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180 DANIELS : Note on Weierstrass' Methods in

If ¢u denotes any elhptlc function of the »™ degree with the periods 2o,
2¢/, and if Gu has the same pait of periods, then we can always determine the
2r -4 1 quantities Upy Uyy oo o Uy} Oy, Vpy .. 0, O
s0 that ()= 6(u-——u,) G (u— ) . .6(u——u,);

. G(u——vl)G(u——-zz) . 6(u—v,)
which ploposmon is capable of inversion. An analogous theorem in regard
to pu is, if Ugy Uy, Uy o v o Uy ’
denote # 4 1 independent vai'iables, then the function

L opuy g . .. Dy

. 1 vari) p’ru,l . 9("—1)71'1
1 pup gy ... o=y

@’(uo, Uy, Ug, . »:':'U,,_): Pls @ty ) by

.................

: 1 gu, p’u so("‘"l)u
18 an elliptic functlon of the degree n+ 1 of any ome of the arguments
U, U . .. u,. In general “every unique elliptic function ¢ () is expressible as

a’ ratlonal function of pu and the first demvatxve ¢'v with the same pair of

periods 20, 20’ as ¢(u); and in like manner pu and gu are express1ble as
rational functions of ¢w and ¢'u”.

With the function Gu are closely connected the following
G,u= ™G (w - u) e’“‘G(w-—u)

Gw Gw
60— TG (W) _ G (' —u)
3 s U= P 7
Gw 16104
Gy TG ) __ 076 (/)
DU = 1 =
Qw 6104
, S . , " GI lel
where o, o' are the half periods, and o + o' = oy

Go M g 7' 97+7l

By inserting in the “pocket edition” for v the values respectively o, 0", &, we'

2
have gm-—el__. -%‘3>’ o _es_‘<62u , pU— (33_._‘<Gsu

whereby the following relations are established for the differences of the roots
Remembermg that go =¢;, po’=

=a, g/ =6
Gy . : 6 o C G
i Tt
~/ _6;(11” 62 ’ 61(1]
eB—el—W’ €3 €= 60 : _63-_-6126‘(7

where we assume ¢, > ¢,>¢,. If noW we assume R (i"—> >0 ‘that is, the real

component of the complex -

~7———-~ >0, 80 that in the Geometmcal representatlon” ’

the Theory of Elliptic Functions.

the point o' lies “above” the right line joining v =0 and u =, then

Neg—g=—iNe—ey; No—a=—iNe—e; Ne—e=— 75/\/61—'— e.”
If now we denote for convenience by 4, u, » the indices 1, 2, 3, and write
L Gu_g Sw_p Gu_
8‘;’;""50)\: G—,’I;_—TEM’ 616 wAo? .
remembering that . Gau.Guu. Gy
g - u=—2 Gu.Gu.Gu,_ '
we easily obtain :

ds dq}\o

b, = ek,
)=(1._(@,‘-@)53)(1——(e,——eos; ,
(%Y= 1~ e —a Fla—e)i),
(5= @+ a—a)Bta—e)

and the four functions , . R »
Gu' . 1 _‘ Gp 1 6[[ - 1 Gl\u
Gt A, —er G «/e.,——e,\ Guth «/e}zﬁ-——e,\v»\/eyj—-‘% Gu
satlsfy the same differential equatlon ’ '

(*‘*) (1= (6.~ eA)Ez)(l (e—-e,\)gﬂ) )

E,“,Em

whe‘née (dE,,\

But the Enghsh reader will desu'e to know in what connection the system of -

Weierstrass stands to the more widely-known: -systems of Jacobl and Legendre.
If we define. the k of Jacobl by the equation
, lc“ _a—a
. 01"‘-63 .
then the followmg relatlons are established Jetween the’ mgma-quotlents and
Jacobi’s functions, We give only three as specnnens, replacmg the 4, y, v by
1,2,3. - ‘ G'M 1

63’!& g '\/91"‘““
, %%-é : cn('\/el‘ 63 u, k)
: 8 .
G dn(ve,-e; u, )
rd but
Not all the mgma-quotlents are 8o nearly 1dent1cal with J aCObIS ﬂmcmons, u

in all cages the. argument u. appea.rs multlphed with the same. factor Ney— e
whmh is the largest of the three root dxﬁ‘erences)

sn(Ve, ., 70)

In -the deﬁnmg equatlon k’-.., and the correspondmg one k”—- P
both of these quanntles 1f rea.l must be grea.ter than zero and less than unity.

6—6
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182+ - DaniELs: Note on Weierstmss’ Methods in, ete.

They will be real if the pointsin the plane representing e;, &, ¢; lie in the same
straight line, when mod. ¢; must be intermediate between mod. ¢ and mod e in
magpitude. Then if we understand by K and K’ the simplest values .;gf the
integrals ! dz 1 de

i S == By v

respectlvely, taking those values of the radicals whose real components are
positive, we shall have

0)1'\/61—33=K; Ve — e =

i~ ,,,_.»

&=+ g, TR
and 20;, 2 are the primitive pelr of periods for the before mentxonedgu, 80
that as above POTT &, Py €y, Py €. i

It ought to be mentioned that 6,u, Gyu, Gyu can also he deﬁned in the same

simple manner as Gu by means of infinite products If we write
wl"(zﬂ+1)0+2ﬂr“’!a" \ws-(2ﬂ+1)°+(2ﬂ+1)0'
wy= 2u0 + (% + 1) o, [y,;é-_.O, +£1, £2...¢k o] :
then in general forA=1,2,3, ' i o

Gumei, (1— L)AL

Finally to show tbe relation i in which the mgma functxons stend to the <$-functmns '

of Jacobi, we find » ‘ :.5

2w 2 ot smzm—-2h?sm 3J7r+2hji&em bur —. . R _z?u(u)
6 Wy — nov?
62" 2Rt —3.2.RF 1 5.9% S 2“"" o)
G o h&oosu-z-}-Zh‘}eos Sur -\]=~2M“cosﬁu7r+ U i ,91(0)
WECTSE ¥ pwd . o e
G e2r1wu2 1 4 2k cos 2un 4~ 2h¢ oos4uﬂ+2h°qg)86wr+..._-_ P, 19,(0) o
= 1+2h T F®W . F. 0 Ee)
Gy = v — 2h cos 2um 4~ 2h* cos dumr— 2h° cos Bum ... -y 0]
s .1"'2" , TR W 4T TR0
‘ i g % w0 RN O
Where h=¢" ’ 2w 7]-—"‘5—(‘"—‘ v R “1;”:':% .

The functions SO(U) Sl(v) 35 (v), Sa(v) as here. employed coincide respec‘t-‘»

ively with Jacobi’s 3;(2g), ,(xg), 35(2q), H(xg), if we write vi=ax and#""

But anything more than a slight account of Weierstrass’ system, show;glg in
particular its main points ¥f contact with Jacobi’s, would be’ beyond the m&‘htlon,

of this paper. It isto be hoped that ‘Weierstrass! 1dea$~ in the functlon @eory

" will soon find that Wldespread recogmtlon Whlch they undoubtedly ment ‘Tna

¥

Orn Quadruple Theta-Functions.

Coe

By THomMas CrA1G, Jokns Hophins University.

. Parr II.

In the following I employ the notation used by Schottky in his “Abriss
¢iner Theorie der Abelschen Functionen von drei Variabeln.” On page 18, Schottky
gives the fundamental theorem bearmg upon his particular notation ; it is as
follows: Es dst moglzch, ein System pmmzmer Indices

- 1,2,8...%9+1 | .
und, einen awgezewkneten g 80 2U 'waklen dass ea ein grader Index ist, wenn die
Anzahl der primitiven Indwes, aus denen a zusammengesetzt zst——p oder p+1
mod. 4 ist, dagegen ein. wzgmder wenn diese Anzahl = p + 2 oder p— 1 mod. 4 ist.”
. For p==4 the “primitive indices” are nine in number and they may in
general be denobed by the letters
o kL, m, np,q,r,s,
All of the charactenstles of the quadruple theta-functions, with the exceptlon
of (0), may be represented by certain combinations of these letters, viz. by
taking them one at a tlme two at a time, three at a tlme and four at a time.
We have thus: ‘ ' v
Number of cases. '

Thelniex(O) e |

~ The primitive mdlcestaking.one ‘at a time IS
e R L . ... 36
woo e “ ' three ' e o . . . 84
ek “ four < % e ... 126
' | 256

The even functlons, 136 in number, are given by the ﬁrst second and ﬁfth of
these cases, and the odd functions, 120 in number, by the third and fourth cases.
That is, the even funetlons will have the suffixes o, & and Jimn, and the odd
functions will have the ‘suﬁ’ixee kland Zlm. In the numbers of the Annales de

>t

]
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184 . Cratg: On Q@d¢uple Theta-Functions.

U Jicole Normale for June, July and August, 1883, M. Brunel has investigated the
relations similar (to the Gopel and Kummer relations for the double theta- -

functions which xist in the case of the triple theta-functions. I propose in
‘what follows to employ Brunel’s method in working out the corresponding

" relations connecting the quadruple functions. Bruvel starts out from certain

relations given by Schottky in the Nachtrag to the above mentioned book “ Ueber
die hyperelliptischen Functionen dreier Variabeln,” and uses a method which is
~—fandamentally the same as that employed by Brioschi in his -paper already
referred to in Part I of this article,* but the manner in which he develops it is

~ simpler than would be possible had he employed without alteratlon{ the method

indicated by Brioschi. - -

., Ishall use almost without change the notation employed by Brunel, only

altering it when the greater complexity of the present case makes it desirable.

Following Schottky, write first: . - |
Li =1

T o e (e — )ty — )ty — )y — ), ) — )
k- ' . —1 ’

E${ (o ) — a2)(y — @22 — 0y — (s — ) — )
X (@n— al)(a az)(a — ay)(a,— a)(a, — a‘,)(aa — a,')(at-'-- @)

1

Ly, . —1
Ly 7 (aa— ak)(a.p—— @) (ag— “k)(“ @)@, — ak)(at——- )
. JL X (@, — a)(@,— @)@, — ‘}c)(“ “z)(“ — a,)(a‘ — @) : .
X (a'n - am)(ap - am)(aq_ am)( @ m)(ae _ m)(a’t‘:‘—a'm) o
L‘;len . t' > —1 s '
L = [ Ma— a)a,— a)a.— )@, — ;)@ — az)

l X (“p - al)(aq'—' al)(a al)(ae - al)(a’t N al) ~
2 X (ap - a'm)(aq"_ am)(a am)(a’s m)(a't m) )
. X (aP - (l") (aq - a’n) ((l n)(a’: n)( (ln‘
Now congider the functions P defined by the equations
| Ly 6 Lp_6
1- ) . L P0—~6607 L Pk_.—é;’
A ' M i kim 9k1m
P K ‘éo‘ L 2P Elm — 90

-Lklmn 9]:
P — lmn
klmn

L, 6

v

% Brioschi,—La relazione di Gopel per funzioni 'tperellzttwhe d'ordine qualunque Annsli di Mate-

matica, Serie II°, Tomo X°, o
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then, i"ollowing Weierstrass and Schottky, and writ{ng ’

R(x)= (ak——-x)(a,-—— )ty — )(a, — w) (@, — 2)(a,— z)(@, — :v)(a — cc)(at—-— m)

C () =(z— 9"1)(“’ —x)(x— mg)(w — ) ,
we have S v Ly
Pi=1 Coe e e e e e 1 function P,
-Pk""" '\/(a,‘— ml)(a,, %)(ak"j" :1;3)((11,-— (B4) ‘ N \. P 9 functions Pf: ’
=4 P : N .
.  ~ER(w) j = :
3. P,= PP : - . .. .-« . .. 36functions P,
k! . 3l / - (ak—m,)(al—:v,)#(w‘) E - .Lm kl
s , _ . - .
A NMR(=) ‘ -
Py.=P.,P,P, ! . +«.. .. 84 functions Py,
e E(az-fw¢>(az—e-z‘)<am-x‘> de e
: t=4 : RN - )
N Bz 126 functions P,

Pklm"—PLPlP Fa Z(alc"'xl) a‘r—xt)(a'm'—"vl (an"';"l/l) J(@) o
making in all. 256 P-funcmons replacmg the 256 ©-functions. In these equatlons
the letters Ic,l m and 7 are all different fré)m each other. We have ] now to
determine the linear relations existing between the squares of these P-functions
and those existing between their products taken two andtwo. Write
4. , Zmi——a, Zosizrj B, Zmaxm=vy, wlxgxsx4—8 |
The sumimations to be taken from 1 to 4 and ¢ 2 7, % all havmg different values

Further write _
(971 %)(‘L& — “3)(’3"1 — ao4) (x& ms‘(“'a - 9’4)(“3 — Fy)=—

4 a
R
5. - e =05
T T Xy Xy
1 1 1 1/
N
and in general write
):z/i‘“ BT BT
S ) S JZ‘“ a
. .. "“I?/l.% *Yn lv
/) Yo eﬁ""?/n
1 ) ‘A'—I’ - - . 1 -
that is o L

6. | " |w1x2'm351:1'l=— 9 |
VoL, VL : : ' ’
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186 Crat: On Quadruple Theta-Functions.
The P-functions can now be written in the following manner,
Py=1, P :-"\/]a!.-a?l“akflb”ak‘”s}“akfwl
1 | Bsllaggllatillamilaadaz,]
P, = { AT Qpy) | iy || By | Q25| Q4
W o | e Ry el

— I(If3(174ir1 l /\/ + Ii&;a:ﬂ‘e , A — l:rl%m;; l l\/ }

7. Py =1 |22 l\/ R(w) |l aasllasdaanma,zam|
" ‘f"xwﬁs%] w ! Iamllazx:liamwxl
— | gz [ &/ + [z |V — | @y, | o/
-Pklmn = . ' )

NT'_.ET'_"‘ gy | \/ R(z) 1“@:“%@ %[BMfa'mf'»'z”am%”ammal]an-’czﬂanfgll_‘_l:_zﬁ_[
|~’L1-’l'2-'lrs$4] ( lah«T1|faz$1|la,n3?1|Ian~”l’:l

— I wggry | A/ + | fr;Q?lﬁl's [~ . — |y, f v

- It is of course perfectly obvious how to fill up the empty radical signs. The

above forms for the P-functions are retained for the same reason that Brunel

gives in the case of the triple thetasfunctions, that is, although the denominators
under the radical signs are actually factors of R(x), R(z,), R(x;) and R (x),
it is more convenient in the following transformations to retain the fractional

form. '

Linear RELATIONS BETWEEN THE Squares oF THE P-Funcrions.

Take first the case of the functions with a single index, i.e. Py, P,, ete.
We have ' '

8. P}?f:lqulu(lk%”akma‘”akmiI5

9, _ i =ai— aa}+ Bl ~ ya, + 4. .
As this is linear in the quantities o, 3, 9, 8, and as % is any one of the primitive

indices, we can, by assuming any five such relations, eliminate a, 3, v and §;
the result of the elimination is obviously v

»

2 4 9 4 2 2 ’
R @y P —Q, P2 a,, Pi—a, -}p_aj)
_ 3. 3 o
5, a al
Iy 2 2
a a a, @, a

al a3

a. a; ° a”l an a

11 1 1 1. 1
or expanding this we have ' :
2 o :
11. PT: Ialamana’p ] + P; laman(lpakl +an]a,,apaka,,
2 .
+ P} |a, a0, | +P a0, q, |=|a.a,a, a,a,| Pt

‘expanding this and using the notation. given above, we have ' \—\ :

Cra1G: On Quadruple Theta- Functions. o 187

- Since Py=1, this factor may be. introduced solely for the sake of symmetry.

If instead of eliminating a, B, y and § between five relations of the form (9)
we eliminate «, 3, y, § and 1 between six such relations, we have obviously

or expanding . v .
3. Pi{a,d,'nd,.dpaq]—P?_]amanapaq'ak.]+P,2,;]anapaqaka, |
—-P?,lapaqaka,amj‘+Pf,laqaka',amd,, |— P} |lwaya,a,a,|=0. -
We have thus found the linear relations existing between the squares of the
P-funetions possessing a single suffix, or index, 4. e. between the functions whose
indices are 0 klmnpgret, | ‘
and it is seen that these functions form‘a group of ten such that any five being
given the square of any Qneto'f-.the remaining five can be -expressed as a linear
function of the squares of the chosen ﬁ\}e.v' Following Brunel I shall call this
the group 0. - ST 3 S T
| Consider next the case of the P-funictions with two suffixes : for the square
of any one of them, éay P, we 'have - R . '
14, Pl%lz' lwlm:a-,a%‘_z l%%m‘il{ R (wl) l{‘ax%llakwsllaxwdlazle!az%!lamI +

<«Q

cojemllam) o T
- 2‘%41‘31'341]%954551IVR(%);R(Q,';akxs,‘”d@ai”az%“aﬂ&[ ‘
+ 2| WAI%%%] v R(ay) B (%li@r_«%‘!lafc%llam‘llaz% |
— 2|eglowe |V @) B @) ool azlloz,)
—2 I‘%@l”wﬂﬂz l “’R(%jR(ws) l%%”%%”%%”%% |
-+ 2ag o |V R () B, |amllowlemllaz)
= 2|zl |V B(wg) Riw) | axllomllamllan |} -
It is possible to find a linear relation between four of these P-functions with
two suffizes which is entirely rational, that is, a relation which shall not contain
any of the quantities W “Take four of bhé functions P,; which have
the: first suffix % in -common, say Py, Py, Py, Py, then in order that the
radivals NV E(@) R(x) ma.y‘vdisappe&r,We must find a series of multipliers 4, B,
C, D, satisfying the equation ERTRU L e

15. 'Alllhms“azmsl

—?-‘Blam?:'alla;‘w;‘l +’".Ol antyll o,z — D | aplla,z| =0.




S18 lﬂﬁmﬁ‘iﬂl[pl I'2+I'3--1"4] ;,»v‘
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Giving 4, B, € and D the follbwing values, |

A:]a,,;an'ap|, B=|aaal 9

16. ;
=|aaa,]|, _.Iala @,

&
it is easy to see that equatmn 15 is satisfied. Assuming then four equatlons of -
the same form as 14, we have o

|m o | Pla— langpazlP”mHaakamiP%n Ia;ama,.IP?;p::

ez llezliasla
el | e s
o g, al | ) laszlxam\;zﬁlllo;mﬁllamxsllamaul +o.}
5 | szl oiliadlasllonzslians |
+ ] | o ') [2elesdnntomtenlin :
1 : R |ak%llak'vs\lawaﬂap-"lelap%|laﬂ4| ' }
| @it { | sy | (‘131) Towlooa] .ot ]
Introducmg the values of R(x), R(a:,,) ete., it 1s-not difficult to see that the ,
- first line of this equamon may be thrown into the followmg form, : .
1
e |ttty llanllanzilla,a| [lmzwsmallaqxlllarxllla,mxllatwlllaxweilamﬂaw|]é\‘ 4
[a,,,a al[[a mlnapwl”almll{ ,“ . o 6t “oo " ¢ 1 ]g C :;
B e e | S I'7 1
~ ot lomlallom [ ¢ 0w e e ]g
._Where g-—l932%%”“1%”“@3”“1%"“!ws%ml”azxa“az%”azmxl v R
) + i %%%”“z%““zxﬂ lalmz | —1 wlxzmslla m\lazwgllazwsl _ e *
| and B, @ and Q are obtained by changing I into’ m,.n and p respectwely We K
* have then- - A=8= @»il——lwlxz%m]—— sayA e ' -
Write for convenience K o g
I"-‘s%%”“qxluarml“a m:”“&%”“ﬂz”%%”akmﬂ* Fn " B
then this becomes A
W% Ia A Q. “am’xl”anwl““ 931] ]a a a’l"anwl“ %ilazwll ' R ' i .

+ | gaalla,alaslan, 71| — | “n"am”amml“%%h% R

- The term in the {} is easily seen to be equal to ia,ama“apl. Equat10n117

~ thus takes the form,

|0, | P — | 2, ,,| P +|aa¢a lPIm Ia;ama.,lP?,p-—-"

. lewaw[

" Now ertmg as above o= lewzxml '

m, np q,r,l

94, - */aaanlPakm 'apaqafn‘pkn'{"aq“m ‘P%Z' idvnaﬁaﬁi_pkq—;-'

Crale: On Quddruple erta-Fanctions. . 189

Remembering to pay attention to the signs, we may Wute the term in []as E[‘,,
then writing ‘ , o f
19. - g = A, Zaqa _y, Sag.a,=v, Eaaaat.—n,

we have

20 EI'= Elngsa;4|(n-—~m1v + m’{y @3 A + a:‘i)(ak—— ah(o:,,—l-ms-l- )

+ a (s + 22, + yy) — %xa%) .

and introducing the abbreviations «, 8, v, 8 and 2, y, v,'n, it is not difficult to

" . see that

21; G—lexzacgm4l{ak—aka+a, ﬁ—aky-%-@ a,‘-i-u,c a.§g+c¢kv—n§;
referring now to equatlon 9 we have - :
22, . ' — ‘xr’fz‘rsmﬂ {Pi— lak p”%ﬂq“%@r“@%'lakatl P 3}
Expandmg equatlon 18 it becomes o
o 03, | ayaegarg | — vZ0, | 902“‘39341 + S | sy | — AZad |y, | +2ad | g5, | ?

- a?; § 72 (gt a5+ w4) | aegatgtey | — vty (o0 + 25+ ) | gty | -+ i (g ooyt | asry l

""7"273(932“!‘“33‘*‘m4)lx2933¢4|+2w1(%+xs+w4)lxzmsm4l $ :
+a, § 75, (o + Tyl + xs%) !932‘1’3‘”4 |~ (9325173 + @y + ms%) | ooy |
+ i} (g + @ty + 4%, | “’zw'ﬂ’d - 7"250% (mzms + gty gty ) | gy | v
P (Tews + @, + t) i Ly | § — 7wy | 50570 |
v EXEER | wpaeg, | + Hmlxza’s% Eml I m,m;;cc‘,,}s—\ﬂ, 01,5, 2733 oyt |
+ wlwgng42mglxgx3w4’ {= \
DR }a,,, R | @, a,|P’,,m |a.. alamIPM Ut | Phy
Of course. in all these summations particuiar care must be taken to glve the
right mgns to each term for example, 3| wysas | means ’
|m2m8m4|-—]a:3m4x1l + lw&‘q%l IR AR .
Usmg now equamons 19 to 21 u;,cluswo we “have, after simple reductions,
for the redueed form of equation 18, . ‘ _
[a a0 |P§§, |a.a allP + Ia alam]P?;,, lwana, | P, =
0nta0,|{ P |ad |l llma aadloa, | Pi. -
The factor. Pi=1 being introduced simply for the sake of symmetry

Now advance all the letters after %, that is, change {, m, %, p, q, r, 8, t into.
Z 4, [, and 23 becomes :

23;{ 5

o

e Iamanapagl iP?r-Iaﬂgllaka.llaka.llak@zllamll’%

7

>

,"‘




__ Multiplying then 23 by the factor

, and multi'plying"'% by

190 Crate: On Qimdreq;lg Thetu-Functions.

- The coefficients € P in 23 and 24 are feépecﬁ.ively .
L= )t —a,)a— &)~ )t Nt ) — )]

, , o an)(e, — ) (0 — a, )@ — a,)
and  [(a,—a,)(a, — )y — a,)(a,— At — a)(a,—a,)(a, — )]

(tn— ag)(a; ag)(a, — @)t — a;)

(am - aq)(an - aq)(ap ‘—.‘ ‘?’a)(“k - al) 1

~and 24.by the fagtor  («) — a,)(a, — @)@ — a, )@ — a,),

and Sllbt;‘fl.ctillg one result from the other we eliminate Py and have
' . PZE l aman,a'paql Iaka’l ‘ .
= Piod | autytllantylo,aloy o) + a0 e, g, o, |
T P leaalag,llaaagliayaglan, | + lgaanllaaafan,llanlaa, |t
= Pl a0yt + | agaya, o a, g, oy |
+ P 29% la‘_”‘anap”dlamll“zan”dga'p“a‘l.ap, §= : R
| PE§ a0, o s | — |ttt o, e s, |
_ This reduces to _ : S
P I%lla’manapaq”akal |— P}, ’anapa‘qa‘l”aka’m ' + P, l%aqazamnalﬂnl
25, — P} a'qala,,,a,,[]akap,-f— Py laa,a,a,lloa, | = - )
P laaza,a,a,|. o ’ , o
If we here make again the substitution -
- ' L m n p g r s ¢
man p oqg-r s ¢

\ .

o “ we get a new relation connecting the Squdres of P, P, P,;,L', Py, PL,,; P,,.
- The coefficient of P% will be o

I | ' ’ Bl Byt | 2
multiplying this equation then by the factor
: ] alam”ala’u”alap”a‘la’q [ )
_ o 'amar”ana‘r‘”aparllaqar l ’
and rsubtmctlng one . result from the other; we eliminate P, and have a linear
relation between the squares of | o
' . : ‘ 4Pkl$,'PImn .Pk,,,‘l);q,, quy Pkr‘y viz,
' P ?:Z'Ia’m.anapaqa'rl]akdl ! - }_lim l av)q paézaral”ukam I
) 26‘ . '\-;Q . . + 'Pin l a‘paqardlam“akanl _ PI:i; l a’qqra‘laman”aka’p I

B o XN Uttty |l | — P, | U0, flage, |

Y

It is obvioué that we might have eliminated P between 23 and 24, and s0 |

- have found a linear relation connecting the squares of .

‘}_)0’ ipkz:.PInﬁo.' PM{?"P@'VP’&’_ ‘ B

T
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and by making the above substitution and eliminating P2 between the two
equations thus formed we would again arrive at 26. It is then clear that the
functions with the indices ' ' '

0, k, K, km, Tn, kp, kq, kr, ks, I,

- form a group of tén, such that any five being selected the squares of any of the

remaining five can be expressed as a linear function of the squares of the chosen

five. There are of course in all nine such groups, and these may be tabulated

as follows: O &k K km kn kp kg Fr ks Ie
0l e m W dp g b s It e

0 m mk ml mn mp mqg--amr ms mt o
0. n nk 2l mm mp ng wr ns nt- '
0 p pk pl pm pn pg pr ps gt
0 g ¢b g gn -gn gp g g g
O 7 7k 2l rm o orp v ws ot
0 s sk sl sm sn sp sg *r st
0 ¢t &k d tm - tm tp tg 't

and the groups will b called the k-group, the l-group;,étc.f
We  will now take up the case of three indices, whick, as<will be seen,
divides into two sub-cases,-aCCOrding to the choice of the index. The two sub-

- cases give rise to two- tables, the first ‘containing 36 groups and the second

containing 84 groups. As the method of working out these groups by Brunel’s |
method has already been sufficiently indicated, I shall, in what follows, leave

~out as much as possible the purely algebraical processes of reduction, as they

now become very long and wholly unintere-'*ng. 'Squafing the function P,,,
we have . ’ o o L | ’

»

Lo RRTE Y ak‘vz”aﬂa”“ﬂu”“zf‘”ﬁ”“l‘xﬁ“aza’a"%"”z“?m"’a”ammd
|371572-Ts§7;12{ l%ma%lzR(ml) l C lawzl!azwﬁiamwxl : ‘ t+ R
2|y |V B (@) B(m) | alaglaaglla vl amgll g |+ .o~ 41,3
The radicals /B (%) R (), etc., may be elimir...ed. between any stx equations of
the form ‘27, or bet:wégn five equations of "t,his' fomi_, -ha,ving‘ each a common
index, say %, or between four equations having each two indices, say % and l,
common.  Choose mliltipliérs 4, "B‘,‘~C and D, such that the coefficient of
VE(x) B(=) (and in consequence the coefficients of all the other radicals) shall

R
27, Pklm"‘

be zero in the sum AP}, + BPY,+ CPy,+ DPY,.
This coefficient is easily seen to be T P
A |" akxslIakaz,naz%“d;¢4‘[d;ﬁ¢s|/lanim4 |+B | aﬂ‘slIa'/-cé-zvl‘az%“%x&”an%”%‘*’i |
_ '.+Claﬂg“,‘l&%”aﬂ'ﬂ“az%”'%%“ap% | +'D]axmglldkm4||_al_¢§]|d;¢4' |
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Striking out the common factor

NN A A ' .. : i
the condition to be satisfied is ' F
28. - Alagzsllaga |+ Bl a.as||a.w| 4 Clayallaa |+ D =0; ' I .

S N

. this is equivalent to A+ B4+ 0=0, '
a,Ad+a,B+a,0=0,
a4+ B+ a0+ D=0.
These are easily seen to be satisfied by the values
29, A=|aaq,|, B=|a,a,|, C=|aa,|, D=—|a,a.a,|. ‘ KA ,
Introducing then these values of 4, B, C and D, we have _ e Pt
|0ty | Pl + [0 P+ |00, | Phip — | au0,0, | P = - . i
1 2 sl @yl apyljartsl| @iyl @it anll gl ants B : A
g | a,a |[l:cgacgm4] R(:UI)L———WJ-{— ce
| ol ar ol rella@laalla,cslla,s| 4+ '
l%ﬁx“%%“%@‘ : o
!aﬁz”akfl'sl|ab774”azmz”“z%“al%”ap“'ﬂzl[apms”ap%I + ]
Iawlllaxwlllaﬂxl T

' |amllasla e llasa,| '
—Iamana.z,][lmzo:s%lzl? () sl aﬂ’:”az-’vll Hdq ]

This is to be reduced just as in the case of two indices, viz. expand 30, so
that the first line becomes . ,
{ !“n%”%%%“%%l'%wlI- . -lamIlaﬂlelaﬂslla%llazmsI- AR
31, x| ‘rzwa%l'amffz““mws“a'ma'al"‘|Ts“ﬂl”a'mxauam%”am% +...
, — |raslleaallallan | .00
There are three more terms similar to this to be obtained by simply . . : - ) @ -
advancing certain of the subscripts. The remaining three lines in 30 are to be - '
expanded in a similar manner, and then the terms which have been introduced
will disappear by aid of equations 28 and 29. The right-hand side of 30 is now e C
easily reduced by aid of the following identities: e PR i Py o0 .
fagrgmy | — | s | + ooy | — |z | =0, . L ' A :
(2 + 5+ @) |asaeges | — (2 + 2, + a0y | e ey |
A (ot @ @) ey | — (22 + @) e[| = 0,

(e oy = ) |ty | — (g + g + asaeg) |y |
+ (e + 2y + 2wy) | warwstey | — (@, - 22+ 250y | g | == 0,

| ayzazsay | ®

+ | 2yt | [ |gegeey | PR (ay)

+ I Ay, l [ I Lolg Ty I 'R (11)

gy | gy | — 2 | agen | + TyT1 Ty | gty | — gyt | anyty | = — l@%ms% |-

83
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/

A similar group of identities may easxly be written down ﬁ)r the generei\fase. .

Usm,g these last identities and taking the four functions
d P?dm) Pwu Pg:lpy Pilq’

-

only necessary to show that

39. = Ala, 2yl m4| + Blaala.a) + C[a sl e, | +D|a,a'3ﬂaqz41—-.0\,
and this equanon of condition is at once seen to be satisfied by the values
3¢, A=|aa,a,l, B-_—»[aagaml _.:_a;a:&l, D-,-——Ia,,,a,,pl
We have now S P

. |Qnapa' IPklm ’apaqamlpitn’*'iaqam |Pklp ]a 2,4, 'P%W_" |

1 iaﬂzllawanakw lasla: i@ iantslinesl|anz|
—_— , ) \ 1310913128 %1 24| G “m% '
|z2eeed]? .| ‘mm (=) - |asllemflens] ‘ +"'
40. —_— lapa q%] ] lxz%mdz R(a: ) Iab"’z”at%”ab'”tl%lz;::::Zj::;ZZI:an%f[%%llavm.l
' +] a qama,’ni.- |2, mgm ISR( ) Ia»@nll%llamllamalIamllwmlla»%llapwsllaml
A , L Nazlamllage | '
—|a,a,a, | l% iz R( ) Iaﬂzllaﬂsllamllaz%Ila:%l!axw;llaqwzllaqzsllaqfe
lamllamllaefvd

Sy

, Thls may be brleﬂy written in the form . RN
ia ‘Pglmf—laa’qamlpiln+laqam nlpzlp l(l 'P’d?""
|‘01T2'Usm412{ l q’Pa’Ql I%mﬂwdlsR(ml [ak’ LA am][zz; % b‘] +' qo

.cc’

[ah @) )k o .
2 [ax; ai,. ap][mn “'3) xJ
laqa'ma ! 'xﬂxﬂw‘il R(wl) [a a(’ ap][a/'l} +

,—‘ . ' [axy a4y ag)[2s, 23, 2,
ey | Rl 2l 2 I+ ] }
Expanding this just as in the case of two indices and the“ease of equa.tlon
30, we have for the first line on the nght-hend side of the equation
{ N\‘tp aqllxzxamd [a,,, aqv a’r: au at] [xl] [am at] [372: 3-'81 %J}
X { l Smil[am][mz: T3, %]"‘Ws‘fﬂll (@] (s, 24 @] :

. + J w4m1le [an&[wh ‘-’81, (l‘g] - |mﬂa¢a| [am] [xlt Ts, xs]}
+ three mmﬂar terme.

The. remaining three lines of 41 are to be exPanded in the seme manner, i
- and then it W111 at once be seen that the extra terms wh:c'h have been xntroduoed?' 5

YR

e can, by multiplying the first by 4, the second by .B ,. etc and ta,klng the Sum, " _
». eliminate the radicals &R (z;) R{ay), N/R(:r])R(a:a) ete. Formmg this sum it is '~ :

N +

oy a5 05][=] H
l aqa’m 'm2m3x4lsR(:v1) [Gn a;, aﬂ][x,,gps, :vJ + ¢
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W111 vanish: on account oﬂ the relatmns 39 and 39'. Consider now the terms

‘containing the factor B(x,): they have obvmusly the common factor

imzxamdl [a,?., 7% at] [’.E]] [a'kr az] [xz: g, CU4]
and the remmmng factor is
0,3, [ 8, 0] 5] — [0 [, 00 2]
+ laqam I[am mr @ad [1] — | 0022, | [0 @, @ 2] =, Say K.
Expandmg K and usmg the identities 32 and 33, we have : AVEN
42, o K——-——la aa,0,l. L_/
| The first line on the right-hand side of equations 40 or 41 contains four
terms, the first of Whlch contains the factor ah‘eady mentioned, viz.

RN EREN (] [xm RN "l wsw-'zl [@n] (s, =, 2]+ [ | [0, [ 2, )
‘— l mlmEmSI [am] [xl) msa 1 1173],

' the faetor in each of the remammg terms is derived from this by changing m into

n, p, g respectively. - The same is true for the remaining three lines on the
mghthand side of 40 or 41 Thls factor is mdependent of a,, and the others
not written down are. equally independent of n, p, or ¢; for writing 43 put in
fun 1f5-13 B l%xsmdlammslla gl %l—*iwsw;wxllamwsﬂa Ll @ |

) o+ l%%%ll%%ll%%ll%% |- Iwﬂzwsllamxnll%lelamms |
and thlS is equal to : IR :

L, El%ws%l'*‘“s 2(“’2"‘ -'133+ %)!%WA
' Lo + amz (agits o+ gty + a0g) | oy | + Zagag, |m2m3w4l
The ﬁrst thxee terms of this vamsh by v1rtue of the idéentities 32, and the
fourth term by 33 becomes = — |:c1m,x3m4] .
The mght«hand side of - 40: and 41 thus contair the factor
1a 0,0, |~ 2z, | =|aa.0 aqﬂmlmzmm!

The rlght-hand member of- 41 takes now the form  °

: .....__}.___._{a a aq‘zl%ws%‘ [a,., a,, at][ﬂh][ak: az]tmsz L3, wst]

e,
The s of colurse refers only to the cyclic per: utations of the suffixes 1,2,3, 4.

© We have now to determine the value of the quantity under the summa.tlon sign,

Viz~ o 2‘%“3”4”“ 951uaamltlatwLFIakmsllaﬁs"aLwillazxs”“z wylla, 24|
in: order to ﬁnd the relation connecbmg the squares of Pum, Prns Pup, Puq.

. For greater generahty and completeness, however, it is better to go back to

equetxon 30 and reduce it, i. e. find the linear relation. connectfng the squares of
Pu,,., Pm, Pk,,,, PH. ‘ It Wﬂl then be seen that by making the substxtutmn

hlmnpgfat
lmnpgrstk
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and eliminating one quantlty, we arrive at what we might obtain dxrectly by 5

completing the reductlon of ‘equation 40,
The second factor i in 31 s easily seen to be
44, : s '——]a:1x2:c3m4]

and the same is true for the corresponding factors in the remalmng three hnes _
of 30. Now addmg together the first factors of. the four hnes in 30, viz. those B

similar to the first factor in 31 ‘we have .
|a.a Hmzxsflhl [a‘n) p at] [‘Ux] [ak] [’Us: %: a:,,] [a,] [w:a: ws: . 4]
+ | apanl| e, | [a,, - @y ][] (0] [y, %o, 2] [] [, 05, %]
+ |a'm “wzms%l[ Ay Qs az] [’%] [ak] [932: Xy, %] [az] {ms: &3, x4]

The fourth line need not be Wmtten down, as its second factor is zero
Adding these terms we have o

= {|mai| [y, @, ay, a:][%][ak][% a, md[a,][zz, 3, m.,]
X !anapllanwxllapxll + | @t gty ity | - lamaallamoclilaml }
 Now o+ =0,

(@t @) 0,y |+ (0 + ) [@,0] + (@ 0,) 0, | =0,
‘and aa,|aa,]+a, am[ap m]-{-ama |ama I—Iama [,,
so that the above reduces to

45, - a.a,a, | 2 |2y, | [aq, a,, a,, a,] [:z:l] [a,,] [:r,, :rs, o;,] [a,] [xg, a:s, wg

| the summatlon referring to the subseripts 1, 2, 3, 4. Equatlon 30 or equatlon 8
N 31 becomes now, by taking into acecount 44 and 45 - '

o we ; ’ ‘ll CLplPilm‘*‘ 'apa I-P?;-tn + lama !Pilp !am IPICI"'-

46, Tml—w:%—ﬂ]am naplzlxga:s:nd [aq, a,., a,, a,][fq] [ak] [ac,, xg, :q] [a,] [:q x,,, :q]
For brevxty write as before B ‘ o o
Za —2, Ectga,.—- i ana,(z,——v aqa,a,a,-— n,
the summations extendmg over the subscnpts q, 7,8, t. We have now -
2 |ages [ ay, @, ag, o)) (2] @] [%v T3 %]f“z][‘fm SEN

=2 | mag, | (—apt-a] 6‘—“33"“"3%) (ak"“aL (xs+m3+x4)+a,(w2m3+x3m4+m4xg)-m2:t3w4) ._ - _ "

X (6} @} (my + a5+ Q‘d) +a (“’zwa + g, -+ wﬂ‘s) - 0323?3454)
——2]0:2:1:3:1:4[(7! = :rl'v + a’l!‘ - a:lﬂ. + %)gakax "'akal(ak+ az)(f'lz + g + x;)
> + (liaz (932 + x5+ 934) + a (a'L+ at)(wz% + Ty + %332)

- 47 —a(ar+ a)(x, + @5+ o) (s + gy + @) + am, (wz% + L4 + a:pcg)“? : f:‘._

(ak + “1)(% + + xa) Lpa®y — (ak + az)(msms‘l‘ “?sw4+ %wz) mzmam-x
- (ak + az)‘rzwa% + Tﬂ%"%afs}
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_‘ Now effect upon 50 the substitution .

Onate: On Quad}jupze‘ Wwaz'.Functz‘m: S 199
]
If mstead of ehmmatmg qu between 48 and 49 we had ehmmated P?, we. would
* arrive at-a linear relatlon connecting - "
' - vP?m)Pgldn) P?:I;pv P%Iq’ -thP%:

say
5L APL,,,.+BP§§,.+GP@+DP%,Q+EP2,+FP§__0
mnqurst "
npqgrsim

then we will obviously obtain a relation of the form, _

52. APy +B’P “+ C’P“Hq-i—D’PH, 4+ E'Py4 F'P,=0.

Ehmmatmg P“u between 51 and 52 and we have a linear relation connecting five
of the P-functions possessmg tmple md1ces, and one possessmg a smgle mdex
viz., a relation of the form

53. . A'Ph.+B'Pu+ 0"P“W+DP?;,¢+E"P21,+F"P%=0'

Or, if P} had been eliminated, ‘we would have a relafion connecting five P-

"-sayﬂ

. functions: with trxple lndlces, and one with a. double mdex, viz.

: b, .A”’.P%;,,.‘*‘B”P%z,; C’".P%@'{".D’"Pgm"‘EmP% +F;11P2 =0.

Eﬁ‘ectmg the substitution’ Q) upon 54 and . there. results an equatmn of the form,

55 AWPY 4 BYPY,+ OV Py + DVPY, + BN Py, + FYP=0.

Now ﬁnally ehmmatmg Py between 54 and 55.and we arrive-at a linear relatxon :

_ connectmg the sguares of six P—functlons with tnple mdxces, viz.

56o A P%lm'l"Bv-P%ln"‘ CVP?&’IP+DV-P®W+EVPQHr+FvPUa“'O

Of course the substitution @ performed. upon 56. would give .

57..  A"PY, 4 B"Ply+ 0" P+ DI +EV‘Fw+FV‘P“m=O

: We a,rmve thus at the conclusmn that the ten functlons Fa

. PbPththIm’PumPldprpldq:-PunPklqu
form a group such that selectmg any. five of them the square “of any one of the
remammg five is lmearly expressxble in terms of the squares of the. chosen ﬁve.

There are in all 36 such groups, and they are glven in the followmg table P

L ‘]c, kl ckme ‘kln - Llp ngl) o s _‘f]clt
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Im  Imk
In Ink -
p bk
lg gk
Ir bk
ls Isk
o U

- mp " mpk

mr

- ms

m . m
np  npk

nr - nrk

sk
pt pth

g5 qek
gt - qtk
rs’ sk
ot otk

&'&ca"a.mqu.o;QQ‘&QQQ%NQQQQ3‘;‘%*Q._’B§§“

-k
;
l

R
A

7
l.
[
m

T m
-
m
vm
.'72
L
n
n
r
P
P
p .
q
q

"1
”

.

s

R A

mn  mnk

mqg mgk

ng  ngk

ns " nsk:
Py pgk
o prk

g gk

st sth -

ktm

I

Inm

lpm

lgm

Ztm

mgl

npl
ngl .

sl

gl
prl
sl

pl

gl
- gsl
th
sl
R/
Catl

Imp

np

ipn

lgn
-
o
in

mpn

msp msg msr

msn

min

gtm

rsm
rim
- oostme

e

ktp
ling
Ing

g

. lqp “.

p -

lsp
lp

mng
mpg

mep .

pgn

.‘pm‘

pin

grmoc
agim

o

g

gt

Srin
stn".'

Cmp

Imr

| P
mim;
. pgm
prm
psm
ptm_

pgr
P
- psg
gy
e

- gtp
rep
rip
Cwp

., mqs _

e

psr

QT8

-

qtr

Crsq st

ﬂq”

.and this becomes

stg  wtr

Oonsxder now the functions with four 1nd1ces and ﬁnd values of A B C’ D . |

sitch that the radlcals N B(x;) B(z,), éte. shall vamsh in the sum-
APZImn B-P?;lmp + Opklmg D-Pilmr‘

The coefficient of 4/ R(mliR(a:z) in this sum IS, leavmg out ﬁhe common fa,ctor

' “"2933934”373‘54%1 B
4 [akyalyanna ][QTB:I [akyaham; a ][%4]“".8[}‘(;, a,‘a,,,, p][:‘ca] [ahaham‘;a‘;][wJ

fwwmMMMMM%MWAmm%MMMM%mwweeff

.
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Takmg out the common factor-

[a,,, a; a1 (5] 26, @, 0[]

Alanms“anmdl Bla ms““ :v,,l + Olaq%llaqm‘il Dl“’ﬁ%““‘r%l : 07

giving A=y aqa,l, B =|a,a,a,],
‘. —ia a,a _’I, D %{}anapaq[.
Introducmg here the values Sl

% R(xl) = [a, a,, a,,,, Uy Wy Ay, Gy a4, 0 ][], ete.

we-ought to be\ah to show that the squares of any six of the funetions whose
indices are . &l Im mk klm klmn kimp Elmg kimr kms Elmt .

are eonnected by a hnear relation, - We would then have a table of 84 groups
similar to the above, and such. that the squares of any six functions in a given
group are connected by% linear relatlon In the case.of quadruple indices there
would also be a second table contammg 126 groups, of Wthh

le Zmn mink kel Klmn pgrs qrst ratp stpg tpqr

is the ﬁrst a,nd the squares of any BIX of these functxons should also be contiected
. by a linear relation. '

We Would thus have in all 256 groups gwmg hneur relatlons between the
squares of six P-functlons There would_be,.840 relatlons of this kmd, but not
all, of 'tourse, asyzygetlc. o

' These 256 groups of* ten fupctmns ez}ch mlght be called the 256 decads, and
" they would, obviously correspond to the 16 T'~1mme1 hexads in the case of the ~
double: theta-functmns;fvxz between. the squares- our theta-functions of a

: Kun/uner hexad there exists a hnear relation, and Yetween the squares of any

six of ‘the Pufunctmns belongmg to a glven ‘decad there-exists a linear relation,

. 'thé same. kmd of relation will obwously exvst between the squares of the six

correspondmg quadruple theta-functlons We have thus hexads of doubleheta-

7
- funetions of thch the - squares of any four are connected by-a lmear relation ;
. octads of: trlple theta~funct10ns of which the ‘squares of any five are’ connected‘

by a hnear relation ; decads of quadruple theta-functions of which the squares
of any six are. connected by « linear relatmn and in general 2(p + 1)-ads of ~
p-tuple theta-functlons of ‘which the squares of any p+2 are connected by a
linear relation. It seems’ hlghly probable that thls generahza.tlon is true, but I
have not as: yet been able to prove 1t ' : B .
‘ _Von VI - SRR T e |
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In order to show the linear re]atxons between the squares of the P-functlons
with quadruple indices, we will begin with the 84 groups, of which
Kl m mlk Klm Tetmin klmp Idmg klmr khms klmt
18 the first. Take the funetlons ,
’ : Pklmr Pklmm Pklmp) Pklmq; ' | '_
~and find the values of A B C, D, so that the radicals o/ R(:vl)R(:cg) etc., shall :

vanish in the sum APy, + BP.. + OP,,,,,,,, ~+ DPk,mq.
Droppmg out a common factor

[a] [‘”w “4] [a][=s, ”4] [“m] [@'sr a:,]
the necessary condition is easﬂy entobe R
A+, 514 O[], w«.’l+D[aq][xs, ma =0 .
this is equivalent to . - B+C+D=o,
: | - aB+a0+%D~”
: A+asB+a20'+a’D-—0
and these are easﬂy seen to be satisfied by the values - e
- - A=— XA l “"“ 5 0"""“(1“ l D:ldqu].' ‘
Introducmg these va,lues in the above sum we have - R
. ,ana ag‘Pﬂl}lm"'] q’P%Ima"{"aqa IP%Imp+la aplP?&mq i
: 1
f—I a,,a,aq] RELXAR [am aa, ., “n “:][wl][“k]['l'ﬁ’ 978: 't:‘][a,][:vg, ’L‘s, 934][%][%; ‘”ﬂ: ‘”t:H" ]

+ lapa,|[] Ty |ty Uy Ay By at][‘l’ﬂ[ak][%; g mt]‘:“‘][% Ty xl][:am][% Ty xl][aﬂ{‘”b ‘”m ""L] +. ']
+laqan{[lx2m8m4[ [“q:ar:auavaﬂ][xl] SR :’ RV o .~6~‘,~" ]+"]

14| [ 2o |y @y @y iy g T[] 6 “%_‘7“«:.: S “ "'“ }+ ]
The right-hand side of this equatlon may be wrxtten m the form

E@—i?lz (e paqll-’vz-'vml[an a,, an ap, aq][m,}[ak][x,, % w‘][ad[% %, o J[a,,.][a:,, %[,‘_.

X1 I‘W?s% I[an][%y xs, 24]* I 131‘49«'1| [%]{a‘a, ﬁ‘u “’1]“’“ | xmxa! [a,,][a:,, 5 -’”4] i
) “" -':ﬁf : '""lml%l[au][xl; 3’2;%]; +' ..
+ (two s1m11ar terms contammg [aq, a, ][:v,] Tas, ][m,] respectwely)
Ia a aq' [ar) Tgy Ay a,,, “pt ag][ml][ak][xs) 933: md][al][ms: “’3: xd[a“][m,, wzh (BJ |
X l%%%l*"l“a%%l'f' lm«:%xsl“'l”x%%l §+ S -
The omltted terms are easily supplied by symmetry.v Now
v _ 2[%%%]-—0 I (a1 [ay, o, mJ—-]a:,x,xsaa :
The fourth line of the last equation vanishes and the first terms of the ﬁrsb thre_

|z o, a,, .‘.‘f]‘[“‘]_[ad[‘??'.j%» @] Eaz] [ws, @ wd [a»}[xs» % wa]




