -
be independent, that is, that between any two of them,

a,b b

b T
for relations of identity becomes the condition that the
proportion of 8’s that are also «’s should cqual the pro-
portion of #'s that are also @’s; in other worils, that an
event i3 b should make it neither more nor less likels
thiat it is also a case of a, and vice versa.
We thus see that the multiplication of identical rela-
tive numbers, when the relations are independent, will
give the relative number of the events in which all the
multiplied identities coexist. The probability of a ¢othe

. . ,
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pound event, {herefore, when the compdxmnfs are inde-
pendent, may be found by multiplying together the prob-
abilities of ¢ : . Applying this prinei

. s of all H'xe_ components.  Applying this principle
to the case of thé.compound events'

[l 4@, @) 4 [a... m,m],
we have.for the probability of the oceurrence of one, and
only one, of n independcnt non-exclusive events, . ,
le,b.. .7 ab,e.. R N N ) B
=[] 3 (e]-.LiT+ (@8] [7).o ot [). (@] [2]. (3)
For the probability of the occurrence of some one or

morc of n independent non-exclusive events, we obtain

by ‘h"ansposnion from the sccond form of the general
addition formula, —

lefbgey . oy n-] =[a]l+[014+. . . 4+
— Ea] [01[e] . - (n]—. . .—[a}. . . [m] [n%
A 2] [B) (] [a]. .. (A]—...—2[4]... (3 (m] (]

— (=) [ (5] [] . . . [x] @

Since the probability of a compound event is the pro-
~duct of the probabilitics of the components (when',inde-
peudent), we have the following equation : —

[a,0,¢...n] = [d] (1 {e]...[»] )

which gives us.

[a][b] [c]...[g] = %J v

e gy =lrbe o,

[a, -+ 9] Ui o] y
U;z]t) ]15"1';110 probab.ilif_v of any event is equal to the
prohability of any compound event into which it enters,

divided by the probability of the compound event made
up of the remaining compounents,
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We may obtain an expression for the probability of
a compound event when the coiponents are ot inde-
pendent, by noticing that in establishing the formula
for multiplication the independence of the. relations ena-
bled us to substitute in the left-hand membler of the

! ' .
equation, TZ for 22 If the relations are not 1nde,p”cud-
L
pll y

ent, this is not permissible; whence indicating
[e'p"]s» the cquation reads

(o' Jor [e"] = [pfp

or f«)f identical relations

La,0),[0) =

. in whicle [a,0], denotes the pryportion of a,d’s among
b’s, the probability that an event of the cenus & will also
be of the species @, An extension of these consideia-
-tions gives the general formula

‘[a,b...n:]:,”_,, [(byen)e. w [c,d,.n]‘}‘__.,,...[:m,n;',, [] =
I . [@,b..n]; (6)

that is, the probability of a compound event, when the
components are not independent, is eqnal to the eeneral
probability of any one of the components multiplicd by
the probability that one of the other components will
“happen when the first happens, and so on until all the
components are exhausted. ‘

Let, us suppose that the compound event, instead of
being composed of n different events, is composed of
n like events, a. If these different occurrences of « are
independent, —that is, if the fact that « has occurred
once, makes it neither more nor less likely that it will

occur again, — we have

(o] = [a] ™
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While the mere fact that @ has occurred will not,
contrary to the popular notion, make it any morc or less
likely to recur, it is ‘evident that in many instances at-
tendant éircumstances, as in the case of habit, may de-
stroy the independence of successtve oceurrences.

If @ is a compound of independent relations of 1dentity,
as a,b,e, .. . m, the formula becomes

Llasdie..m)) = [a,bye. .. 0] ‘
= [P - - . [m)”
=[WIRYL- . Inds5 (9
that is, the probability of the repetition of a compound
cvent « times is equal to the product of {he 2® powers of
the probahilities of its components.

We lave seen that a polynomial relative number ex-
presses the probability of the oceurrence of some one
or more of the separate events symbolized therein. If
the events are exclusives, it expresses the probability of
the occurrence of some one of them. ‘

Considering two exclusives, ¢ and 3, in order to ol-
tain the probability that one or other of them should
occur n times, it is to be noticed first that this event
itself is not a ‘single compound event, hut a compound
alternating event, consisting of as many compound alier-
natives as there arc different arrangements of @ and b in
n occurrences.  Since the probability of an alternating
event is the sum of the probabilities of the alternatives,
the probability we seck will be the sum of the probahifi-
ties of all the compound alternatives ; that is, the sum

of all the products obtained by forming all possible
‘arrangements of n simple probabilities, each of which

must be either [a] or [4]. In other words, the opera-
tion of finding the probability of the occurrence of one or
other of two exclpsives % times, is the same as that of

-




I

. OPERATIONS IN RELATIVE NUMBER. -

‘raising the binomial [<] + [0] to the n™ power. This
is otherwise seen thus: Since @ and b arc exclusives, —

[ 4] = [«] + [41;
[(@0)] = [e4-07 = ([«] + (1]
Similarly, for more than two exclusives, the probability
of one or other happening p times is equal to the sum

of the probabilities of the exclusives raised to the P
power, or

[(a|1)|c| ce o n)?} = ([n] -+ U)] + [f] cee [)l])”. 1))

It may be observed in relation to the probabilities of
the compound alternatives of which these swws are made
up, that any one will be cqual to all the others in which
the elementary exclusives enter in the same proportions,
although in different orders. The case of highest proha-
bility will evidently Le that consisting entirely of that
- bue of the elementary exclusives which has the highest_
- probability, and the case of lowest probability will be
that in which the elementary ¢xclusive having the lowest
probability alone appears. On the contrary, other con-
siderations show that -the mdst probable proportions in
which different alternatives will enter into a scries of
trials will be the ratios of their probabilities, while the
most improbable proportions will be those exhibited by
series consisting entirely of some one of the alternatives.
The same thing is true of exclusives; the most probable
~proportion in which they will be found in a series of
trials being the ratios of their probabilities. Dut while
with alternatives the sum of the prohabilities of all

but

possible orders will continue to be unity, however the -

number of trials is increased, with exclusives the sum
of these probabilities will decrease in geometrical pro-
gression as the trials are repeated.

’
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* The results thus far reablled,. readily lead to other com-

binations of probabilities, as in the following examples :
The probability of {he occurrence of at least one of two
events with a third is given by the equation

LCato),ed=[a - 9)Ie] = ([@d+[8]) []-[aI[6][c] (10)
in which, as in general in probabilities, the events are
supposed to be independent.

When ¢ and b are exclusives, the same probability is

equal to
([al+[2D) [ ,
For any number of exclusives, and any number of
other events, the equation Lecomes
LadBg oo ) a0, )=
(L] + (B34 -+ 4LD [0 - [2] (11
For ihe probability of the oceurrence of one, and only

one, of any number of non-exclusive events with any
number of others, we have

[ C2Y: ST R A b ) @b ] =

(eJe]. . Td(Cad[AY - - - B +[a) .. [ADDD) - (12)
The probability that a will occur m times 1o % occur-

rences of b,—that is, that m o’s will happen while n b's

are happening, — will be the probability of the compound

event consisting of m «’s and n ’s. The probability

that m a’s will be succeeded by n b's is [a]"[8]", and the

number of different arrangements of m + n objects, m
m. -9

m4n

of one kind z?nd n of another, is ; whence the total
probability is
| 2T g o) (13)
2
If @ and & were alternating events, this expression
would give the probability of the oceurrence of some one
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or other of = exclusives m times, while some one or
other of p exclusives is happening n times. Substituting
the values assumed in this case by [a]™ and [0]", we
have for this plobablhty

“L—<[1+[B]+ +[~r])"'([a]+[b] 40P (19

In this mvestlgatxon of some modes of combining
probabilities, suggested by the consideration of R"‘ldtl\(}
Number, we ha\c used the Addition formule in reaching
(1) the probability of negative events, (2) of some one
of n exclusives, (3) of somc one, and only one, of n
non-exclusives, and (4) of at least onc of » non-cxclu-
gives. From the Multiplication formule we have ob-
. tained the probability of a compound cvent when the
. components are either (5) independent, or (6) depend-

ent; and by a reference tg the involution of Relative .

Number have established formulz for the probability

of the repetition of (7) simple (8) compound.or (9)

alternating events. Tlicse results have been combined
in the more complicated cases (10-14) last considered.

. A THEORY OF PROBABLE INJERENCE.

o\ ; ' .
v ¥ By C S. Prirce

, .

]

III“

Tar following is an example of the simplest kind of
probable inference : —.

Alout two per cent of pel sons wounded in tlre liver recover;
This man has been wounded in the liv er;
Therefore, ‘there are two dmncea out of a hundred that he
© will recover. - .

« f¢~

Compare this withi the snnplest of syllogisms, say the.
follownn ,
Every man djes;
* Enoch was a man;
Hence, Enoch must have died.

The latter argument consists in the application of a

" general rule to a particular case. The former applies to

a particular case a rule not absolutely universal, hut sub-
ject to a known proportion of exceptions. Both may
-alike be termed deductions, because they bring informa-
tion about the uniform or usual course: of things to bear
upon the solution of special questions ; and the probable
argument may approximate indefinitely.to demonstration
as the ratio named in the first premise approaches to
unity or,to zero,
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11
Let us set forth the general formule of the two kinds
of inference in the manner of formal logic. ’

FORM I.
- Singular Syllogism in Barbara.
Every 3 1>1P,
S is an M
- Hence, Sisa P.

N

.FOR)[ IT.
Simple” Probublz Deduction.
The proportion p of the 37's are Psy
S'is an J7; :
It follows, with probability p, that Sis a P.

It is to be observed that the ratio g need not be exactly
specified. | W¢ may reason from the premise that not
more than two per cent of persons wounded in the liver
recover, or from “not less than a certain proportion- of
the M's are P’s,” or from ¢ no very larce nor very
--small proportion, ete.”  In short, p is subject to every

kind ‘of indeterminacy; it simply excludes some ratios
and admits the possibility of the rest. -

The analogy between syllozism and what is here called
probable deduction is certainly genuine and important ;
yet how wide the differenices between the two modes of

inference are, will appear from the following considera«

tions: — :

1. The logic of probability is related to ordinary syllb: |

gisti¢ as the quantitative to the qualitative branch of the
same science. Necessary syllogism recognizes only the
inclusion or non-inclusion of one class under another;

‘but probable inference takes account of the proportion . |
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of one class which is contained under a second. Tt is
like the distinction between projective geonetry, which
asks whether points coincide or not, and metric geome-
try. which determines their distances.

2. For the existence of ordinary syllogism, all {hat is
requisite is that we shounld be able to say, in sume sense,

Ahat one term is contained in another, or that one object

stands to a second in one of those relations: ¢ letter
than,” ¢ cqnivalent to,” ete., which arc termed fransitive
becanse if A s in any such relation to B, and B is in

-the same relation to ¢ then A is in that relation to (.

The universe might be all so fluid and variable that
nothing should preserve its individual identity, and that
no measurement should &JO coneeivable ; and still one
portion might remain inclosed within, a second, itself

incloscd within & third, so that a sylovism would be
possible.  Dut prolable inference could not be made in
such a universe, hecause no signification would attach to
the words “ quantitative ratio.”  For that there must be
counting ; and consequently units must exist, preserving
their identity and variously grouped tosether.

3. A cardinal distinetion between the iwo kinds of
inference is, that in demonstrative reasoning the con-
clusion follows from the existence of the objeetive facts
laid down in the premises; while in probable reasoning
these facts in themselves do not even render the con-
clusion probable, but account has to be taken of various
subjective circumstances,~— of the manner in which the
premises have been oblained, of ihere Deing no counter-
vailing considerations, cte. ; in short, gdod faith and hon-
esty arc essential to good Jogic in probable reasoning.

When' the partial rule that the proposition p of the

‘M’s are P’s is applied to show with prohability p that

S is a P, it is requisile, not merely that .S should e an
- . N
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- but also that it should be an instance drawn at ran-
dom from among the 3’s. Thus, there heing four aces
in a picquet pack of thirty-two cards, the chance is one

eighth that a given card not looked -at is an ace; but
this is only on the supposition that the card has been
drawn at random from the-whole pack. 1f, for instance,
it had been drawn from the cards "discarded by the
* players at piquet or cuchre, the probability would be
quite different. The instance must be  drawn at ran-
dom. Here is a maxim of conduct. The volition of
the reasoner (using what machinery it may) has’ to

choose § so that it shall be an' 3 but he ought to

restrain himself - from all further preference, aid not

allow his will to act in any way that might tend to
- settle what particular 2/ is taken, but should leave that
to -the operation of chance. Willing and wishing, like
other operations of the mind, are general and imperfectly
determinate.” I wish for a horse, — for some particular
kind of horse pex‘liups, but not usually for any individual
one. Iwill to act in a-way of which I have a general

conception ; but so long as’'my action conforms to that
general description, how it is further determined I do -

not care. Now in choosing the instance 9, the general
intention (including the whole plan of action) should
be to seleet an A, but beyond that there should be no
preference ; and the act of choice should be such that if
it were repeated many enough times with the same in-
tention, the result would be that among ghe totality of
selections the different sorts of M’s would. occur with
the same relative frequencies as in experiences in which
volition does not intermeddle at all. Tn cases in which
it is found difficult thus to restrain the will by a direct
- effort, the apparatus of games of chance,~-a lottery-
wheel, a roulette, cards, or dice, —~may be called to our
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aid.. Usually, however, in making a simple probable
deduction, we take that instance in which we happen at
the time to he interested. In. sucl a case, it is our
interest that fulfils the “function of an apparatus for
random -selection; and no better need le desired, so

* long as we have reason to deem {he premise “ihe pro-

portion p of the Al's are P's” to he equally true in
regard to that part of the A’s which arc alone likely
ever to excite our interest.

"

Nor is it a matter of indifference in what manner - the
other premise has been obtained, A card being drawn
at random from a picquet pack, the chance is one-eighth
that it is an ace, if we have no other knowledge of it.
But after we have looked at {he card, we can no longer
reason in that way. That the conclusion must he drawn
in advance of any other knowledge on the subject is
a rule that, lowever elementary, will be found in the
sequel to have great importance.

4. The vonclusions of the two modes of inference like-
wise difier.  One is necessary ; the other only probable.
Locke, in the “Lssay, concerning Human Understanding,”
hints at {he correct analysis of the nature of probability.
After remarking that the mathematician f)ositively knows
that the sum of the three angles of a triangle is equal 13
two right angles because he apprehends the geometrical

" proof, lie then continues’: ¢ But anotlier man who never

took the pains to obsérve the demonstration, hearing a
mathematician, a man of credit, affirm the threc angles
of a triangle to be equal to two right ones, assents o it ;
that is, receives it for true. In which case, the founda-
tion of his assent is the probability of the thing, the proof
being such as, for the most part, carries truth with it;
the man on whose testimony he receives it not being wont
to affirm anything contrary to or besides his knowledge,

«
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especially in matters of this kind.” Those who know

Locke are accustomed to look for more meaning in lis

words than appears at first glance.  There is an allusivn
in this passage to the fact that a probable argument is
always regarded as helonging to a genus of arguments.
This is, in fact, true of any kind of arcument. For the
belief expressed by the conclusion is determined or caused
by the belief expressed by the premises. There is, there-
fore, some general rule according to which the one suc-
ceeds the other. But, further, the veasoner is conscious
of there being such a rule, for-otherwise le would not
know he was reasoning, and could exercise 1o attention
or control ; and to such an 1mohmmy peration the
name reasoning is very properly not appled. 1In all
cases, then, we are conscious that our inference Lelongs
to a general class of logical forms, although we are not
‘necessarily able to describe the general class. The dif-
ference between necessary and prohable reasonini is that
in the one case we conceive that such [acts as are ex-
pressed by the premises ave never, in the whole range of
possibility, true, without another fact, related to them as
our conclusion is to our premises, being true likewise ;
while in the other case we merely conceive tlmt in rea-
soning as we do, we are {ollowing a general maxim thats
will usually lead us to the truth.

So long as there are exceptions to the rule that all
men wounded in the liver-die, it does not recessarily
- follow that because a given man is wounded in the liver
he cannot recover. Still, we know that if we.were to
reason in that way, we should be following a mode of
~inference which would only lead us wrong, in the long
ruiy; once in fifty times; and this is what we mean when
we say that the probability is one out of fifty that the
man will recover. To say, then, that a proposition has
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the probability p means that to infer it to be true would
be to follow an argument such as would carry truth with
it in the ratio of frequency p.

It is plainly uscful that we should have a stronger
feeling of confidence about a sort of inference which will
oftener lead us to the truth than about an inference that
will Jess often prove right, — and such a sensation we do
have. The celebrated . law of Fechner is, that as the

‘force acting upon an organ of sense increases in geo-

metrical progression, the intensity of the sensation in-
creases in arifhmetical progression. In. this case the
odds (that is, the ratio of the chances in favor of a
conclusion to the changes against it) take .the place of
the exciting cause, while the sensation itself is the feel-
ing of confidence. When two arguments tend to the
same conclusion, our confidence in the latter is equal to
the sum of what the two arguments separately would
produce ; the odds are the product of the odds in favor
of the two arguments separately. When the value of the
odds reduces to unity, our confidence is null; when the-
odds are less than unity, we have more or less confidence

in the negative of the conclusion.

1.

The principle of probable deduction still applies when
8§, instead of being a single A, is a set of M’s,—=n

in number. The reasoning then takes the following
form: — '

\

FORM IIL
Complex Probable Deduction.

Among all sets of n M’s, the proportion ¢ consist each of
m F's and of n—m not-P's; /
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S, 8", 8™ ete. form a set of » objects drawn at random
from among the A's:

‘Hence, the probability is ¢ that among S, .8, S, ctc. there
are m P’s and n—m not-Ps. )

In saying that S, &', S”, ete. form a set drawn at ran-
dom, we here mean that not only are the different in-
" dividuals drawn at random, but also that they are so
drawn that the qualities “lnuh may belong to one have
no influence upon the selection of any other. In other
words, the individual drawings are independent, and the
set as a whole is taken at random from among all possi-
ble sets of » A’s. In strictness, this supposes that the
same individual may be drawn several times in the same
set, although if the number of J/’s is large compared
with 7, 1t makes no appreciable difference whether this
is the case or not-

The following formula expresses the proportion, among
all ‘'sets of » 3{’s, of those which consist of m P’s and
n—m not-P’s. The letter » denotes the proportion of
P’s among the A['s, and the sign of admiration is used
to express the continued product of all integer numbers

from 1 to the number after which it is placed. - Thus, .

4'=1.2.3.4= 4 etc. The formula is

Lo

As an example, let us assume the proportion 7 = 3
and the number of A/’s in a set n=15. Then the
values of the probability ¢ for different numbers, m, of
P’s, are fractions having for their common denominator
14,348,907, and for their numerators as follows : — °

THEORY OF PROBABLE INFERENCE.

XNumerator of ¢. Numerator of ¢.

1 ' 1667300

30 : 2562560

4290 : . 3075072
3640 2795520
21840 ‘ - 1863680
96096 860160
320520 4 122880
$23680 32768

- Ct WO

A very little mathematics would suffice to show that,
r and « being fixed, ¢ always reaches its maximum value
with that value of m that is next less than (2 4 1)7,* and
that ¢ is very small unless 72 lias nearly this value.

Upon these facts is"based another form of inference to
whicl T give the name of statistical deduction. Its gen-
eral formula is as follows : — ‘

FORM 1V.

Statistical Deduction.
The proportion 7 of the A’s are I's;

St 84 S ete., are a numerous set, taken at random
from among the 4773 :

Hence, probably aml approximately, the proportlon 7 of
the S’s are P’s.
Asan examplc, take this: —

A little more than half of all human births are males; _
Hence, probably a little over half of all the births in New

. York during any one year are males,

We have now no longer to deal with a mere probable

~inference, but with a probable approzimate inference.

* In case (n 4 1)ris a whole numi)cr, g has equal values for m =
(4 Dravdform=@-+1)r— 1
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This conception is a somewhat complicated one, eaning
that the probability is greater according as the limits of

approximation are wider, conformably to the mathemati- -

cal expression for the values of 4.

This conclusion has no meaning at all unless there be
more than one instance; and it has hiardly any meaning
unless the instances are somewhat numerous. When
this is the case, there is a wore convenient way of ob-
taining (not exactly, but quite near enough for all practi-
cal purposes) cither a single value of ¢ or th‘e sum‘of
successive values from m = ny to m =m, inclusive. The
rule is fiyst to calculate two quantities which may con-

“veniently be called ¢, and ¢, according to these form-
ule : — 4
m—((n4+Dr _ ,l_i,?"i:,_(i':ti).:
W= Y (e
A 2nr(l—r) A
’ n
where m, >m,. Either or both the quantities ¢ and ¢,
‘may be negative. Next with cach of these quantities
enter the table below, and take out } O and % Otz.and
give cach the same sign as the ¢ from which it is derived.

Then
Eg:&@tg-— %@Zl.
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.T@le of Of = 1/%/‘[0;6_”&'

(S]3 ¢ ot ¢ . e

<

0.99532
0.99702
0.99814
0.99886
0.99931
0.99959
0.99976
0.99987
- 0.99992
0.99996
0.99998

0.000 1.0 | 0.843
0.112 1.1 0.850
02.3-3 12 0_910
0.428 14| 0.952
0.520 L5 1 0.966
70,604 16 ] 0976
0.678 | 71 0981
0.742 18] 0959
0.797 19| 0993
0843 | |20 o995

RIS

O 0= W S

© 10 19 10 10 10 e bo

<

0.999999989

0.9999999999984
0.999999999999999982
0.999999999999999999999958

<

In rough calculations we may take Ot equal to ¢ for ¢
less than 0.7, and as equal to unity for any value above
t=14, ’

The prineiple of statistical deduction is that these two
proportions, — namely, that. of the P’s among the A/,
and that of the s among the $’s,—are probably and
approximately equal. If, then, this principle justifies our
inferring the value of the second proportion from the
known value of the first, it equally justifies our inferring
the value of the ﬁfst from that of the second, if the firsf




A THEORY OF PROBABLE. INFERENCE. 137

is -unknown but the second has been observed. We
thus obtain the following form of inference : — '

FORM V.
Induction.

5]
&, §", SM, ete., form a numerous set taken at random
from among the M’s;

S’y 8", S, ete., are found to be — the proportion p of
them — P’s; : '

Hence, probadly and approximately the same proportion, p,
of the AL’s are P’s. ¢

The following are examples. From a bag of coffee a
handful is taken out, and found to have nine tenths of
the beans perfect ; whence it is inferred that about nine-
-tenths of all the beans in the bag are probably perfect.
The United States Census of 1870 shows that of native
white children under one year old, there were 478,77
males to 463,320 females¢ while of colored children of
“the same age there were 75,985 males to 76,637 females.
We infer that generally there is a lazger proportion of
female births among negroes than among whites.

When the ratio p is unity. or zero, the inference is an
ordinary induction ; and 1 ask leave to extend the term
induction to all such inf‘erence, whatever be the value of
p- Itis,in fact, inferring from a sample to the whole
lot' sampled. These two forms of inference, Statistical
deduction and induction, plainly depend upon the same
principle of equality of ratios, so that their v:ﬂidity is the
sare. Yet the nature of the probability in the two cases
is very different. In the statistical deduction, we know
that among the whole body of J/’s the proportion of P's
18 p; we say, then, that the §’s being random drawings
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of Ml’s are probably P’s in about the same proportion,
—and though this may happen not to be $0, ycb at any
rate, on continuing the drawing sufficiently, our pre-
diction of the ratio will Le vindicated at last. On {he
other hand, in induction we say that the proportion p of
the sample being P’s, probably there is about the same
proportion dn the whole lot; or at least, if this happens
not to be so, then on continuing the drawings the in-
ference will be, not vindicated as:in the other case, but
modified s0 as to become true. 4'le deduction, then,
is probable in this sense, that though its conclusion may
in a_particular case be falsified, yet similar conclusions
(with the same ratio p) would generally prove approxi-
mately true; while the induction is probable in this
sense, that {hough it may happen to give a false con-
clusion, yet in most cases in which the same precept of
inference was followed, a different and approximately
truc inference (with the right value of p) would be »
drawn,

.

IV.

Be(‘ore\going any further with the study of Form V.,
I wish to join to it another extremely analogous form.

We often speak of one thing being very much like
another, and thus apply a vague quantity to resemblance.
Even if qualities arc not subject to exact numeration,
We may conceive them to be approsimately measurable.
We may then measure resemblance by a scale of num-
bers from zero up to unity. To say that S Dhas/ a
1-likeness to a P will mean that it has every character
of a P, and consequently s a P. To say that it has a
O-likeness will imply total dissimilarity. We shall then
be able to reason as follows : —
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FORM IL (bis).
Simple probable deduction in depth.

Every A has the simple mark P;
* The S’s have an rlikeness to the M/’s: f
Hence, the probability is » that every Sis P.

It-would be difficult, perhaps impossible; to adduce an
example of such kind of inference, for the reason that
gimple marks are not known to us. We may, however,
.illustrate the complex probable deduction in depth (the
general form of which it is not worth while to set down)
as follows: I forget whether, in the ritualistic churches,

a bell is tinkled at the elevation of the Ilost or not.

Knowing, however, that the services resemble somewhat
decidedly those of the Roman Mass, I thirk that it is not

unlikely that the bell is used in the ritualistic, as in the =

Roman, churches.
We shall also have the following: —

FORM IV. (bis).
Statistical deduction in depth.

Every M has, for example, the numerons marks P/, PV,
Pl ete., - .

S has un »-likeness to the 3ls:. - _

Hence; probably and approximately, S has the proportion 7
of the marks P/, P!, P etc.

- For example, we know that the French and Italians
are a good deal alike in their ideas, chdracters, tempera-

ments, genius, customs, institutions, cte., while they also-

differ very markedly in all these respects. Suppose, then,
that I know a boy who is going to make a short trip
through France and Italy ; I can safely predict that

gmong the reaﬁy numerous though relatively few res-
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pects in which he will be able to compare the t&«é’mﬂe,
about the same degree of resemblance will be found,

Both these modes of inference are clearly deductive:
When » == 1, they reduce to Barbara.!

Corresponding to “induction, we have the following
mod¢ of inference:—

© FORM V. (bis).
Hypothesis.
A has, for example, the numerous marks Pl pipiete,

S has the proportion » of the marks Pl Pl Pl ete,
Hence, probally and approximately, Shas an r-likeness to Jf,

Thus, we know, that the ancient Mound-builders of
North Awmerica present, in all those respects in which we .
have been able to make the comparison, a limited degree
of resemblance with the Pueblo Indiajs. The inference.
is, then, that in all respects there is about the same de-
gree of resemblance between thesc rades.

If T am: permitted the extended sense which I have
given to the word « induction,” this argument is simply
an induction respecting qualities instead of respecting

! When 7 =0, the last form begomes

Af has all the marks P; .
& has no mark of Af: :
Hexc?e, S has none of the marks. P,

When thie universe of marks is unlimited (see  note appended to this
paper for an explanation of this expression), the only way in which two
terms.can fuil to have a comuon mark is by their together filling the uni-
verse of things ; and conseyuently this form then becomes,

Mis P,

Every non-Sis Af:

Hence, every non-§ is P,
This is one of De Morgan's syllogisms.

In putting 7==0in Form' IL (Jis) it must be noted that, since P is
simple in depth, to s2y that S is not P is to say that it has no mark of P, .

/

|
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things. In point of fact P!, P, P ete. constitute a

random sample of the characters. of 47, and the ratio »-

of them being found to belong to S, the same ratio .of all
~ the characters of A are concluded to belorig to 8. This
kind of argument, however, as it actually occurs, differs

very much from induction, owing to the impossibility -

_of simply counting qualities a3 individual things are
counted. Characters have to be weighed rather than

. counted. Thus, antimony is bluish-gray: that is a char-

“acter. Bismuth is a sort of rose-gray;- it is decidedly

+ . different from antimony in color, and yet not so very

~different as gold, silver, copper, and tin are, '
) I call this induction of characters ln/g_g}othet' 3 :
o, briefly, hypothesis. Tliis is perlaps nots very appy

L designation; yet it is difficult to find a better. term

A . . . « .
" “hypothesis” has many well established and distinet
meanings. Among these is that of a proposition believed
~ in because-its consequences agree with experience. This

is the sense in which Newton used the word when le

said, Hypotheses non fingo.- He meant that hie was merely
~ giving a general formula for the motions of the heavenly
bodies, but was not undertaking to mount to the causes
of the acceleration they exhibit. The inferences of
Kepler, on the other hand, were hypotheses in this sense;
for he traced out the miscellancous consequences of the
supposition that Mars moved in an ellipse, with the sun
-at the focus, and showed that both the longitudes and the
.. latitudes resulting from this theory were such as agreed
with observation. These two compohents of the motion
were observed ; the third, that of approach to or regression
from the earth, was supposed. Now, if in Form V. (bes)
. Wwe put =1, the inference is the drawing of a hypothesis
“in this sense. T take the liberty of extending the use of
the word by permitting » to have any value from zero to
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unity.. The term is certainly not all that could be de-
sired ; for the word hypotliesis, as ordinarily used, carrics
with it a suggestion of uncertainty, and of something to-
be superseded, which does not belong at all to my use of
it. But we must use exisling language as best we may,
balancing the reasons for and against any mode of ex-
pression, for none is perfect ; at least the term is not
s0 utterly misleading as -« analogy ” would he, and . with .

proper explanation it.will, T hope, be understood.:

|V

“The following eiﬁniples will ‘illush'uto the distinction

~ between statistical deduction, induction, and hypothesis.

If T wished to order a fout of type expressly for the

printiffe of this book, knowing, as I do, that in all Eng-
“lish writing the letter e occurs oftener than any other

letter, I should want more ¢’s in my font than other
letters.  For what is true of all other. English writing is
no doubt truc of these papers. This is a statistical de.’

‘duction. But then-the words used in logical writings are
- rather peculiar; and a good deal of use is made of single

letters. I might, then, count the number of occurrences.
of the difierent let{ers upon a dozen or so pages of the
manuscript, and thence conclude the relative amounts of
the different kinds of type required in Ulig font.. That
would e inductive inference. If now I were to-order
the font, and if, after some days, I were to receive a box
containing ‘a‘ large number of little paper parcels of very

- different sizes, I should naturally infer that this was the

font of types I had-ordered ; and this would be hypothetic
inference.  Again, if a dispatch in cipher'is captured, and
it is found to, be written with ‘twenty-six characters, one
of which occurs much more frequently than any of the

-
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others, we are at once led to suppose that each charac-
ter represents a letter, and that the one occurring so fre-
quently stands fer e. This is also hypothetic inference.
We are thus led to divide all probable reasoning into
deductive and ampliative, and further to divide ampliative
reasoning into induction and Jiypothesis. In deductive
reasoning, though the predicted ratio may Le wrong in a
limited number.of drawings, yet it will be approximately
verified in a lirger number.  In ampliative reasoning the
ratio may be wrong, because the inference is hased on but
a limited number of instances; but on enlarging the
sample the ratio will he changed till it becomes approxi-
mately correct. In induction, the instances drawn ab
random arc numerable things; in Lypothesis they ave
characters, which are not capable of strics enuameration,
but have to be otherwise estimated. '
This classification of probable inference is connected
with a preference for the copula of inclusion over those
used by Miss Ladd and by Mr. Mitchell! De dorean
established cight forms of simple propositions; and from
a purely formal point of view no one of *these has ‘a_l‘ight
to be considered as more fundamental than any other.
But formal logic must not be too purely formal ; it must
represent a fact of psychology, or else it is in‘danger of
degenerating into a mathematical recreation. The cate-
gorical proposition, “cvery man is mortal”’ is but a modifi-
cation of the hiypothetical proposition, ** if lumanity, then
mortality;”” and since the very first conception from which
Jogic springs is that one proposition follows from another,
I hold that “if .4, then 3" should be taken as the typical
form of judgment. Time flows; and, in time, {rom one
state of belief (represented by the premises of an argu-

_ * T do not here speak of Mr. Jevons, because my objection to ths copula
of identity is of a somewhet ditferent kind. ‘

.

<
\\A
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‘ment) another (represented by its conclusion) is de-
veloped. Logic arises from this circumstance, without

which we could not learn anything nor corrcct any
opinion. To say that an inference is correct is to say
that if the premises are true the conclusion is slso true;
or that etelé' possible state of things in which the prem-
ises should be true would be included among the possible
states of things in which the conclusion would be true.
We are thus&cf to the copula of inclusion. But the
main characteristic of the relation of inclusion is that it
is transitive,— that is, that what is included in some-
thing included in anything is itself included in. that
thing ; or, that if A.is Band Bis C, then 4 is (. We
thus get’ Barlara as the primitive type of inference.
Now in Barbara we have a Rule, a Case under the Rule,
and the inference of the Zesult of that rule in that case.
For example: — .

Rtule.  All men arc mortal;
Cure.  Tnoch was a man.
Result.  LEnoch was mortal.

The cognition of a rule is not necessarily conscious,
but is of the nature of a habit, acquired or congenital.
The cognition of a case is of the generayenature of a
sensation ; that is to say, it is something which comes
up into present consciousness. The cognition of a result
is of the nature of a decision to act in a particular way
on a given- occasion.!’ In point of fact, a syllogism in
Barbara virtually takes place when we irritate #.e foot
of a decapitated frog. The connection hetween the af-
ferent and efferent nerve, whatever it may be, constitutes
a nervous habit, a rule of action, which is the physio-

1 Sce my paper on *‘ How to make our ideas clear.” — Popidar Science
Monthly, January, 1878,
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logical analogue of the major premise. The disturbance
of the ganglionic equilibrium, owing to the irritation, is
the physiological form of that which, psychologically con-
sidered, is a sensation; and, logically cousidered, is the
occurrence of a case. The explosion through the efferent
nerve is the physiological form of that which psychologi-

cally is a volition, and logically the inference of a result.

When we pass from the lowest to the highest forms of
inervation, the physiological equivalents escape our ob-
“servation; but, psychologically, we still have, first, habit,
— which in its highest form is understanding, and which
corresponds to the major premise of Barbara; we have,
second, feeling, or present consciousness, corresponding
to the minor premise of Barbara; and we have, third,

volition, corresponding to tlie conclusion of the same
" mode of syllogism. Although these analogies, like all
very broad generalizations, may seem very fanciful at
first sight, yet the more the reader reflects upon them
the more profoundly true I am confident they will appear.
They give a significance to the ancient system of formal
logic which no other can at all share.
" Deduction proceeds from Rule and Case to Result; it
i3 the formula of Volition. Induction proceeds fromn Case
and Result to Rule; it is the formula of the formation of
a habit or general conception,— a process which, psycho-
logically as well 4s logically, depends on the repetition of
. instances or sensations. Hypothesis proceeds from Rule
and Result to Case; it is the formula of the acquirement
of secondary sensation, — a process by which a confused
* -concatenation.of predicates is brought into order under
a synthetizing predicate.

We usually conceive Nature to be perpetually making -

«‘deduct:ons in Barbara, This is our natural and anthro-

pomorphic metaphysics. We conceive that there are
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Laws of Nature, which are her Rules or major premises.
We conceive that Cases arise under these laws ; {hese
cases consist in the predication, or occurrence, of causes,
which are the middle terms of the syllogisms. And,
finally, we conceive that the occurrence of these causes,
by virtue of the laws of Nature, result in effects which
are the conclusions of {he syllogisms. Conceiving of
nature in this way, we naturally conceive of scicnce as
baving three tasks,— (1) the discovery of Laws, which
is accomplished by induction ; (2) the discovery of Causes,
which is accomplished by hypothetic inference; and (3)
the prediction of Effects, which is accompiished by de-
duction: It appears to me to be highly useful to select
a system of logic which shall preserve all thesc natural
conceptions. .

It may be added that, generally speaking, the conclu-
sions of Hypothetic Inference cannot he arrived af in-,
ductively, because their truth is not suscept)ble of direct
observation in single cascs. Nor can the conclusions of
Inductions, on account of their generality, he reached by
hypothetic inference. For instance, any historical fact,
as that Napoleon Bonaparte once lived, is a hypothesis ;
we believe the fact, because its effects — I mean current
tradition, the histories, the monuments, etc. — are ob-
served.  But no-mere generalization of observed facts
could ever teach us that Napoleon lived. So we induc-
tively infer that every particle of matter gravitates toward
every other. Hypothesis might lead to this result for

any given pair of particles, but it never could show that
the law was universal.

VL

We now come to the consideration of the Rules which
have to Le followed in order to make valid and strong
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Inductions and Hypotheses. These rules can all be reg-

duced to a single one ; namely, that the statistical deduc-
tion of which the Induction or Hypothesis is the inversion,
must be valid and strong.

We have seen that Inductions and Hypotheses are in- -

ferences from the conclusion and one premise of a sta-
- tistical syllogism to the other premise. In the cqse of
hypothesis, this syllogism is called the ezplanation. Thus
in one of the examples used. above, we suppose the cryp-
tograph to be ;1{1 English ciplier, because, as we say, this
ezplains the obsdged phenomena that there are about
two dozen charvacters, that one occurs more frequently
than the rest, especially at the ends of words, etc. The
explanation is, —

Simple Iinglish ciphers have certain peculiarities ;
This is w simple English cipher ‘
Henee, this necessurily has thes@peculiarities.

This explanation is present to the mind-of the reasoner,
too; so much so, that we commonly say that tle hypo-
thesis is adopted for the sake of the explaunation. - Of
induction we do not, in ordinary lauzuage, say that it
explains phenomena ; still, the statistical deduction, of
which it is the inversion, plays, in a ceneral way, the
same part as the explanation in hypothesis. From a
barrel of apples, that I am thinking of buying, I draw
out three or four as a sample.  1f I find the sample some-

what decayed, I ask myself, in ovdinary language, not
o« Why is this ?” but “Yow is this?” And I answer
that it probably comes from nearly all the apples in the
barrel being in bad condition. The distinction between'
the “ Why ” of hypothesis and the “ How ? of induction
13 not very great ; both ask for a statistical syllogism, of
which the observed fact shall be the conclusion, the

L
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known conditions of the observation one premise, and
the inductive or hypothetic inference the other. This
statistical syllogism may Le conveniently termed the ex-
planatory syllogism. ,

In order that an induction or hypothesis should have
any validity at all, it is requisite that the explanatory
syllogism should be a valid statistical deduction. Its
conclusion must not merely follow from the premises,
but follow from them upon the principle of probability.
The inversion of ordinary syllogism does not give rise
to an induction or hypothesis. The statistical syllogism
of Form 1V. is invertible, because it proceeds upon the
principle of an approsimate equality hetween the ratio
of P’s in the whole class and the ratio in g well-drawn
sample, and Dhecause equality is a convertible relation.
But ordinary syllogism is based upon the property of the
relation of containing and contained, and that is not a
convertible relation. There is, however, a way in which
ordinary syllogism may he inverted ; namely, the con-
clusion and either of the premises may be interchanged
by negativing each of them. This is the way in which
the indirect, or-apagogical,! ficures of syllogism are de-
rived from the first, and in which the modus tollens is
derived from the modus ponens. The following schemes

- show this : —

o
First Figure.
Rule. Al M is P;
Case. Sis M:
Result. Sis P. ,
Second Figure. Third Figure.
Rule. - ANl M is P | Denial of Result. S is not P
Deniad of Result. Sisnot P: | Case. Sis M-
Denial of Case.  Sis not M. | Denial of Rule. Some I is
. not .,
1 From apagoge, Aristotle’s name for the reductio ad absurdum.
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Dlodus Ponens.

Rule.  If 4 is true, C is true;
Case.  In a certain case A is true:
Eesult. .. In that case C is true.

Modus Tollens. Modus Tnnominatus.

Rule. 1f 4 is true, C is| Case. In a certain case A is
. true; true;

Denial of Result. Inacertain | Denial of Result. In that case

case C isnot true: - C 1s not true:

Denial of Case. .. In that | Denialof Bule. . If A is true,
ease A4 is not true, C'is not necessarily true.

v

»Now suppose we ask ourselves what would be the re-
- sult of thus apagogically inverting a statistical deduction.
Let us take, for example, Form IV : —

The §’s are 2 numerous random sample of the 2['s;
Thé proportion r of the 3’s are F’s:

Hence, probably about the proportion  of the §'s are £’s_-

The ratio 7, as we have already noticed, is not neces-
sarily perfectly definite; it may be only knowa to have
a certain maximuni or minimum ; in fact, it may have
any kind of indeterminacy. OF adpossible values be-
tween 0 and 1, it admits of some and excludes others.

The logical negative of the ratio r s, therefore, itself a
ratio, which we may name p; it admits of every value .

whicl r excludes, and excludes every value of which =
admits.. Transposing, then, the major premise and con-
clusion of our statistical deduction, and at the same time
denying both, we obtain the following inverted form : —

-

14

S
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The §’s are a numerous random sample of the Mf’s ;
The proportion p of the S’s are P’s:
Heuce, probably about the proportion p of the A’s are P’s1

But this coincides with the formula of Induction.
Again, let us apagogically invert the ‘statistical deduction
of Form IV. (4is). This form is,— °

v

Every Af has, for example, the numerous marks PPy

P ete.

\

S has an rlikeness to the M’s :
Hencg, probably and approximately, 'S has the proportion

7 of the marks P/, P!l, PIl!, eic,

Transposing the wminor premise and conclusion, at the
same time denying both, we get the inverted form, —

Lvery A bas, for example; the numerous marks Pl P
P ete, ’

§ bas the proportion p of the marks Pl Pl P ete.:
Hence, probably and approximately, S has a p-likeness to

the class of A’s.

This coincides with the formula of Hypothesis. Thus
we see that Induction and Hypothesis are nothing but
the apagogical inversions of statistical deductions. Ac-
cordingly, when r is taken as 1, so that p is “less than 1
or when 7 is taken as 0, so that p is “ more than 0,” the
induction degenerates into a syllogism of the third figure

- and the hypothesis into a syllogism of the second figure.

! The conclusion of the statistical deduction is here regarded as being
‘“the proportion r of the S's are P's,” and the words ‘‘probably ebout”
88 indicating the modality with which this conclusion isdrawn and held
for true. Tt would be equally true to consider the ““ probably about” as
forming part of the contents of the conclusion ; only from that point of
view ¢he inference ceases to be probable, and becomes rigidly necessary,

and its apagogical inversion is also a necessary inference presenting no
particular interest. ’
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In these special cases, there is no very essential difference
between the mode of reasoning in the direct and in the
apagogical form. But, in general, while the probability
of the two forms is prec‘isely the same,—in this senze,
that for any fixed proportion of P’s among the M’s
(or of marks of 'S’s among the marks of the 4/'s) the
probability of any given crror in the concluded value i3
precisely the same in the indirect as it is in the direct

&
form, — vet there is this striking difference, that a muiti-

plication of instances will in the one case confirm, and
in the other modify, the concluded value of the ratio.

We are thus led to another form for our rule of validity
of ampliative inference; namely,- instead of saying that
the explanatory syllogism must be a good prolable de-

duction, we may say that the syllogism of which the .

induction or hypothesis is the ajagogical modification
(in the traditional language of logic, the reduction) must
be valid. ‘ .
Probable inferences, though valid, may still differ in
their strength. A probable deduetion has a greater or
less probable error in the concluded ratio. When » isa
definite number the probable error is also definite; hut
as a wencral rule we can only assign maximum and mini-
mum values of the probable error. The probable error
is, in fact, —
/2T (1 —1)
' "

0.477 V

where n is the number of independent instances. The
same formula gives the probable error of ani:?uctlon or

hypothesis ; only that in these cases, » being arholly inde-
terminate, the minimum value is zero, and the masimum
is obtained by putting r = L.
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VIIL

Although the rule given above really contains all the
conditions to which Inductions and Hypotheses need to
conform, yet inasmuch as there are many delicate ques-
tions in regard to the application of it, and particularly
since it is ‘of that nature that a violation of it, if not
too gross, may not absolutely destroy the virtue of the
reasoning, a somewhat detailed study of its requirements
in regard to éach of the premises of ihe z'u'gumeut‘:is still
needed. :

The first premise of a scientific inference is that certain
things (in the case of induction) or certain characters
(n the case of hypothesis) constitute a fairly chosen
sample of the class of things or the run of characters
from which they have been drawn. o

The rule requires that the sample should be drawn at
random and independently from the whole lot sampled.
That is to say, the sample must be taken according to a
precept or method which, being applied over and over
again indefinitely, would in the long run result in the
drawing of any one set of instances as often as any other
seb of the same number.

The needfulness of this rule is obvious ; the difficulty
is to know how we arc to carry it out. The usnal method
is mentally to run over the lot of objects or characters to
be sampled, abstracting our attention from their peculi-
arities, and ar{'esting ourselves at this one or that one

«from motives wholly unconnected with those peculiarities.

But this abstention from a further determination of our
choice often demands an effort of the will that is beyond
our strength ; and in that case a mechanical contrivance
may be called to our aid. We may, for example, number

all the objects of the lot, and then draw numbers by
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means of a roulette, or other such instrument. We may
even go so far as to say that this method is the type of
all random drawing; for when we abstract our attention
from the peculiarities of objects, the psychologists tell us
that what we do is to substitute for the lmages of sense
certain mental signs, and when we proceed to a random
and arbitrary choice among these abstract objects we are
governed by fortuitous determinations of the Nervous sys-
tem, which in this case serves the purpose of a roulette.
The drawing of objects at random is an act in which
honesty is called for; and it is often hard enough to be
sure that we have dealt Lonestly with ourselves. in the
matter, and still more hard to be satisfied of the honesty
of another. Accordingly, one method of sampling has
come to'be preferred in argumentation ; namely, to take
of the class to be sampled all the objects of which we
have a sufficient knowledge. Sampling is, however, a
real art, well deserving an extended study by itself: to
enlarge upon it here would lead us aside from our main
purpose. ‘ ‘ ' .

‘Let us rather ask what will be-the cfect upofy inductive
inference of an imperfection in the strictly ragdom char-
acter of the sampling. Suppose that, instegd of using
such a precept of selection that any one JFFwould in the
‘long run be chosen as often as any other, we used a
precept which would give a preference to a cortain half
of the A’s, so that they would be drawn twice as often
as the rest. If we were to draw a numerous sample by
such a precept, and if we were to find that the proportion
p of the sample consisted of P's, the inference that we
should be regularly entitled to make would be, that among
all the M’s, counting the preferred half for two each, the »
proportion p would be P's. But this regular inductive

" inference being granted, from it we could deduce by
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arithmetic the further conclusion that, counting the 20’s’
for one each, the proportion of P’s among them must
(p being over 2) lie between § p + tand §p—1. Hence,
if more than two thirds of the instances drawn Ly the use .
of the false precept were found td‘be'P’s, we should be
entitled to conclude that more than half of all ile M’s
were P's. Thus, without allowing ourselves to Le led

away into a mathematical discussion, we can casily see

that, in general, an imperfection of that kind in the

random character of the sampling will only weaken the
inductive conclusion, and render the coneluded ratio less
determinate, but will not necessarily destroy the force
of the argument completely. In particular, when p ap- .
proximates towards 1 or 0, the effect of the Amperfeet

sampling will 'be but slight. :

Nor must we Jose sight of the constant tendency of the
inductive.process to eorrect itself. This is of its essence,
This is the marvel of it. The probability of its conclusion
ohly consists in the fact that if the true value of the ratio
sought has not been reached, an extension of the induc-
tive process will lead to a closer approximation. Thus,
even though doubts may be eitertained whether one se-
lection of instances is a random one, yet a different se-
lection, made by a different method, will be likely to vary
from the normal in a different way, and if the ratios
derived fromn such different selections are nearly equal,.
they may be presumed to be near the truth. This con-
sideration makes it extremely advantageous in all ampli-
ative reasoning to fortify one method of investigation by
anotherd  Still we must not allow ourselves to trust so

* 1 This I conceive to be all the truth there is in the doctrine of Bacon
and Mill regarding diffurent Methods of Experimental Inquiry. The main
proposition of Bacon and Mill's doctrine is, that in order to prove that all
M’s are P's, we should not only take random instances of the Af’s and
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- much to this virtue of induction as 'to relax’ our efforts
"ftowaldb making our dlamnos of ° m:t"mcos as randomn
, -and mdenendult as we can. For if we infer a ratio from
a number of differént inductions, the magnitude of its
prob’tble error will depend very much more on tlxe worst
“than on the best inductions used. -
- We have, thus far, supposed that although the: selectlon
‘of instdnces is not exactly regular, -yet the precept fol-

lowed is such that every unit of the lot would eventually |

- get drawn. DBut.very often it is impracticable so to draw

our-instances, for the reason that a part of the lot to be-

sampled is abisolutely inaccessible to our powers of obser-
vation.. - If we want to know whether it will be profit-
"able to open a mine, we sample the ore; but in advance
of our mining operations, we can- obtain- only what ove
Jies near the surface. Then, simple induction hecomes
" worthless, antl another method must be resorted to. Sup—
. pose we wish to make an induction regarding a series
" of events extending fwm the distant past to the distant
future ; only those events of the series which occur within
the period of time: over which available history extends
_can be takenas instances. Within this period we may
find that the events of the class in question present some

- uniform charactér; yeb how do we know but this uni-

~formity was suddenly established a little while before the
* - history comNenced, or will sud denly break up a little
while after it terminates ? .\ow,.“hether the uniformity

examine them to see that they are P's; but we shonld also take instances
of not-Ps and examine them to see that they are not-Jf's. This is an
excellent way of fortifying one induction by unother, when it is applicable;
“lmt it is entirely inapplicable when » has any. other value than 1 or 0.,
For, in general, there is no connection between the proportion of JI's that
are P's and the pmpomon of non-F's that are non-3/'s. A very small

" proportion ‘of calvéds may be mon:troaxtles, and yet a very large proportion
of monstrosities may be calves,

’
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observed conmsts (1) in a mere resemblance between all
_the phenomena, or (2) in their consisting of a disorderly
misture of two kinds in a certain constant proportlon or
(3) in the character of the ev ents being a mathematical
function of the time of occurrence,—in any of these cases

" we can make use of an apagoge from the {ollowmg proba—

ble deduction : —

Within the period of time X, 4 certain event P occurs ;

S is a period of time taken at. random from” A, aud more
than half as long :: o »

Hence, probdb]y the event P will occur mthm the tune S.

Inverting this deductlon we lla\'e the followmfr ampli-
ative inference : — -

S is a peried of time taken at random from A7, and more
than half as'long; ' .

The event I’ does ngt happen in the time S

Hence, probably the event P ‘does mot happen in the
period AL ~

The probability of the conclusion consists in this, that
we here follow a preceptof inference, which, if it is very
often applied, will more than half the time lead us right.
Analogous reasoning would obviously apply to any por-
tion of an unidimensional contmuum, which might be
similar to periods of time. This is a sort of logic which
is often applied by physicists in' what is called eztrapola-
tion of an empirical law. As compared with a typical -
induction, it is obviously an excessively weak kind of in-
ference. Although indispensable in almost every branch
of science, it can lead to no solid conclusions in regard to
what is remote from the field of direct perception, unless
it be bolstered up in certain ways to wlnch we shall have
occasion to refer further on,
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Lan an infinite lot be sampled.

A TOHEORY OF PROBABLE INFERENCE.

Let us now consider another class of difficulties in
regard to the rule that the samples must be drawn at
random and independently. In the first place, what if
the lot to be sumpled be infinite in number? In what

sense could a random sample be taken from a lot like

that? A random sample is one taken according to a
method that would, in the long run, draw any one object
as often as any other.  In what sense can such drawing
be midde from an infinite class? The answer is not far
to seek. Conceive a cardboard disk revolving in its own
plane about its centre, and pretty accurately balanced,
so that when put into rotation it shall be about! as likely
to come to rest in-any one position as in any other; and
let o fixed pointer indicate a position on the dx\l\ the

//mbm of puints on the circumference is infinite, and on

rotating the disk repeatedly the pointer enables us to
make a selection from this infinite number. This means
merely that althongh the points are innumerable, yet
there is a-Certain order samong them that enables us to
un them through ¢

nusierous collection.

amd pick from them as from a very

Iusuch a case, and in no otlier,
Jut it woul@he equally
that a finite Iot can he am;‘d
condition that it can be recarded o
infinite lot. Tor

true to say only on
as cqmvnl nhoto an
the random sampling of a finite class
supposes the possibility of drawing out an ohject, throw-
ing it back, and continuing this process indefinitely ; so
that what is veally sampled is not the finite collection of
things, but the unlimited number of possible (lrajk"’gﬂgs.

But though there is thus no insuperable diﬁﬁﬁxlty in
sampling

the conclusion of inductive reasoning only consists in the
5 .

T osay alont, becruse'the doctrine of probability only deals with ap-
praximate evaluations, '

a
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an infinite Iot, yet it must be remendizered that

B
|

o
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approximate evaluation of a ratio| so that it never can
authorize us to conclude that in an infinite lot sampled
there exists no single exception to.a rule.  Although all
the planets are found to gravitate toward one another,
this affords not the slightest direct reason for denying
that among the innumerable orbs of Leaven there may
be some which exert no such foree. , Although at no
point of space where we have yet been have we found
any possibility of ntotion in a fourth dimension, yet this
does not tend to show (by simple induction, at least)
that space has absolutely but three dimensions. Although
all the bodies we have had the opportunity of examining
appear to obey the law of inertia, this does not prove
that aloms and atomicules are subject to the same law.
Such conclusions must be reached, if at all, in some
other way than by simple induction. This latter may
show that it is unlikely that, in my lifetime or yours,
things so extraordinary should be found, but do not war-
rant extending the prediction into the indefinite future.
And experience shows it is not safe to predict that such
and such a fact will never Lie met with.

If the different instances of the lot sampled are- to
be drawn independently, as the rule requires, then the
fact that an instance has heen drawn once must not
prevent its being drawn again. It is true that if the
objects remaining unchosen are very much more numer-
ous than those selected, it makes practically no difference
whether they have a chance of heing drawn again or not,
since that chance is in any case very .small. Proba-
bility is wholly an affair of approximate, not at all of
exact, measurement ; so that when the class sampled is

- very large, there is no need of considering whether ob-

jects can be drawn more than once or not. But in what
is known as “reasoning from analogy,” the class sam-
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pled is small, and no instaiice is taken twice. For ex-
ample: we know that of the major planets the Earth,
Mars, Jupiter, and Saturn revolve on their axes, and
we conclude that the remaining four, Mercury, Venus,
Cranus, and Neptune, probably do the like. This is
essentially different from an inference from what has

been found in drawings made hitherto, to what will be -

found in .indefinitely- numerous drawings to he made
hereafter. Our premises here are that the Earth, Mavs,
Jupiter, and Saturn are a random sample of a natural
cluss of major planets, —a class which, though (so far
as we know) it is very smalliyet may be very extensive,
comprisine whatever there may be that revolves in a
circulwr orhit around a great sun, is nearly spherical,
shines with reffected licht, is very laree, ete.  Now the
examples of major planets that we can examine all ro-
tate on theirraxes: whenee we suppose that Mereury,
Venus, Uranug, and Neptune; sinee they possess, so far
as we know, all the properties common to the natural
class to which the Earth, Mars, Jupiter, and Saturn he-
long, posszess this pmpmtv 111\0\\1\0 The points to be
obzerved are, fArst, that any small class of thines may be
rezarded as a mere sample of an actual or possible large
clazs having the same properties and subioct to the same
conditionst second, that while we do not know what all
these properties and conditions are, we do know some of
them, which some may be considered as a random sam-
ple of all: third, that a randem selection without re-
placement from a small class may be recarded as a true
random selection from that infinite class of which the
finfie class is a random selection,  The formula of the

analogical inference presents, therefore, three premises,
thu: = ‘
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S, 87, 8" are a random sawple of some undefined class X,
of whose characters £', P", P"are samples.

Qix P, PP,

S S!S are Is.

Hence, Q is an L.

We have evidently herc an induction and an hypothe- -
sis followed by a deduction ; thus, —

Every Xis, for example, I Sty 8", S, ete., are samples
P ete. of the X’s

Q is found to be I, P!, S St SM ele., are found
P oete. - T to be R, )

Hepee, bypothetically, Qis|  ence, inductively, every X
an ., is an J2.
Heuce, deductively, @ is an B*

El

An argnment from analogy may be strengthened by
the addition of instance after instance to the premises,
until it loses its ampliative character by the exhaustion
of the class and becomes a mere deduction of ihat kind
called complete z'nduec:ion, in which, howerer, some shadow

& That this is really a correct analysis of the reasoning can be shown by
the thecry of probabilities. For the expression

(o (wAe)t (4! (74 0)!
. plgl wtpt (w4 gte)

expresses at once the probability of two events; namely, it expresses
first the probability that of p - ¢ objects drawn without replacement
from a lot consisting of p 4 = ohjects having the chamcter o together
with ¢ = p not having this character, the number of those drawn having
this chareter will be p; and second, the same expression denotes the
prohability that if among p 4 = 4 ¢ - p objects drawn at rundom from
an infinit: cluss {containing no matter what proportion of L's to non-I's);
it happens that p -k = have the character 72, then nmong any p =+ g of
them, designated at random, p will have the same charmcter. Thus we
gee-that the chances in reference to drawing, without replacement from a
finite class are precisely the same as those in reference to a class which
has been drawn at random froin an infinite class.
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of the inductive character remains, as this name im-
plies.

VIIIL.

Take any human being, at random, — say Queen Eliz-
abeth. Now' a little more than half of all the human
beings who have ever existed liave been males; but it
does not follow that it is a little more likely=than not
that Queen Elizabeth was a male, since we know she was

a woman. Nor, if we had selected .Julius Cewsar, would .

it be only a little more likely than not that he was a
male. It is true that if we were to go on drawing at
random an indefinite number of instances of human be-

ings, a slight excess over one-half would be males. But

that which constitutes the probability of an inference is
the proportion of true conclusions among all those which
could be derived from the same precept. Now a precept
of inference, being a rule which the mind is to follow,
changes its character and becomes different when the
case presented to the mind is essentially different. When,

knowing that the proportion 7 of all s are P’s, T draw

an instance, 'S, of an M, without any other knowledae of
whether it is a P or not, and infer with probability, r,
that it is P, the case presented to my mind is very
different from what it is if I have such other knowledge.
In shert, I cannot make a valid probable inference with-
- out taking into. account whatever knowledge I have (or,

at least, whatbver occurs to my mind) that bears upon:

the question. . .

The same principle may be applied to the statistical

deduction of Form IV. If the major premise, that the
proportion 7 of the M’s are R’s, be laid down first,
before the instances of Ms are drawn, we really draw our
inference concerning those instances (that the propor-

9
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tion r of them will be P’s) in advance of the drawing,
and therefore before we know whether they are I”s or
not.  But if we draw the instances.of the A’s first, and
aiter the examination of them decide what we will sclect
for the predicate of our major premise, the inference
will generally be completely fallacious, In short, we
have the rule that the major tetm P must be decided
upon in advance of the examination of the sample; and
in like manner in Form IV. (4is) the minor term S must
be decided upon in advance of the drawing,

The same rule follows us into the logic of induction
and hypothesis.  If in sampling any class, say the M’s,
we first decide what the character P is for which we
propiose to sample that class, and also how many instan-
ces Wwe propose {o draw, our inference is really made

before these latter-are drawn, that the proportion of P’s

in the whole class is probably about the same as among

the instances that are to be drawn, and the only thing

we have to do is to draw them and observe the ratio,
But suppose we were to- draw our inferences without
the predesignation of the character P; then we micht in
every casce find some recondite character in which those
instances would all agree. That, by "the exercise of
sufficient ingenuity, we should be sure to be able {o do

this, even if not a single other object of the class A

possessed that character, is a matter of demonsiration.
For in geometry a curve may he drawn throuzh any
givelr series of points, without passing through any one
of another given series of points, and this irrespective of
the number of dimensions. | Now, all the qualitics of
objects may be conceived to result from variations of a
number of continuous variables; hence any lot of ol-
jects possesses some character in common, not possessed
by any other. 1t is truc that if the universe of quality
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is limited, this is not altogether true; but it remains
true that unless we have some special premise from
which to infer the contrary, it always may be possible
. to assign some common character of the instances S S,
", etc., drawn at random from among the as, which
does not belong to the JI's generally. So that if the
character P were not predesignate, the deduction of
which our induction is the apagogical inversion would
not be valid ; that is to say, we could not reason that if
the M’s did not generally possess the character P, it
would not be likely that the S's should all possess this
character. :
I take from a biographical dictionary the first five
names of poets, with their ages at death. They are,

Aagard, died at 48,
Abeille, « « 7g,
Abulola, « « gy
Abunowas, ¢« 4,
Accords, « « 43

These five zgcs have the following characters in com-
mon : —

1. The difference of the two digits composing the
number, divided by three, leaves a remainder of one.

2. The first digit raised to the power indicated by the
second, and then divided by three, leaves a remainder of
one.

3. The sum of the prime factors of each age, including
ome as a prime factor, is divisible by three.

Yet there is not the smallest reason to believe that the
next poet’s age would possess these characters,

Here we have a conditio sine qud non of valid induc-
tion which has been singularly overlooked by those who
have treated of the logic of the subject, and is very fre-
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quently violated by those who draw inductions. So ac-
complished a reasoner as Dr. Lyon Playfair, for instance,
has written a paper of which the following is an abstract.
He first takes the specific gravities of the three allotropic
forms of carbon, as follows : — '

Diamond, 8.48
Graphite, 2.29

G
Charcoal, 1.88
)

He now seeks to find a uniformity connecting these three
instances; and he discovers that the atomic weight of
carbon, being 12,

Sp. gr. diamond nearly = 346 = 4712
“ % graphite ¢ =229 = 4/19
“ “ charcoal ¢ " =180 = 4/13

T{his, he thinks, renders it probable that the specific
gravities of the allotropic forms of other elements would,
if we knew them, be found to equal the different roots of
their atomic weight. But so far, the character in which
the instances agree not having been predesignated, the
induction can serve only to suggest a question, and ought
not to create any belicf. To test the proposed law, he
selects the instance of silicon, which like carbon exists
in a diamond and in a graphitoidal condition. He finds
for the specific gravities —

Diamond silicon, 2.47
Graphite silicon, 2.33.*

* The author ought to have noted that this number is open to some
donbt, since the specific gravity of this form of silicon appears to vary
largely. 1f a different value had suited the theory better, e might have
been able to find reasons for preferring that other value. But I do noty
mean to imply that Dr. Playfair has not dealt with perfect fairness with
his facts, except s to the fallacy whick I point out.
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Now, the atomic weight of silicon, that of carbon being
2, can only be taken as 28.  But 2.47 does not approx-
imate to any root of 23. It is, lowever, nearly the
cube root of 14, (v} X 28 = 2.41), while 2.33is nearly
the fourth root of 23 (/28 = 2.30). Dr. »Playfair claims
that silicon is an instance satisfying his formula. But
in fact this instance requires the formula to be modified ;
and the modification not being predesignate, the instance
~cannot count! Bovon also exists in a diamond and a
graphitoidal form; and accordingly Dr. Playfair takes
this as his next example. Its atowic weight is 10.9, and
its specilic gravity is 2.68; which is the square rqot of
2% 10.9. There seems to be here a further modification
of the formula not predesignated, and therefore this in-
stance can hardly be reckoned as confirmatory. The
next instances which would occur to the mind of any
chemist would be phosphorus ‘and sulphur, which exist
in familiarly known allotropic forms. Dr. Playfair ad-
mits that the spetific gravities of phosphorus have no
rclations to its atomic weight at all analocous to those
of carbon. The different forms of sulphur have nearly
the same specific gravity, being approximately the fifth
root of the atomic weight 82, Selenium also has two
allutropic forms, whose specific gravities are 4.8 and 4.3;
one of these follows the law, while the other does not.
For tellurium the law fails altogether ; but for bromine
and iodine it holds. Thus the number of specific gravi-
“ties for which the law was predesignate are 8; namely,
2 for phosphorus, 1 for sulphur, 2 for selenium, 1 for
tellurium, 1 for bromine, and 1 for iodine. The law
holds for 4 of these, and the proper inference is that
about half the specific gravities of metalloids are roots
uf some simple ratio of their atomic weights.
Having thus determined this ratio, we proceed to

N
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inquire whether an agreement half the time with the
fornwla constitutes any special connection between the
specific gravity and the atomie weight of a metalloid,
As a test of this, let us arrange the clements in the order
of their alomic weights, and cowpare the specific gravity
of the first with the a{umic weight of the last, that of
the second with the atomic weight of the last but one,
and so on. The atomic weights are — "

Boron, 10.9 Tellurium, 128.1

Carlion, 12.0 Toding; 126.9

Silicon, 250 Bromine,  £0.0

Phosphorus, 81.0 Selenium, 79.1
Sulplbur, 32

There are three specific gravities given for carhon, and
two each for silicon, phosphorus, and selenium. The
question, thercfore, is, whether of the fourteen specific
gravities as many as seven are in Playfair's relation
with the atomic weights, not of the same element, hut
of the one paired with it. Now, taking the ox'igilial
formula of Playfair we find

Sp. gr. boron ‘= 2.8 v/ Te = 2.64
3* Sp. gr. carbon = 1.88 v =184
20 8. gr. carbon =229 oI =224
1% Sp. gr. phosphorus = 1.83 A/Se = 1.87
2¢ Sp. gr. phosphorus = 2.10 .\G/Se = 2.07

or five such relations without counting that of sulphur

to itself. Next, with the modification introduced by Play-
fair, we have o

1* Sp. gr.
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It thus appears that there is no more frequent agree-

ment with Playfair’s proposed law than what is due t
chance.! '
Another example of this fallacy was ¢ Bode's law " of
the relative distances of the planets, which was shattered
by the first discovery of ‘a true planet after its enuncia-
tion. In fact, this false kind of induction is extremely
common in science and in medicine.2 In the case of

hypothesis, the correct rule has often been laid down ;'

namely, that a hypothesis can only be received upon the
ground of its having been verdfied by successful prediction.
The term predesignation used in this paper appears to be
more exact, inasmuch as it is not at all requisite that the
ratio p should be given in advance of the examination of
the samples.  Still, since p is equal to 1 in all ordinary
hypotheses, there can be no doubt that the rule of pre-
diction, so far as it goes, coincides with that here laid
down. S

We have'now to consider an important modification of
the rule. Suppose that, before sampling a class of objeets,
we have predesignated not a single character but 2 char-
acters, for which we propose to<@samine the samples.
This is equivalent to n;nking.n different inductions from
the same instances. The probable error in this case is
that error whose probability for a simple induction is only
(3)" and the theory of probabilities shows that it in-

! As the relations of the different, powers 6f the specific gravity would
be entirely different if any other substanee than water were assumed as
the standard, the law is antecedently in the highest degree improbable.
This makes it likely that some fallacy was committed, but does not show
what it was.

2 The physicians seem to use the maxim that vou cannot reason from
post hoc to propter hoc to mean (mtrler obscurely) that cases must not be

used to prove a proposition that has only been suggested by these cases
themselves.
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creases but slowly with 2 ; in fact, for 2 = 1000 it is only
about five times as great as for =1, so that with only
25 times as many instances the inference would be as
secure for the former value of 2 as with the latter; with
100 times as many instances an induction in which 7 =
10,000,000,000 would be equally secure.  Now the whole
universe of characters will never contain such a number
as the last ; and the same may be $aid of the universe of

-objects in the case of hypothesis. So that, without any

voluntary predesignation, the limitation of our lmagina-
tion and experience amounts to a predesignation far
within those limits; and we thus see that if th‘effnumhcr
of instances be very great indeed, the failure to predes-
ignate is not an important fault. Of characters at.all
striking, or of objects at all familiar, the number will
scldom reach 1,000; and of very striking characters or
very familiar objects the number is still less. So that if
a large nuwiber of samples of a class are found {a.have
some very striking character in common, or if a ]arg%
number of characters of one object are found to be pos-
sessed by a very familiar object, we need not lesitale to
infer, in the first case, that the same characters belong
to the whole class, or, in the second case, that ihe two
objects are practically identical ; remembering only that
the inference is less to be relied upon than it would be
had a deliberate predesignation been made. This is no
doubt the precise significance of the rule sometimes laid
down, that a hypothesis ought to be simple, — simple
here being taken in the sense of familiar.

This modification of the rule shows that, even in the
absence of voluntary predesignation, some slight weight
is to he attached to an induction or hypothe‘his. And
perhaps when the number of instances is not very small,
it is enough to vmake it worth while to subject the in-
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ference to'a regular test. But our natural tendency will
be to attach too much importance to such suggestions,
and we shall avoid waste of time in passing them by

without notice until some stronger plausibility presents

itself. _ .
I1X.

In almost every case in which we make an induction
© or & hypothesis, we have some knowledge which renders
- our conclusion antecedently likgly or unlikely. The ef-
fect of such knowledge is very obvious, and needs no
remark. But what also very often happens is that we
have some knowledgee, which, though not of itself bearing
upon the conclusion of the scientific argument, yet serves
to render our inference more or less probable, or even
to alter the terms of it. Suppose, for example, that we
antecedently know that all the J’s strongly resemble
one another in regard to characters of a certain order.

Then, if we find that a modcrate -number of M’s taken:

at random have a.certain character, P, of that order, we
shall attach a greater weight to the induction than we
should dc if we had not that antecedent knowledge.
Thus, if we find that a certain sample of gold has a
certain chemical character,— since we lave very strong
' reason for thinking that all gold is alike in its’chemical
characters,— we shall have no hesitation -in extending
the ‘proposition fsem the one sample to gold in general.
Or if we know that among a certain people, — say the

Icelanders, —an extreme uyiformity prevails in regard.

~ toall their ideas, then, if we find that two or three in-
dividuals taken at random from among them have all
any particular superstition, we shall be the more ready

to ‘infer that it belongs to the whole people from what

we know of their uniformity. The influence of this sort
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Ve

of uniformity upon inductive conclusions was strongly in-

. sisted upon by Philodemus, and some very exact concep-

tions in regard to it may be gathered from the writings

-of Mr. Galton. Again, suppose we know of a certain

character, P, that in whatever classes of a certain dos-
cription it is found at all, to those it usually belongs as
a universal character; then any induction which goes
toward showing that all the J’s are P will be greatly
strengthened.  Thus it is efough to find that two or _
three individuals taken at random from a genus of ani-
mals have three toes on cach foot, to prove that the same
Is true of the whole genus ; for we know that this is a
generie character. .On the other hand, we shall be slow
to infer that all the animals of a genus have the same
color, because color varies in almost every genus. This
kind of uniformity seemed to J. S. Mill to have s6 con-
trolling an influence upon inductions, that he has {aken
it as the centre of his whole theory of the subject.

Analogous considerations modify our hypothetic infer-
ences.  The sight of two or three words will be sufficient .
to convince me that a certain manuscript was written by
myself, because I know a certain look is peculiar to it.
So an analytical chemist, who wishes to know whether a
solution contains gold, will be completely satisfied if it -
gives a precipitate of the purple of cassius with chloride
of tin; because this proves that either gold or some hith-
erto unknown substance is present.  These arc examples
of characteristic tests. Again, we may know of a certain
person, that whatever opinions he holds he carries out
with uncompromising rigor to their utmost logical con-
sequences ; then, if we find his views bear some of the
marks of any ultra school of thought, we shall readily
conclude that he fully adheres to that school.,

There are thus four different kinds of uniformity and
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non-uniformity which may influence our ampliative in-

Aferences s —

L. The members of a class may present o oreater or
less weneral resemblanee as recurds a certain line of chap:
acters,’ <

2. A character may have a greater or.Jess tendency

3

to be present or absent wuuﬁhoutﬁthe whole of whatever
classes of fertain kinds,

©OB0 A certuin ool of charucters way be more or less
intimately connected, so as to be probubly cither present
:\)1‘ ab=ent bitljll.'tlltl‘ m certain kinds of objects. -

S A chiect may have more or less tendency to
possess the whole of certain sets of characters when it

possesses auy of them.” {
.;A consideration of this sort may he so strong as to
amount to demonstration of the conclusion. i this cuse,
i infevence is mere <hf°(}'nctiun,— that is, the applicagion
thu cencral vale already established.  In other cases, the
consideration of uniformities wiil not wholly destroy the
mductive or hypothetic character of (he inference; but
will only strengthen or weaken it by the addition of a
new arzument of w o dednetive kind.

X.
o
We have thus seen how, in g general way, the p}focess«fs
of indiwtive and hypothetic inference are able to afford
Answers tooonr gquestions, thoneh these may relate to
matterd beyond our immediate ken.  In short, a theory
of the lovic of verification has Deen sketched out. This
theory will have to meet the objections of two opposing
schools of loeie, : -
The first of these explains induction by what is called
the doctrine of Inverse Probubilities, of which the follow-

!
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ing is ay exgmple : Suppose an incient denizen of the
Mediterfanean coast, who had mever heard of {he tides,
ndefed to the shore of the Atlantic Ocean, and
on g certain number /m ¢f successive days had

witnessed fthe rise of the ses. Then, says Quetelet, le

would| have been entitled td conclude that there was a
probajility equal o :Lj_l) tl;’mt the sea would rise on the
next To]]m\‘ing du_y.\1 Putt’ing m =0,
this viiew assumes that (e probability of a totally un-
known event is 45 or that of all theories proposed for
examipation one half are true. 1y point of fact, we
know [that although theories are not proposed unless
they yresent some decided plausibility, nothing like one
hall tyrn out to be true, But to apply correctly the
doctrinie of inverse probabilities, it is necessary to know
the antecedent bmbubility of the event whose proba-.
bility is\in question. Now, in pure hypothesis or induc-
tion, w¢ kinow nothing of ihe conclusion axjai_éce‘dexii]y
to the inference in hand. Mere ignorance, ‘howerver,
cannot advance us toward any knowledge ; therefore it
1s impossible that' the theory of inverse ‘probabilities
should rightly give a value for the probability of a pure
inductive or hypothetic conclusion.  For it caunot -do

- this without assigning an antecedent probability to this

I

hesents mere ignorance (which never aids us), it cannot
it at ‘{111\_‘ . ' ‘

1c principle which is usually assumed by those who

seck ta reduce’ inductive reasoning to .a problem in in-

verse probabilitids is, that if nothing whatever is known

about the frequendy of occurrence of an event, then any

one frequency is é;\\probablc as any other. But Boole

conclusion ; so,that if this antecedent probability rep-

\

1 See Laplace,™ Théorie Analitique des Pmbabﬂités," livre ii. chap. vi.

it is seen that .

|
?‘
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has shown thut there is no reasdn whatever to prefer this
.(zasumptlon to saying that any one ** constitution of the
universe’’ is as probable as any other. Suppose, for’
instAance, there were four possible occasions upon which
an event might occur.  Then there would be 16 % con-
stitutions of the universe,” or possible distributions of
occurrences and non-occurrences.  They are shown in
the following table, where I stands for an oceurrence
and 4V for a non-occurrence.

4 ocerrrences. 3 ocrurrences. 2 orcurrences, 1 ccrurrence. 0 ccourrence.
YyYyvyy YYiVN YYVN Y \' YNV O ONNYY
YYNY YNIYN NN

YNYY YN¥NNY N,
NITYY NYYN N

NYNVNY

NNYYY

v
AR
\ '

It will be secn that different frequencies result some
from more and some from fewer different * constitutions

.

of. the universe,” so that it is a very difterent thing to
assune that all {requencies are equally probable #om
what it is to assuine that all constitutions of the universe
are equally probable. .

Boole says that one assumption iz as ¢ood as the other.
But [ will go further, and sy that the assumption that
all constitutions of the universe are squally probable is
far better than the assumption that all frequencies are
equally probable.  For the latter proposition, though it
may be applied to any one wiknown event, cannot be
applied to all unknown events without mconshtmcv
Thus, suppose all frequencies of the event whose occur-

rence is represented liy ¥ in the above table are equally,
probable.  Then consideg the event which consists in a-

¥ F@lowing a Yor an IV following an IV.  The possible

L
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ways in which ths event, may occur or not are shown in

Yyyy
NNNN

the following table: —

2 ocrurrences.

TYYN

NNNY

YV'YNN
NNY Y

NYYY
YNANNY

1 occurrence.
YYNY
NNYN
TANY
NTYN
¥ \' Yy
NYNN

0 ocersrence.
YNYN
NYNY

Tt will he fmmd that assuming the different frequencies
of the first event {o he equally probuble, those of this new
cvent are not so,— the prob (11)111 ty of three occurrences
being half as Targe again as that of {wo, or one.  On the
other hand, il all constitutions of*the universe are equally
probable in the one case, they are o in the other; and
this Jatter assumption, in regard {o perfectly unknown
events, never gives rise to any inconsistency.

Suppose, then, that we adopt the assumption that any
one constitution of the universe is as probable as any
other ; how will the inductive inference then appear, con--
bxdelcrl as a prollem in probabilities ? . The answer 19.
extremely eusy 37 namely, the occurrences or non-oceur-
rences of an o\cnt in the ]mt in no way affect the proba-
hility of its occurfence in the future.

Boaole frequently finds a problem in probabilities to he
indeterminate.  There are those to whom the idea of an
unknown probahility seems an absurdity.  Probalility,
they sagrmeasures the state of our knowledge, and ig- -
novance is denoted by the probability 1. But I appre-

‘hend that the expression “the probability of an event”

is an incomplete onc. A probability is a fraction whose
! See Boole, ** Laws of Thought.”

°
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numerator is the fred Hueney of a specific kind of event,
while its denominator is ihe fred jucney of & genus embrac-
ing that species.  Now the cxpression in question nanes
the numerator of the fraction, hut omits to name the de-
nominator.  There is a sense in which it is true that the
provability of o perfectly unknown event is one half;
namely, the assertion of its oceurvence 13 the answer to
a pn.\\n»l«, question answerable by * yes” or © no,” and
of all such questions just half the possible answers are
true.  Dub if attention be paid to the denominators of
the fractions, it will be found that this value of 1 is one
of which no possible use can be made in the ealeulation
of probabilities.

- The theory here proposed. does not assicn any proba-
bility to the inductive or hvpotl heffe conclusion, in the
sense of undertaking to say how frequently thet conelu-
s worl be found trues 3t does not propose to look
throush all the Imssi‘hlo universes, and say in what pro-
portion of them a certain uniformity oceurs : sueh a
proceedingz. were it possible, would e quite idle. The
theory here presented guly savs how frequently, in this
universe, the <pecial fortd of nduction or Livpothesis
would fead us richt. The probability civen by this theory
1s i every way different —in me aning, numerieal value,
and forn — from that of those who would doapply to ame
pliantive inference the doetrine of inverse chances,

Other Jogicians hold that if indnetive and hypothetic
premises lead to true oftener than to false conclusions,
it is only because the universe happens to have a certain
constitution.  Mill and.his followers maintain that there
is a ceneral tendeney toward uniformity in the universe,
as well as special uniformities such as those which we
have considered.  The Abbé Gratry believes that the
tendency toward the truth in induction is due to a mirac-

u
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ulous interventiion of Almighty God, whereby we are led
to make such inductions as happen to be truc, and are
prevented from making those which are false.  Others
have supposed that there is a special adaptation of the
mind to the universe. so that we are more apt to make
true theories than we otherwise should be.  Now, to say
that a theory such as these is necessary 1o explaining the
validity of induction and hypothesis is to say that these
modes of inference are not in themselves valid, but {hat
their conclusions are rendered probable Ly being probable
deduetive inferences from a suppressed (and originally
unknown) premise. But I maintain that it has been
shown that the modes of inference in question are neces-
rarily valid, w 1"1‘0\‘(‘1' the constitution of the universe, so °
long as it adlm{x of the premises being true. Yet I am
willing to concede, in order to concede as much as possi-
ble, that when o man draws instances at randone. all that
he knows is that he fries to follow a certain precept; so
that 111m]nlin;f process might be rendered generally
fallaciot *’ By -the existence of a mysterious and malign
connecti® between the mind and the universe, such that
ile possession by an object of an wnpereeived character
micht influence the will toward choosing it or rejecting
it.  Such a circumstance would, liowever, be as fatal to
deductive as to ampliative inference.  Suppose, for exam-
ple, that T were to enter a great hall where people were
plaving rouge et noir at many tables; and suppose "that,
I knew that the red and black were turned up with equal
frequencey. Then, if T were to make a large number of
mental hets with mvself, at this table and at that, I might,
by statistical deduction, expect to win about half of them,

- —precisely as Imight expect, from the results of these

samples, to infer by induction the probable ratio of fre-
quency of the turnings of red and black in the long run,
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if I did not know it.  Dut could some devil look at eacls
card before it was turned, and then influence me mentally
to bet upon it or to refrain therefrow, the observed ratio
in the cases upon which I had bet might be quite ditferent
from the observed ratio in those cases upou which I had
not het. I grant, then, that even upon my theory some
fact has to Le supposed to mulke induction and hypothe-
- sis valid processes; namwely, it is supposed that the su-
pernal powers withhold their hands and let me alone,
and that no mysterious uniformity or adaptation inter-
feres with the action of chance.  Dut then this neaative
fact supposed by my theory plays a totally different part
from the facts supposed to be requisite by the logicians

of whemn I Lave been speakine. Ro far as facts like those .

they suppose can have any bearing, they serve as major
premises from which the fact inferred by induction or
Lypothesis might be deduced ; while the nceative fact
suppozd by me is merely the denial of any major premise
from which the falsity of the inductive or hypothetic con-
clusion could in general be deduced.  Nor Is it necessary
to deny altocether the existence of mysterious influences
adverse o, the validity of the inductive and hypothetic
processes.  So long as their influence were not too over-
whelming, the wonderful self-correcting nature of the
ampliative inference” would enable us, even if they did
exist, to detect and make allowance for them.

Although the universe need have ne peculiar consti-
tution to render ampliative inference valid, yet it is worth
while to inquire whether or not it has such a constitu-
tion; for if it has, that circuinstance must have its effect
upon atl our inferences. It cannot any loneer be denied
that the human intellect is peculiarly adapted to the
comprehension of the laws and facts of nature, or at
least of some of them; and the effect of this adaptation
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upon our reasoning wil’ 1 in the next
gection.  Of any mir: ~ the higher
powers, we know al it seems in
the present state of » qable. The
effect'of a knowledge o. upon ampli-
ative inferences has alrc -+ wd upon. That
there is a general tendency ... uniformity in nature
15 not mercly an unfounded, it is an absolutely absurd,
idea in any other sense than that man is adapted to his
surroundings.  For the universe of marks is only limited
by the limitation of human interests and powers of oh-
servation.  Except for that limitation, every lot of objects
in the universe would have (as 1 Ime elsewhere shown)
some character in common and peculiar to it.  Conse-
quently, there is hut one possible arrangement of charae-
ters among objects as they exist, and there is no room
for a greater or less degree of uniformity in nature. If
nature seems highly uniform to us, it is only because our
powers are adapled to our desires.

XL

The questions discussed in this essay relate to hut a
small part of the Logic of Scientific. Investigation. Let
us just glance at a few of the others.

Suppose a being from some remote part of the:uni-
verse, where the conditions of e\:ijume are inconceivably
different from ours, to be plcsented with a United States
Cenzus Report, — which is for us a mine of valuable in-
ductions, so vast as almost to give that eplthet anew smnl-
fication. e hegins, peyhaps, hy comparing the ratio of
indebtedness to inlﬂlb by consumption in counties whose
names begin with the different Jetters of the alphabet.

It is safe to say that he would find the ratio everywlere
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the same, and thus his inquiry would lead to nothing.
For an induction is wholly unimportant uvnless the pro-
portions of £'s among the J’s and amony the non-M's
differ; and a hypothetic inference is unimportant unless
it be found that .S has either-a greater or a less propor-
tion of the characters of A than it has of other charac-
ters. The stranger to this planet might go on for some
time asking inductive questions that the Census-would
faithfully answer, without learning anything except that
certain conditions were independent of others. At length,
it micht occur to him to compare the January rain-fall
with the illiteracy.  What he would find is given in the
following table! r—

REGTON, January Rain-fall. Illiteracy.

Inches. Per cent.

Atlantic Sca-const, l)ort-} 0.99 1

Tand to Wushineton

Vermont, Northern and)
Western New York  §

Uoper Mississippi River .
Ohiv River Vidley

Lower Missizsippi; Red 1
River, anild I{cnt“ucky )

Mississippi I)vltn1 and)
Northern Guli (J(let ; 1.09 57

|

Southeastern ('uasIE . . 0.68 40

\
2 . ./ . . : i \\.
! The diferent regions with the January rain-fall are taken from Mr.
Schoti's wark.  The percentage of illiteracy is roughly estimated from the
numbers given in the Report of the 1870 Census,
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- He would infer that in places that are drier in January
“there Is, not always Lut generally, léss illiteracy than
in wetter places. A detailed comparison between Mr.
Schott’s map of the winter rainfall with the map of
illiteracy in the general census, would confirm the result
that these two conditions have a partial connection.
This is a very good example of an induction in which
the proportion of P's among the M’s is different, bug
not very different, from {he proportion among the non-
M’s. 1uis unsatisfactory ; it provokes further inquiry ;

we desire to replace the A7 by some different class, so °

that the two proportions may be more widely separated.
Now we, knowing as much as we do of the effects of

winter rain-fall upon agriculture, upon wealtl, cte., and

of the causes of illiteracy, should come to such an in i}Fy
furnished with a large number of appropriate conc;/aﬁ%:ns;
80 that we should be able to ask mtelligent questions not
unlikely to furnish the desired key to the problem. But
the strange Leing we have imagined ¢ould only make his
Inquiries hap-hazavd, and could hardly Lope ever to find
the induction of which he was in search.

Nature is a far vaster and less clearly arranged reper-
tory of facts than a census report; and if men had not
come to it with special aptitudes for guessing right, it
may well be doubted whether in the ten or twenty thou-
sand years that they may have existed their createst
mind. would have attained the amount of knowledee
which is actually possessed by the lowest idiot. But,
in point of fact, not man merely, but all animals derive
by inheritance (presumably by natural selection) two
classes of ideas which adapt them to their environment.
In the first place, they all have from birth some notions,
however crude and concrete, of force, matier, space, and
time; and, in the vext place, they liave some notion of

“presumed that he never will,

~
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what sort of objects their fellow-beings are, and of liow
they will-act on given oceasions. Quy innate mechanical
ideas were so nearly correct that they needad but slight
correction. The fundamental pr}nciplcs of statics w:;re
made ont by Archimedes.  Centuries later Galileo becan
to understand the laws of dynamies, which in our tilkxlzes
have been at length, perhaps, cottpletely mastered. The
olher physical sciences are the results of inquiry based

“on guesses suggested by the ideas of mechanics.  The

moral seiences, so far as they can be called sciences,
ave cqually developed out of our instinetive ideas about
human nature. Man has thus far not attained to any
knowledge that is not in a wide

sense either mechanieal
or anthropological in its nature

; aud it may be reasonably

Side by side, then, with the well established propo-

sition: that all knowledse is hased on experience; and

that science js only advanced hy the experimental verifi-

cations of theoiies, we have to place this other equally

important truth, that all human knowledge, up to the

highest ilights of sclence, is but the development of cur °

inborn animal lstinets.

J

>




NOTE A.

BooLe, De Morgan, and their followers, frequently
speak of a “ limited universe of discourse ” in logic. An
unlimited universe would comprise the whole realm of the
logically possible. In such a universe, every universal
proposition, not tautologous, is false; every particular
proposition, not absurd, is true. Our discourse seldom
relates to this universe: we are ®ither thinking of the
physically possible, or of the historically éxistent, or of
the world of some romance, or of some other limited
universe. . :

But besides its universe of ohjects, our discoursc also -

refers to a universe of characters., Thus, we wight
naturally say that virtue and an orange have nothing
in common. It is true that the English word for each
is spelt with six letters, but this is not one of the marks
of the universe of our discourse.

A universe of things is unlimited in which every com-
bipation of characters, short of the whole universe of

characters, occurs in some object. In like manner, the .

universe of characters is unlimited in case every aggre-
gate of things short of the whole- universe of things
possesses in common one of the characters of the uni-
verse of characters. The conception of ordinary syllo-
gistic is so unclear that it would hardly he accurate to
say that it supposes an unlimited- universe of characters ;
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but it comes nearer.to that than to any other consistent
view. The non-possession -of any character is regarded
as implying the possession of another character the nega-
tive of the first.

In our ordinary discourse, on the other hand, not only
are ‘both universes limited, but, further than that, we
have nothing to do with individual objects nor simple
marks; so that we have simply the two distinct universes
of things and marks related to one another, in general, in
a perfectly indeterminate manner. The consequence is,
that a proposition concerning the relations of two groups
of marks is not necessarily cquivaleut to any proposition
concerning classes of things; so that the distinction
between propositions in extension and propositions in
comprehension is a real one, separating two kinds of
facts, whereas in the view of ordinary syllogistic the
distinction only relates to two.modes of considering. any
fact. To say that every object of the class S is inetuded
among the class of P’s, of coprse must iwply that cvery
common character of the P’s is a common character of
the .§'s. But the .converse implication is by no means"
necessary, except with an unlimited universe of marks.
The reasonings in depth of which I have spoken, suppose,
of course, the absence of any general regularity about the
relations of marks and things.

I may mention here another respect in which this view
differs from that of ordinary logic, although it is a point
which sy So far as I am aware, no bearing upon the
theory of probable inference. Tt is that under this view
there are propositions of which the subject is a class of
things, while the predicate is a group of marks. Of such
propositions there are twelve species, distinet from one
another in *" ‘hat any fact capable of being ex-
presser’ " one of these species cannot
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be expressed by any proposition of another specics. The
following are examples of six of the twelve specics ; s

1. Every object of the class § possesses every chiracter of
the group =. .

2. Some object of the, class i possesses all haracters of
the group 7. .

3. Every character of the group = is possessed Ly some
object of the class S. ' . .

4. Some clracter of the group = is possessed by ail the
objects of the class S. - :

5. Every object of the class S possesses some charicter of
the group =

A

6. Sowe object of the class S possesses some chaxacter of -

the group =.

The remaining six species of propositions are like the

above, except that they speak of objects wanting charac-
ters instead of possessing characters,
- But the varieties of proposition do not end here; for
we may have, for example, such a form as this: « Some
object of the class .S possesses every character not want-
ing to any object of the class P." In short, the relative
term “ possessing as a character,” or its negative, may
enter into tlhe proposition any number of times. We
may term this number the order of the proposition

An important characteristic of this kind of logic is the
part that immediate inference plays in it. Thus, the
proposition numbered 3,‘;11)9% llows from No. 2, and
No. 5 from,No. 4. It will be obser\ed that inboth cases
a univeréﬁ:}’pmposition (or one that, statgs® the non-
existence rzofvsoru’etlﬁnf_{) follows from afarticular propo-
sitiom,\(qr one that states the existence ‘qt ‘_';gﬂething).
All:ihe immediate inferences -are essef}ﬁél’r’fy‘}’ of that
natgre. A particular proposition is never immediately
inferable from ‘»g’;\fﬁ'iver’s'ﬂ one. (It is- true that from

: ~"\ \ 1;,)\)4 *

N
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]

“no A exists” we can infer that “something not .4
exists;”" but this is not properly an immediate infer-
ence, —it really supposes the additional premise that
“something exists.”)  There are also immediate in-
ferences raising and reducing the order of propositions.
Thus, the proposition of ‘the second order given in the
last paragraph follows from “some S'isa P.” ‘On the
cher haud, the inference holds, —

\\Q’ie common character of the §'s is wanting to every-
thing ¥xcept F's;
- LEvery Sisa 2.

The necessary and sufficient condition’of the existence
of a syllogistic conclusion from two premises is simple

“enough.  There is a conclusion if, and only if, there is

a middle term distributed in one premise and undistribu-
ted in the other. DBut the conclusion is of the kind called
spuwrioust by De Morgan if, and only if, the middle term
Is affected by a “some” in both premises.  For exam-
ple, let the two premises be, — )

Fvery object of the cluss S wants sounm;ter of the
group p ; N

)

Every object of the class P possesses soimd char; Cter not of

the grogp p. ®

The middle term # 13 distributed in the second premise,
but not in the first; so that a conclusion can be drawn.
But, though both propositions are universal, x4 is under,
a“some” in both; hence only a spurious conclusion

can be drawn, and in point of fact we can infer both of
the following: —
! On spurious propositions, see Mr. B. 1. Gilman's paper in the Joing
Hoplans Trniversity Cirenlur for Augdst, 1882, The number of such
forms in any order is probably finite,
. .
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Every object of the class § wants a character other than
some character common to the class: P i
o Every object of the class’ 2 possesses a clmracter other
than some character wanting to every object of the class Ser

The order of the conclusion is alw ays ‘the sum of. the
orders of the premises ; but to draw up a rule to deter-
mine precisely what the conclusion i 1s; would be difficult.

It would at the same time be uselesb, because the prob-

lem is extremely’ sxmplc avhen con51dered in'the light of . :

the logic of relatives. : : ' - A DUAL relatwe term, such ag ¢ lover,” ‘%enefactor,”

" “servant,” is a common name signifying a pair of ob-
jects.  Of the two members of the pair, a determinate
.one is rreuemlly the first, and the-other the second; so
that if the order is reversed, the pair is not consxdeled a3
remaining the same.

Let A, B, £, D, ete., be all the individual objects in
the universe ; then all the individual pmrs may be arrayed
in a block, thus: — :

NOTE B.

A: A A:D

|l;:D

A:C
B:A SN : C

C:A T ::C. C:D
D:A : C D:D

ete. - ete. etc.

A general relative may be conceived as a logical aggre-
cate of a number of such individual relatives. Let 7 de-
note ¢ lover;” then we may write '

L= SI(0)(I: )
where (1), is a numerical coefficient, whose value is 1in
case I is a lover of J, and 0 in the opposite case, and

where the sums ave to be taken for all individuals in the .
universe. - : ~
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Every relative term has a negative (like :iny other A The main formule of aggregution audwmpomtlon'\re o
term) which may be represented by drawing a straight < s then
line over the sign for the relative itself. The negative
of a relative includes every pair that the latter excludes, .
and vice verse.  Every relative has also a onverse, pro- : (T0 L4 b-—<s, then [-< s and b -<'s.)
duced Uy reversing the order of the members of the pair. 1“ $=< L0, then s << Land s < b ) )
Thus, the converse of “lover” i; “loved.” T.he con- ' 5(3_; D as =< 1, +‘b,s, ]
verse may be represented by (lr:n\;mg a curved linc over UL, F )<< b s S \
the sign for the relative, thus: I, It is delined by the et o '

# equation )

an l;; s and b ~< 5, then I+ b-< s}
Uli s < lLand s << 0, then s=< 0,60 )

=
The subsidiary formul®? need not te given, being the
Dy =( same as in non-relative logie, .o )
(=, ’ . ) - . .o .
We now come to the combimation of relatives. Of
: these, we denote tivo Dy special symbols; nawely, we
= = | - write-

) ;
The following formule are ohvious, but important : —

Foor : and :
[t y ‘ i I T b for lover of everything but benefactors.
I=<)=0-<1) (=< b) =(l-<b. - : '

1 for lover of a benefactor,
£ v

. . . i ey
The former is called a particular combnmtlon',a.- ~

Relative terms.can be aggresated and compounded like it implics the ezistence of something loved hy. {Gh :

others.  Using + for the sign of logical aggregation, and
the comma for the sign of lugical composition (Boole’s
ultiplication, here to be called non-relative or internal

fiplication), we have the definitions relate or a benelactor of its correlate.  The combimytion

L+ 8= 1)y + )y | o Ihis called a relative product, ! 14 4 relative sum, T 2

(€, 0),= )y X (b Land b arc said to be undistributed in'both,.hecnuse if
O " s then 1 —<sband 118~ s 1h; and if b -<s,
then (0 <lsand 110 < I+« \d

The two combinations are defined by the equations

(Zb)u = -Yz(l)!'r (b)ff

(I10)y=TIL{("). + ()}
Insft;ad of Dy + ()y, we might with more acearacy Tlxc sizn of addition in the last formula has the same
w o - sicnification as in the cquation defining non-relative
multiplication.

< The first of these cquations, 'howcver, is to be understood
in a peculiar way : namely, the + in the second member
is not strictly addition, but an operation by which

0+0=0 0+1=14+0=141=1,

Oo(z)l}' 4+ (O)U
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) Relative _addiﬁ‘ip‘p‘ p.;}d(qm_u__lti_pl_iicatj(m‘"are subject.to. the-- - - -

- associative latv. That is! _
Lt (ts)=(11) Ts, -
" : g L(bs) = (L0 s

Two fOfnqjilae 50 constantly used that hardly anytﬂ};g

can be doue without them are -

r

LOts) < lts,
(Cid)ys—<1tbs.
The foriner asserts that whate
that is benefactor of everythin
. everrthing but servants in the relation of lover of a
“benefactor.  The latter asserts that whatevér stands to
any servant in the relation of Jover of everything but its

benefactors, is a Jover of everything but benefactors of
servants,

iil f—

ver is lover* of an ohject

ls+bs—<< (14 b)s™
Lits—< (Ifs), Ots). —
Unobvious and important, how_'cver, are fhese P—
‘ @+ ) s—< 15 + bs
(19),0 1) < Lo 1,

There are a number of curious development formula.
Sucn are '

(]:[’) s = Hp {Z(s,p) r+ [)(Sj_j)}
L(b,s) = 11, {(Z,p) b+ (11—’)3}
C+0)ts=S{{lt s+ ) (01 G +5)])
O+ )= 5400 +7) 70, [C+5) 5]}
The summations and muttiplications denoted by % and IT
are to he tuken non-relatively, and all relative terms are
Lo be successively substituted for - ' :

g but a servant, stands to -

The following formulze are obvious and triv-

&
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“

0 . . ' : 1l tE e
v« The negatives of-the combinations-fellow. these mlus :

o

Sib=1,0 . 0, b="1+7%

The converses of combihations aréas {ollows : —
UFo=I+b =1}
J s ¢
Individual dual relatives are of two types, — A
A A and | A:B. - .
Lo T
Relatives containing no pair of an object with 1Eself are
called alio-relatives as opposed’ to\self-relatives.. , The
negatives of alio-relatives pair every object with itself.
Relatives -containing no pair of an object with anything -
but itself are called concurrents as opposed to opponents.
The negatives of concurrents pair every object with every
other. ' C

There is but one relative which pairs every object with -
itself and with every other. It is the aggregate -of all
pairs, and is denoted by oo. It is translated into ordi-
nary language by ¢ coexistent with.,” TIts negative is 0.
There is but one relative which pairs every object with

itsclf and none with any other. Tt is ‘
(A:A)+ (B:B) + (C:C) +ete; |

15 denoted hy 1, and in ordinary language is ¢ identical
with,—>  Its negative, denoted by n, is ¢ other than—,”
or “ not.”

No matter what relative term = may be, we have

res .
<z - T ~< oo,
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Hence, obviously
z+0==2x z, 0=z -
’.‘c-{»—oou:'.oo' a:,O:().

* The last formulce hold for the relativé operations ; thus,

zT o= o 0 =0.

wfzr=uw o Oxz=0.

. The formulze

4+ 0==x T,om=x

also hold if we substitute the relative operations, and
also 1 for w, and u {for 0; thus,

mTu:bm ml:a:..

Niz=u lz=ua
We have also

l+l= o 1, 1=0.

To these partially correspond tle following pair of highly
" important formuls : — ' '

1-<lil 1< 1.

The logic of relatives is highly multiform ; it is char-
, acterized by innumerable immediate inferences, and by
- various distinct conclusions from the same séts of premi-
ses. An example of the first character is afforded by
Mr. Mitchell's I, following from Z},. As an instance

of the second, take the prensises,

Every man is a lover of an animal;

and R
Every woman is a lover of 2 non-animal.

From these we can equally infer that

Every man is a lover of something which stands to each
woman in the relation of not being the only thing loved
by her,
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and that

. Every woman is a Iover" something which stands to
each man-in the relation of not being the gnly thing loved
by him.

The effect of these peculiarities is that this algebra can-
ot be subjected to lard and fast rules like those 0fm
the Boolian calenlus; and all that can be done in this
place is to give a general idea of the way of working with .
it. The student must at the outset disabuse llimks‘elf of
the notion that tlie chief instruments of algebra are the
inverse operations. (General algebra hardly knows any
Inverse operations, When an inverse operation is iden-
tical with a direct operation with an inverse quantity
(as subtraction is the addition of the negative, and as
division is multiplication by the reciprocal), it is useful;
othegwise it is almost always useless. In ordinary alge-
bra,'we speak of the ¢ principal value” of the logarithm,
cte.,, which is a dircet operation substituted for an in-
definitely ambizuons inverse operation. The elimination
and transposition in this alzebra really does depend,
howerer, upon formulwpe fuite analogous to the

P (=) =0 ax e,
of arithmetical algebra. These formule are
L,i=0 l—<un:
For example, to climinate s from the two propositior\]‘s.

1< 15 1< 39,

‘we relatively multiply them in such an order as to bring

the two §'s together, and then apply the second of the

above formulw, thus : —

1< 1550 —< (.
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This example shows the use of the association formule
in bringing lctters together. Othed formula of great
importance for this purpose are

Gihs—<bils . b(lis) =< bits.

The_distribution formula are also useful for this pur-
pose.

When the letter to be eliminated bas thus been re-
placed by one of the four relgtives,— 0, o, 1, n,—tihe
replacing relative can often be got rid of by means of
onc of the formula '

l+0=1. lyo=1
litn=ujl=1 11=1l=1L

When we have only to deal with universal propositions,
it will be found convenient so to transpose everything
from subject to predicateas to make the subject I. Thus,
if we have given I < b, we may relatively add [ to both

- sides ; whereupon we have
' 1< 1il—<1 il
Every proposition will then Le in one of the forms i
1<by! 1<l

With a proposition of the form 1 — & 1, we have the '
right (1) to transpose the terms, and (2) to convert the
terms. Thus, the following are equivalent : —

1< 011
1-<ifb 1<i1i
1< 116
. With a proposition of the form 1 - b1, we have only
the right to convert the predicate giving 1 < 16.

. of p.
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With three terms, there are four forms of universal
propositions, namely : —

1<libts 1=<1(ts) 1—<lbts 1—< lbs.

Of these, the -third is an immediate inference from the
second. » ' ‘

By way of illustration' we may work out the syllo-
gisms whose premises are the propositions of the first
order referred to in Note A.  Let @ aud ¢ be class terms,
and let B-be a group of characters. Let p be the relative
“possessing as a character.”” The non-relative terms
arc to be treated as relatives, = a, for instanée, ‘being
considered as ¢ a coexistent with ”” and & as  coexistent '

with a that i3.” Then, the six forms of affirmative
propositions‘bf the first order are

1<dtptp
1< é&(ptp) 1< (itp) B
1< idpif 1<aipp
' 1< dpg.
The various l;inds of syllogism are as follows T—
1 Premises: 1< dtptf 1—<itptf.
Convert one of the premises and multiply, ‘

L<(@tptB) Btpte)<atptBftpte
<dtptntpte—<dtptpte

<

T}er treatment would be the same if one or both of
the premises were negative ;_that is, contained 7 in place
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2. Premises: 1< dtptp 1-<i(ptp).
We have ’ ' "
1< @1ptR) Btp) < (Gipts)e
The same with negatives. .
8. Premises: 1< d(ptP) *1—<i(pth).
L< a1 Bipe—<ia(pipe
The same with negatives. ,
4. Premises : 1—\ aTpip 1—<(0T]))/J | /
1< @tpi BBt < (a Tt BB (1)
< (@Tp)(pie).

If one of the premises, say the first, were negative, we
should obtam a mnnlar conclusion, —

1< (@tp) (F1e);
but from this again p could be eliminated, giving
1<dje or d<c. )
5. Premises: 1< d(p1h) 1< @ip)p.
1< d(@tB) B (te) < dp(ito).

If either premise were netative, p could be eliminated,
giving 1 —<d ¢, or some a is c.

6. Premises: 1< (dtp)p 1-~<(CTp)rp.
1< @)BE(GT) < @t p) (Bt
7. Premwes 1—<'&TpT,B 1< épth.
1 —QLUTMB) Btie) < dtptpe
8. Prem;fes' 1-<d(ptp) 1-<ép t 8.
1< @(ptB)(Bipe) < a(ptpo.
9. Premises: 1< (dtp)f 1< spip.
1< @tp)B (Btie) < (@tp)pe.
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If one premise fs negative, we have the further “conclu-
sion 1 < de.
10. ["remfz'ses c1-<apif 1<¢pip.
1< (ipiB)(Btpe) < dptje.
11. Premises: 1 < dtpif 1-<&tpp.
1< (@1p1H) Bitd < @ippte
We might also conclude )
I-<dipinpte;
but this conclusion is an immediate inference from the
other; for
("TZ')Z3T0—< (21 p) (lTn)pTc < (@tpltupte
< dtptupte.
If one premise is negative, we have the further conclu-

sion 1 < d fe.

12, Premises: 1 << @ (ptR) 1-<itpp.
1-< a(ptB) (Bpte) < i(ppto).
It one premise is negative, we have the further inference
1< ae.
13. Premises: 1-< (Gtp)B 1-<&tpB.
1< () B(Bpt) <N (wpto).
1L Premises: 1< dptf 1<&ipph
1< (@ptB)(Bptd) — dppte.
If one premise is negative, we have the further spurious
inference 1 < ante.
15. Premises: 1—<'itpB 1< itph.
1< @ tpB) AT <&t (pto).
We can also infer 1 - (& Tpw)p te.

§

\
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16 Premises: 1_< “tp JLB 1=<épk predicates have. the remarkable property that each, is
L<W@tptABpe—<(itp)pe cither 0 or co. This fact gives extraovdinary freedom
If one premise is negative, we can further infer 1 <de. in the use of theh formule. In particular, since if any-
. N - ' ~ thing not zero is included under such an espression, the
17. Premises: 1< 4 (PHE) 1<eph. whole universe is included, it will be quite unnecessary '
1< d(ptP)Bpe—< dppe. - ‘ to write the oo — which begins every proposition.
If one premise is negative, we have the further sﬁurious Suppose that f and g are general relutive.s signifyirfg
congluSion 1-—<<ane. relations of, things to times. Th'en, Dr. Mltchell’s six
C ' , o forms of two dimensional propositions appear thus: —
18. €TQ77Lzses.' 1< (@ip)B 1< épf. ' F,=0%ft0

’

1< @1p)BBpe~< (@tp)npe F,=07f=» ?
19. Premises: 1—<vc7])TB 1—<Z])E ) N ' Lo =0 fT0
1< (@ptB)Bpe—< dppe. , Fo=0ff)» *
If one premise is negative, we further conclude 1 ~ane. . - '  F="0(710)
20, Premises: 1 —< &’Tp[? 1< Z'pﬁ. ' Lun = o0 f 0.
1< (&Tpﬁ)ﬁupc —~ (tﬂpﬁ)j)a < It is obvious that {10 <, for

110 < (I70) oo < 10 o< LT << L

If then we have 0F/F0 as one premise, and the other
contains g, we may substitute for g the product (£, ¢).

7<g,%2—<g,01f10) < g,f.
Irom the two premises '

21 Premises: 1< ipB 1< Epp.
' 1< dpBBpec—~< dpugpe.
When. we have to do with particular propositions, we

have the proposition oo —< 0, or “something exists;”’ S
for every particular proposition implies this. Then every

proposition can be put into one or_other of the four o T0 s end - 0F g
forms ’ by the application of the formule
®—< 01110 o Is,(b13) < (L,b)s
® < (011) 7 sl (31 8) ~< s (1,0),
o< (0flom we have
® < ®! »,

‘ : . B {0 (F10)},(01 g%) ~5 o {(f1 0), 7%} < @ (£, 9) .
Each of these propositions immediately follows from the”

: " . . These formule give the first column of Dr. Mitchell's
orie above it. The enveloped expressions which form the . ) rule on page 90. ,
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The following formule may glso be applied ; —
L (O1f10),Q1910) =0+t (£,q) t0.
2. (0tNHe (O0fgt0)~< (0 ’rf)({z? T0).
3 (0tfo o« (j10) = (OTf)(§T0)+(OTf)11(.‘7TO)-
K OF7) o (017) 0 —< (0Ff)50. o
% (0tf10)(0tjec) =0 T35 f) 1 0.
6 (0fflo (0fjo) = Ot gAf) o
01N e, (0t g) = (01 f9) .
O17=)(0fgo)  =01(fg,57) on
Offe); 0tg®) =0tfw,gm
10. (OTfTO)OOi?O =01 (fgANt0
11. (07 f)w o :(OTf)gm-&-(OTf)ujoo..
L20ife) @je  =(0fr70) + Of/uge). .
1B wfe wje . = wfietofuje
When the relative and non-rélative operations occur
together, the rules of the caleulus become pretly com-
plicated. In these cascs, as well as in such as involve
plural relations (subsisting between three or more ob-
jects), it is often advantageons to recur {o {he numerical
coefficients mentioned on bage 187.  Any proposition
whatever is equivalent {0 saving that some complexus of

aggregates! and products of sucl) numerical coefiicients
is greater than zero. Thus,

S51,> 0

means that something is a lover of something ; and -

;>0 N

means that everything is a lover of something, We.

1The sums of page 188,

et

‘ t
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shall, liowever, naturally omit, in writing the inequali-
v ) - " .' . - )
ties, the > 0 which terminates them all; and the above

two propositions will appear as

X,-.}.T,Z,A,.r and JIX1,.
"The f'ullu'\ving are othet examples: —
HANORON
means that everything is at onceé’a lover and a benefac-
tor of something. o |
T TL3,(1)y (0)s IR
means that everything is a lover of a benefactor of itself.
‘ AU Y
means that there is something which stands to some- -
thing in the relation of loving everything except bene-
fuctors of it. . . | )
Let « denote the triple relative ¢ accuser to _vi‘]Of ,
' ive * exeus — of —, 1en
and ¢ the triple relative * excuser to — of en,
Y V ..‘_“'[Ij.‘:k(“>,'j‘.(a)jh
" i T S ot tak-
means that an individnal ¢ can be found, such, that t?l
‘ ' /, it Wi 'S ssible
ingiany individual whatever, 7, it will z_&lfm)a he po‘s‘s 2
: %osto select a third individual, %, that ¢ is an accuser
J of &, and j an excuser to & of .. -
Let = denote “ preferrer to — of —. Then,
ITE50(1) (e jus + i) ‘
‘means that, having taken any individual ¢ whatever, 1t
- ) ‘ . . A 'l 3 all
is always possible so to select two, j and £, tlmt.zt 1sk "
accuser to 7 of %, and also is cither excused by j to kor
is something to whichy is preferred .by k.. s
When we have a number of premises expresse}(1 in O.f
manner, the conclusion is readily deduced bylt- elus):e
the followirg simple rules. - In.the first place, we h

;;Hi < 1L

L
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.
In the second place, we have the formule
. g} {00} = Udg () - w(i}.
g (0} )} < 2o () - w(i)}.
In the third place, sinee the numerical cocflicients are
all either zerv or unity, the Boolian caleulus is applicalle
to them. . ' .
The following is one of the simplest possilile esamples.
Required to eliminate servant from these two premises :
First premise. There is somebody who accuses every-
body to everybody, unless the unaccused is .lo\'ed by
some person that is servant of all to whom he is not ac-
cused. : _
Second premise. -There are two persouns, the I;rst of
whom excuses everybody to everybody, unless the nln-
excused be benefited by, without the person to whom he
1s unexcused heing a servant of, the second.
These premises may be written thus:

""‘LH{‘:‘;’HL (“/.ik + Sﬂ]ﬁ)'
:u::v:nzny/(:;yr + g{lrbr:)'
The second yields the immediate inference,

30,8 (fum + Syeber)

Y

Combining this with the first, we have

1]
S E S lez) (e + $00)-

Finally, applying the Boolian caleulus, we deduce the
desired conclusion

O..)-
Ez:u:y:u(fuyz“mp -+ 8uy:rlyu 4 ®rur 11)

The interpretation of this is that either there is some- .

body excused by a person to whom he accuses someb(i(’ig),
or somebody excuses somebody to his (the -cxcuse
lover, or somebody accuses his own benefactor.
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The ‘prbcc(lm'e may often b
of operativus intermediate hetween IT and 3. Thus,
we may use IT, I, cte. to mean the products for all
individuals except one, except tio, cte, Thus, *

LML +- b;,)
will ‘mean that CVery person except one is g lover of
everybody except its benefactors, and. at most two non-
benefactors.  In the Same manner, 3781 ote. ill de-

note the sums of all products of two, vf gl products of
three, ete. Thus, ' :

e abbreviated by the use

ey
will mean that ‘there- are at loast three thines in the
universe that are lovers of themselves, It ig plain thag
e < n, we have '

. I.I"‘—< l\\{” .‘L-" _< ,_\_‘Y": A »
g O) ~< 3022(gi . i)
”lin 1') ([]'"lp;’) _< »“'_m*n l:. ').)

Fi) (1 Tiow

: . RO :

Mr. Schlotel has written to the London Mathemptical Soeiety,
aceusing me of having, in my Ayhra of Loyie, pligiarized from his
writinzs,  He has also WTitten to mie to inforni me that e has read

that Memoir with “heitere Ironje” and that Professor Drobisch, the
. ? ?

Lerlin Academy, and [ constitute. g ¢ lederliche Klueh\[ntt," with
many other things of the same ort. Up to the time of publishing
my Memoir, [ had never seen any of Mr. Schlatel's writings ; T have
since- procured his Logik, and he has been <o ob) iging ax to send me
tWo cuttings from his Papers, thinking, Apparently, that I might be
Curivus to see the passages that I had appropriated. Dut having ex-
amined these 'pmductions, I find no thought in them that I ever did,

or ever should be likely to put forth as my own,

THE END.




