AL HEANIRNT Sobees

SR SR

HOUSE OF REPRESENTATIVES

. ~

FOR THE

c

SECOND SESSION OF THE FORTY-EIGHTH CONGRESS.

- 1884-'85.

IN THIRTY.-FOUR VOLUMES.

LUME 22-No. 43..

. WASHINGTON: .
_ GOVERNMENT PRINTING OFFIOE.
St s 1885 S




APPEN]SIX No. 15.
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ON THE USE OF THE NODDY.FOR MEASURING THE AMPLITUDE OF SWAYING IN A PENDULUM

. . e . ‘SUPPORT. : J

: . r
By C. S. PEIRCE, Assistant.

e b v oo T 7

. The “Noddy?” is an instruinent invented by Thomas Hardy, a well-known English clockmaker
of the early part of this century. It was employed by him and others to detect any oscillatory
swaying of a pendulum support, but I use it to measure the amplitude of. such swaying. It con-

- gists of a little pendulum supported, like an ordinary clock pendulum, from a reed or spring; but
instead of hanging down it stands erect, so that gravity acts against the spring and causes the

- pendulum, although quite short, to oscillate with the same natural period as the gravity pendulum,
which hangs from and sways the support.-: The instrument that was constructed after my design

. . = . Dy the late M. Breguet is firfuly attached to a brass bed-plate, resting on three screw-feet. The
o W8 -~ reedis 1 centimeter in length, and from it springs the staff of the noddy, consisting of a steel wire

.- THISPAGE LEFT BLANK INTENTIONALLY : . . 1millimeterin diameter and about 9 'centi'm_ebers long. From the lower part of the staff, just above

the attachment of the reed, two short wires extend at right angles to the axis of the staff and.in
have screw-threads cut upon them, and carry short brass cylin-
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the plane of the oscillation; tiey ‘
-+ ders through the axes of which they Ppass, and which: make the priucipal weight of the noddy. They
can be screwed along the wires 80 a8 to adjust the equilibrium and alter the radius of gyration
about an axis through the center of mass. ' Another weight, spherical in form, slides upon the staff’
of the noddy, and serves to adjust the height of the center of mass. There are several sets of
cylindrical weights and severa} sli@ling wg‘ights. At the top of the staff is fixed a small oblong
frame carrying a glass scale of tenths of millimeters, the lines being vertical and the scale running
in the direction of the oscillatory motion. | The scale is 10 centimeters from the attachment of the
staff to the reed. A pillar aftached to the bed-plate; with its axis in the vertical plane of the
reed, carries a horizontal microseope directed toward the scale on the noddy, which is illuminated
from an adjustdble reflector ‘hohind.  The microscope is focused with a ratchet; it is furnished
, with a draw-tube, and carriesiin the focus of the eye:piece a horizontal scale or glass, each
- division of which is equivalent to. about 0m.03 in tue focus of the objective as ordinarily used,
The noddy is protected from cuiirents of air by being inclosed in a tight metallic cylinder, furnished
with- two plate-glass windows. opposite to one another at the level of the micrometer scale. '
This eylinder carries the reflestor. It is also furnished with a stop-cock, so that the air can be
exhausted if desired. The upper ends of the screws of the screw-feet are pointed like the lower -
" endg, 80 as to serve as feet; and there is:a wooden stand with rests for these feet, upon which the
whole apparatus can be placed: upside down to permit the observation of the period of oscillation -
of the pendent noddy. i o - . ‘ -
‘We may first consider, the case of the free oscillation of the noddy, and for the present we may .
~ neglect all resistance to its motion. Let us assume & system of rectangular ‘co-ordinates having
- its origin at the root or fixed attachment of the reed, the axis of ybeing directed vertically upwards
. ard that of # being in the plane of oscillation. The axis of zis then ‘parallel to the axis of rotation,
but.the motion will be assumed to be in the plane of zy. Lt s be the distance of any particle of
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- . d the d1ﬁ"ez‘ent1al coeﬂxclent of this reumvel to 6, is
he vertical at the distance s from the root; _‘ an , .
t; 6, the 1nclmatlon of the reed to t | | .
gz;:e:;;?ﬁ;:;&f the reed; 6,, the va‘lTl—é'of 6 when 8=S3 ¥, the value of § when 8=0, so that

- — m———s St e atom - mma - e v . A.U; erirnms s e e ieme e e .- .l L ”'-: s ‘,
T By=0; h , the distance of the center of mass of the noddy from the attachment of the- reedi wan(}]y; T 1 . | o | 7 ( 6. ) 2
: ¥y y about an axi8 paralle & ‘ M + I‘ID #.ds
he radius of g ration of the noddy about +2 6’ 6, €

"~ the co- ordmates of this center of mass; y, t

to that of z and passing through the center of mass; &, the elastieity of]the ree;l wttax:froli)‘o;:; lntx;d | 5 But when s::S the it orm of £he bmomml cxpressing the pnrﬂ:t\(” .
g the acceleratio :
et the noiey (. of o geed being ne t}l Otf 1;l)le gegl’e gk’metm energys; 1, the kmetl‘; . | struck off, because there is no particle of the reed further frODlmoot; copsequently the difter-
. M, the mass of the noddy (that of the reed being neglecte | | e coemclent o there s 10
Then . . fient
potency or posmonal energy

i

* s - S P fB—b)=5Ds
= sinf. d8+h sin 6, y:fscos #. ds4-1 cos 6, . : 4 : , 4 M ( )= M
T f i N - ’ o . ' / 'We now see that the simplified Lagrangians are
M LA a.,]l;ﬂ. ' O :, .
,D,@..j;cos . J-)‘ d8+k?08 ) B ' : o . Y. _ . 4,.-D,2j,', 0 .ds+4-h D2 0.—1& Dz2o—g 6=0
Dly*_f sm 0 D" ‘k h sm H- . D,“H, N . " e . ' :3, . ot . \

N / o . , 3 . ‘ kD3 OS” ) (18+(h2:*'}’2) D2 0:+£ D, 5,—97& f,=0)
. & ) g \ : ‘ |
“Let ¢' be a quantltv wluch is the same funetion of a vanable 8 that @ is of s. Then we have -

\ .

. R Differentiating the first of these equntions relatively to s, we have
ji'VE.“.;§fs{ds.fcoS(9 #):D4. Da'.ds}+hD 0.-f cos (6 Difs ds+§(hf+r’)(D f’ o d o gy

,_ €
. ‘ : _ . —n D’ =g D, 6=0
_=_f (D,5) 02,13+gj cosﬁ d3+gh cos 3 ' ; ; - e . .
L "M™M : . ‘. If we write o for \/m, which' has the dimension of a line, the solution to the last eqnation is
In the ﬁrst apprommatlon we neglect the fourth power of 0 in comparlso(;l mttl:, ttll]xi ::ﬁﬁﬁ?a R 3 _, , ‘ ) o
in
' and w1th thns elm‘phﬁcatmn we I’I""’eed t° form the Lagrangian equations, according ' o~ H=0), sin §+ @, cos §+ e,
. 6E or_ P I . i '
Despy 6+ gg—“ , . Lo where ©,, @;, 6, are arbitrary functions of the time, independent of 8.~ Since 6,=0, 0= 4635 s0

’ ’ ' . that - e : 3
’.[‘he pa.rtlal dlﬁ'erentlal coeﬁiclents are to be- ‘taken on the hypothems of a chang'e in the value L )

: .“ N \ 1 0'— s_
ot ‘of H correspondmg bo a smgle value of ¢, all other values remmmng unchanged sothat : I S R ©), 8in — + O, (cos 1)
; R af TFo.ds —ds é‘{‘_fj - ' - o . } It thus appea.rs thnt tlre‘ﬂ*gure of the reed is a curve of smes, or a part of such a curve, the wave-
LT “ODF-TT 8D | - ‘ | :

eI e o _ 8 length bemg o ' .
The partlal dlﬁ'erenmal coeﬁiclent of tho first tet'm oj M is - . ' " 1 : -

;

S 8. ds, as well as for those
ratives; and from this we eliminate ©,

Sl : NN bN the second. , | B - and @, 80 as to make the Lagrangians linear equationﬂ in H and f 6. ds. And here it will be
,  This does not, however, apply to0=>0,; in that case the whole effect is gw;n y NN o convenient to introduce the abbreviations . »
” "v"._‘and thlrd terms of ﬁ The partial differential coeﬁictent of kbe first term of 3z 3 18 most clearly B : B _

8 y .
B fo 6. iy S S . .8 S, 8§
trhe’ ] . =t 0 R R ] A - — T — = —_ L O
deduced a8 follows : Let s,_,, 8y sm be the distances of successive particles of tlm reed from ‘ | e 9= p—0 cos : " snn S yh eds 6+0- o s
: -toot oud let 0‘_,, b, 0,,,, be the corresponding vnlues of . We have | | |

. _ We. now t'orm frorh the last equation expressions for b, and for
%dg' D f. dg+1}dgf D,.#. ds’—-dsf D(i ds I : S8 - terms of the two Lagranglans whieh involve # and-its deriv

ey g o . & ¢ The expreséion Just found for ¢ then gives us

: , = E=E— 8 =d8 E ) ' , . B ] , . ’

 Ietuswite . | . =946y sin 6, (1—cos )=0 — X+ (1~co8 )6, (f—sin ¢)=0

R L L | T . S P TN
' ‘MD', 0+g 6=—0, g Mk D, (},=@1%6008 3_—@3%6 8in

~Then thiat part of the first term of § Which involves 4, is

R ' P g S
e T - , o e -9 0,=—0, -J&Slll--{-@,'--(h—h cos —)
| &"I:‘?f (04'“‘- ‘(),+éﬁ(‘6{""ﬁ¢-l)? o o o : - o h o . A ‘ 0
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- Eliminating ®, and - @, first frbm the first three of these equations, and afterward from the first two
: and the sum of the last two, we huvq .,

3

3 D H+g 6,0 Y
S - ,sing ,(Ll—cos )

X » (1—cos ), y—sin if

=0

: . g Y
S RN I O VRS
S s sin l/‘ s (1_(‘303 ,/.
X -y (1—co8 o), i —sin of

)=0

:We have only to replace the first element of each of these determinants by its yalue as given
*by one of the Lagrangians, namely : )

] € 4 : }’2 ; 2
ﬁDfﬁ-{-g(i:hD" S+oD2y — MK D.H.+90.=<lbac7,, )D.’9+ GD, X

to obtailn.lfhe iagrfﬁfgiaus freed from indeterwminite values of 8.3.116 6 "l‘he two Lagrangiaﬁs m;ty
now be embraced'in a single expression by the introduction of an indeterminate number, 2. | Namely,
. We'ﬁmltiply the first by ( I—nkh) and the sgcond by uh, and add, when we get

(h4ny")DS+0Diy, — ngp,  g-myq
S , ~ sing, l—cosp =0
X -y l—cosy,  f—siny

\

- Th‘eva:bbscissa, z,, of a particle on the statf of the nohdy, at a distance r above the vcemer of
massis ,

I v R wfﬁgx-{-(h-ﬁr}ls | |
Lét p.be ihe'ﬁalue of r for a particle so situated that it has a single harmonic motion. Then
af ,‘being. the abscissa, . ' L ‘ :

3 -
B3

. ﬂ"' -
Dizp= —~mp: &P
where T is the perioct of oscillation. We may.give n
Lagrangians becomes identically equal to this, that is, to

AT I I
(IH'/J)Dfs"*‘/)Dz!X'*'Té("+P)9+T'20'X=0

This gives.

t

-_p=ny,.“

ot 1 1-eos Py (/;—Sin 1/)
2 — mpleng | 1—cosp+n(h—g+py)
e PV =9 5y, T—cos | = P 8in h—3 (I—cos ¢/
1—cospyyp—sing: | .

—np, L—ngq o
n? - singh 1—eosyh | n(o—p)—sin

TO=91™" 5in ', 1=cos | = 'sin p—2 (1—cos )
' 1—cos1, h—sin ¢ '

-

»  Xhave caref;lllj performed the elimination of p and » from these equations, and have thus
- obtained the quadratic : .

E:%y’ap (1—cos :/,-)A-—z/; sin 1/)] -—g,i%-(h’-lry’-}- 0% sin ¢'—6p¢+p_=0

1 such a valne that the equation combining‘th.e‘ :

- wriften

A
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The proper adjustment of the noddy requires P to be a ver

-

of the ﬂ’:§t term ought also to be small. Then the solution of the quadraticis

Oy (Bt 6) sin j—opy e B = S
D=y L ) S e opyf ¥20p (2 ver sin —¢ sin )
9T f¥'o @ ver sin i~ sin '/))(13:\/1..4 {4y % sin ¢—<rp¢)2/z

and the approximate values of the roots are

O =Bty &) sin y—pp eyt 0%+ Sh—So cot

: ngz—}-,i& (2 ver sin 1/.'-—1/) sin ,/.)‘ :yz (20- t‘én% ¢;sj"" -

e

c -
- i cotp—1 )

— b
S R A, R = g g
gL (W y +0%) sin h—opih h2+7;;+62+S—S-gcot¢

The latter root represents the prineipal component of the oscillation, The corr¥sponding

values of p are

. , . O—Z c . .

. Rt — - _ .
pm ) sin gy _ S (oot D, eyt (740 sin —20p tan §
. o—p : = _

1+ g g (47 F ™+ SU=5% 6t ) (o)

~ For any fixed value of ¢, the first component oscillation will be intinitely rapid when -

, 2¢.%an § p—8=0 .

that ‘s, when ' _ /
o R ol =

and the second compbneht oscillation will Have a period of infinite length when

_, h cob '/'—1;()

that is, when

1

.8 ¢
tan 0'= L

This affords.a means of determining s, by measuring & when the adjustment is such as to give this

- condition of things.

The amplitudes of the two component oscillations depend upon the manner in which the noddy
is set into motion, but the second will usually be the principal one and the first will be insensible ;
the noddy will consequently rotate about a fixed point uctermined by the value of p,.

‘When the noddy is in the pendent position the vertical co-ordinates may be taken to increase

- downwards. Then, those terms of, ¥ which involve g will have their signs reversed. The equa-

e

tion to determine the figure of the reed will accordingly 'be
| 3 D3 6—g D, 6=0
Mo TTI P 0=

The solution of this contains gudermannian instead of trigonometric functions, and may be

f= ~6, sinh %_ +86, gosh §_+ @,
and since as before : -
‘ 6,=0= @3‘*‘@3

y shott length.” The coefliciens
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this takes tho form

.

.
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; v H=—0) sinh %+ ©, (cosh _(,);_1>
This gives us _ | 7
S+ 6, sinh -6, <cosh :/-_1>;0

1+ 6, (cosh ,/._1>__(.'_)2 (siuh l/‘—l/!):U

N

3 ‘ B
o Dif—gh—g 0,=0
+a Dit—gb—g »
b“ g —_ =0
—l\;h D‘ d,—_(] Hl—‘@l‘;,ipl—}_o'.' <+h ql g>
here - ‘ ) )
w... : p'=h sinh ¢+o cosh i »
h ia ¢'=h cosh i+ o sinh i

Thus the Lagrangians become
' ‘ ® S4-6D% 0 -+g e
"Dl S+ X’, sinh 4 : cosh —1| =0
X ,cosh :—1, sxynh P=1p

" ' l Y | _ﬂ 4
- (h+§;> Dy o+0oDiyy — T Py, —3at+yg o
: , Sinh i, coshyf—1
X *, cosh p—1, sinhfp—of
S | o
and their combination is , : | ,

: 2(9 oDy, —ngp’ g—ngq’
(htny )gz + tX: i o1
X , cosh ¢ —1, sinh o —

The equations to defermine p and T are
P=ny*,
cosh #~1, sinh l/;—t/) I
—np’ 1—nq _coship—1+4n (—htq'-
g sinlfzp ; cosh —1 =47 (cosh ¢ —1)—1f sinh ¢
I cosh ¢—41, sinh o/ —f :

cosh z/,-;1+'n (=h+q'—=p'¢)

—ng 1—ng o g
wt sinlf i : cosh :—1 — —sinh i +n (p"ﬂ_—;’q)
T O=9 sl , cosh f—1| 2 (cosh =)= siuh
‘ cosh 4—1, sinh i~} |

" "The elimination of n gives .

53; Y012 (cosb 1) — s sinh b} — _;}’;uh'-'w— 0*) siul i —op'if+2ho (cosh i —1)§ +p'=0

' and the approximate values of the roots are o
7 _ (W4 y*—o®) sinh :/:-6p’1/:+2hc{ (cosh ¢—1)
g %6 [2 (cosh f,—1)—4 sinh 3]
- ' . - 14%cothy
» 7[2 ' p/ ' N ' h

?T;“:(h"-{—y’-q’) vgi:u-h 5[)-—.0’1”1/)4-21&0‘ (cosh 1/;—;—1_)%"?.'*')’2“ .?—S;s%coth 1/’+20’ tanh i 7-' |

=

L

maximum, when :

A
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When the noddy stands on the support of a gravity pendulum oscillating in the same plane,

we may neglect the iafluence of the former upon the latter. Then if & be the horizontal displace-
«ment of the support, we have - '

D‘m_—_fscos 0.D §.ds+heosS.D 4D 2
0
Consequently p 18 Increased by the terms

D,Z—,‘fscos 6.D,6.ds+hcosS. D, 9. D &44 (D, 2y
0

The first La,gfangian heretofore consiil
The figure of the reed will not be affected
D7 ¢ added to it.  We will now write

ered will be increased by 1) &, aud the second by » D &,
» and the combination of the La grangiaus will simply have

[

__ t
S=zZceos v T
: ?
where = is the constant amplitude of oscillation of the support and

T is the period of the gravity
pendulum. Thus, the differential equation for w, becomes , - :

D¢ [(htp) S0 N+l 9)S +o 0]

2 [4
e =0

I

b
= COS

This will add to the motion of , @ harmonie component, having the period T’, so that it will be

. -1, t
(h4p) S40 y=Xcos _’1‘9 T—Qcos v
To determine Q we take the second derivative : t

- ' ? t-t, * :
DZ[(h+p) S+(7,1']=—-T§X Cos ’l‘f 7z+,17,r,2 Q) cos ,;-,rr-

2

o . t
=_T2 Rh+g) s+ ox +I7E/2~: COS U\

7ttt = t
v == X eos- T‘q T+ ”2({‘{'}"1"?—)005 K
" Thus we have

Q_Q X

- = ipat s

or

™

QzT‘-’;T"” —

But the noddy has no oscillation to begin with, This fact is represeuted by the equations

. t=0 X= Q
Henee

) ¢ ¢ U2 S S U Y
(h +p) S + oY = TTTTZ <COS N T — CO08 i )=z Tz*:T’,’g Sin —?l“vl';,* tr sin —E}‘-T*,— tr
L J . ‘ .
- This equation shows that the noddy would oscillate with a period, a gort of mean between its
natural period and that of the gravity pendulum. The amplitude of oscillation would increase -
from nothing at an initial rate not much affected by the value of (T — T) until it would reach its

T .
. =g :
H, Ex, 43—61
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